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EXPLANATION or CHARACTERS.

=
IGNIFIES ’equality : as 20 shillings =1 pound, sig-
nifies, that 20 shillings are equal to one pound.
< Signifies plus, or addition : as, 442 =G
— Signifies minus, or subtraction : as, 6~—2==4.
X Into, signifies multiplication : as, 3 X 2 =6.

= By, or ) { signifies division : a3, 6+2=3, or

2)6(3.
Division may alfo be denoted by placing the dmdend
over a line, and the divisor under it: thus$ =6+ 2=3.

« 3 . Signifies arithmetical proportion : thus 2--4:: 6. 8;
here the meaning is, that 4=—2==8—6=2.

: 3t : Signifies geometrical proportion : thus 2:4::3:6,
which is to be read, as 2 to 4,fo is 3 to 6.

==~ Signifies arithmetical progression.

== Signifies continual geometrical proportion, or geometrical
progression.

.*. Signifies therefore.
—|* Signifies the second power, or square.
—-‘3 Signifies zke third poz'uer, or cube.
" Signi’ﬁes any power. " .
‘/ » or =}, Signifies the square root.

B



10 EXPLANATION OF CHARACTERS.

-_—1 .. !

3/ or — |’y Signifies the cube root.
.

”s/ s Or %, Signifies any root.

” :
|* Signifies any roat of any power.

Note. The number, or letter, belonging to-the above signs
of powers and roots, is called #be index, or exponent.

A line, or vinculum, drawn over several numbers, sig-
_ nifies, that the numbers under it are to-be consideredt

jointly : thus, 20—7-4-8=3; but without the vincu~
lum, 20—7-8=21.

@b =a X b= the product of a and .

-
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ARITHMETIC.
-——;——MNSW'—-—-“

ARITHMETIC is the art of computing by numbers,
and has five principal or fundamental rules for its opera-
tions ; viz. Notation, Addition, Subtraction, Mulnplxca-
tion, and Dmslon.

NOTATION.*

Nytation teacheth how to express aﬁy proposed number,
cither by words or characters.
' 7

* Asitis ,absolu/tel-y necessary to have a perfe@ knowledge of
‘our -excellent method of notation, in order to wmderstand the
reasoning made use of in the following notes, I shall endeavour
.0 explain it in as clear and concise a manner as possible.

First, then, jt may be observed, that the characters, by which
all numbers are expressed, are these ten ; 0, I, 2,35 45 5, 6, 7,
8, 9 3 o is called a ¢ypher, and the rest, or-rather all of them, are
-called figures or digits. The names and signification of these
characters, and the origin or generation of the numbers they stand
for, are as follow : o nothing ; I one, or-a single thing called an
anit 3 14-1=2two ; 24-1=3 three ; 34 1=4 four ; 44-1=%
five ; §41=6six; 64 1=7 feven ; 74 1=8 eight ; 841=9
mine 3 and 94-1:ten; which has na single character ; and thug
by the continual addition of oue, all numbers are generated.

2. Beside




2 *  ARITHMETIC.

\

To®read NUMBERS.

To the simple value of each figure join the name of
its place, beginning at the left band and reading toward
the right.

EXAMPLES.

Read the following numbers :

37 3o79r I1100011%
101 700%9 1234567890
1107 3306677  102030405060708090.
, To

2. Beside the simple value of the figures, as above noted, they
have, each, a local value, according to the following law :

Viz. In a combination of. figures, reckoning from right to left,
the figure in the first place represents its primitive simple value ;
that in the second place, ten times its simple value ; that jn the
third place, a hundred times its simple value ; and so on ;. the value
of the figure in each succeeding place being ten times the value of it
in that immediately preceding it.

3. The names of the places are denominated according to their
order. 'The first is called the place of units ; the second, tens ;
the third, hundreds ; the fourth, thousands; the fifth, ten thou-
sands ; the sixth, hundred thousands ; the seventh, millions; and
soon. ‘Thus in the number 3456789 ; 9 in the first place signi-
fies only nine ; 8 in the second place signifies eight tens, or eighty;
7 in the third place is seven hundred ; 6 in the fourth place is
six thousand ; § in the fifth place is fifty thousand ; 4 in the sixth
place is four hundred thousand ; and 3 in the seventh place is three
millions ; and the whole number is read thus, three millions, four
hundred and fifty six thousand, sgven hundred and eighty nine.

4. A cypher, though it signifies nothing of itself, yet it occupies
a place, and, when set on the right hand of other figures, in-
creases their value in the same ten-fold proportion ; thus, § sig-
vifies only five, but 5o is five tens or fifty, and goo is five

bundred, &c.
5. For



NOTATION. ’ “tg

To «write NUMBERS.
RULE.

Write down the figures in the same order their values
are expressed in, beginning at the left hand, and writing
toward the right; remembering to supply those places of
the natural order with cyphers, which are omitted in the
question. .
EXAMPLES.

»-
hd

5. For the more easily reading of large numbers, they are di-
vided into periods, and half periods, each half period consisting

of three figures ; the name of the first period bring units ;3 of
the second, millions ; of the third, billions ; of the fourth, trillions,
&c. Also the first part of any period is so many units of it, and
the latter part, so many thousands. -

The following Table contains a summary of the whole doBrise.

Fenods 1 Quaddl. Tl Billions. Millions, UMt
A LAY A L ey
Half Per. | th. un. th. un. th.un. th. nn. cxt cxu
dnd vdond amdlnad b
Figures. |123,456 780,008 765,432 ¥01,234 §67.800

A Synopsis of the Roman Notation.

1=I

2=I1 As often as any character is repeated, so many

3=III  times is its value repeated.

4=IIII or IV A less character beforea greater dimio-

5=V . ishes its value.

6=VI A less character after a greater increases its

7=VII value.

=VIII

9=IX

10=X

so=L
100=C
500=D or ID  For every O affixed, this becomes 10

times as many.
1000
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© EXAMPLES.

Write down in figures the following numbers :

Eighty one. Two hundred and eleven. One thousang
and thirty nine. A million and a2 half. A hundred and:
four-score and five thousand. Eleven thousand million,
eleven hyndred thousand and eleven. Thirteen billion, six
bundred thousand million, four thousand and one.

SIMPLE ADDITION.

Simple Addition teacheth to collect several numbers of
the same denomination into one total.

RULE>®

1. Place the numbers under each other, so that units
may stand under units, tens under tens, &c. and draw a
line under them.

2. Add

1000=M or CIO  For every C and D, put one at eachend,
2000=MM it becomes ten times as much.

5000=I0D : orV. A line over any number increases
6000=V1 it 1000 fold.
10000=X or CCIDD'
§0000=133J
60090:1-‘—}-(
100000=C or CCCIDDD N
1000000=M or CCCCIJIDD
2000000=MM
&c. &ec.

# This rule, as well as the method of proof, is founded or
the known axiom, ¢ the whole is equal to the sum of all its parts.”
All that requires explaining is the method of placing the num-

' bers,



SIMPLE ADDITION. tg

2. Add up the figures in the row of units, and find how
many tens are contained in their sum.

3. Set down the remainder, and carry as many tnits
to the next row, as there are tens; with which proceed
as before ; and so on till the whole is finished.

Method

bers, and carrying for the tens ; both which are evident from the
sawre of notation : for any other disposition of the numbers
"would entirely alter their value ;5 and carrying one for every ten,
from an inferior line to a superior, is evidently right, since an unit
iathe latter case is of the fame value as ten in the former.

Beside the method here given, there is another very ingenions
one of proving addition by casting out the nines, thus :

"Ruts 1. Add the figures in the uppermost line together, and
fisd how many nines are contaived in their sum.

2. Reject the nines, and set down the remainder directly event
with the figures in the line,

3. Do the same with each of the given numbers, and. set alf
these excesses of mine together in a row, and find their sum ;
then if the excess of nines in this sum, found as before, is equal to
the excess of nines in the total sum, the question is right.

. EXAMPLE.
3782 | s 2
5766 | § 6
87155 | %7
18303 & 6
S— a—

This method depends upon a property of the number 9, which .
belongs to no other digit whatever, except 3 ; viz. that any num-
ber, divided by g, will leave the same remainder as the sum of its
Bgures or digits divided by 9 ; which may be thus demonstrated.

Demon.
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Metl:ad of PROQF.

" 3.. Draw a line below the'uppermos\t number, and sup~
pose it cut off. , ,
2. Add all the rest together, and.set their sum under
the number to be proved. ’
' : 3. Add

Demon. Let there be any number, as 3467 ; this separated
into its several parts becomes 3000440046047 ; but 3000=3

X 1000=3 X 9994-1=3 X 999+3. In like manner 400==4 X

99+4, and 60=6x946. Therefore 3467=3X999+3+4X

99+4+6><9+6+7=3X999+4X99+6x%+3+4+6+7-

J,\,,(,34967_3><999+4>;99+6><9_l_3,+4;l- 7 B gx-
999+4%x99+6X9 is evidently divisible by g ; therefore 3467

divided by 9 will leave the same remainder as 3444647 di-

vided by ¢; and the same will hold for any other number what.
ever. Q. E.D. ' .

The same may be demonstrated universally thus :

Demon. Let N= any number whatever, a, 4, ¢, &c. the digits
of which it is composed, and #= as many cyphers as g, the highest
digit, is places’ from unity. , Then N=a with n, 0’s 44 with

#—1, O's ¢ with n—2, O’s, &c. by the nature of notation ;
=axXn—1, ¢’s+a$bXn—2, ¢’sfb4cXn—3, 9’s+c; &ec.
=axXn—1,9"s & X6—2,9’s +-c Xn—3, §’s, &c. Fatb4o,
&c. but axXn—1, 9’s +&Xn—2, 9’s ¢ X n—3, 9’s, &¢. is plain-
ly divisible by 9 ; therefore N divided by 9 will leave the same
remainder, as a4-5+4¢, &c. divided by g. Q. E. D.

1n the very same manner, this property may be shown to belong
to the number three ; but the preference is usually given to the
number 9, on account of its being more convenient in practice.

Now from the demonstration here given, the reason of the rule
itself is evident ; for the excess of nines in two or more numbers
being taken separately, and the excess of nines taken also out of

; S " the
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3. Add this last found number and the uppermost line
together, and if their sum be the same as that found by
the first addition, the sum is right.

EXAMPLES.
(1) (2 (3)
23456 22343 34578
78901 67890 3750
23456 8752 8y
78901 340 ‘ 328
23456 350 17
78901 18 327
307071 Sum. 99755 Sum. 39087 Sum.
283615 77410 4509
307071 Proof. 99755 Proof. 39087 Proof.
4. Add 8635, 2194, 7421, 5063, 2196, and 124§ to-
gether. : Ans. 26754.
5. Add

the sum of the former excesses, it is plain this last exceds must be
equal to the excess of nines contained in the total sum of all these
numbers ; the parts being cqual to the whole.

This rule was first given by Dr. Watwis, in his Arithmetic,
published A. D. 1657, and is a very simple easy method ; though
it is liable to this inconvenienc®, that a wrong operation may some-
times appear to be right ; for if we change the places of any two
figures in the sum, it will still be the same ; but then a true sum
will always appear to be true by this proof ; and to make a false
one ‘appear true, there must be at least two errors, and these op«
posite to each other ; and if there be more than two errors, they
must balance among themselves : but the chance against this
particular circumstance is so great, that we may pretty safely truet
to this proof,

C
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5. Add 246034, 298765, 47321, §8653, 64218, 5376,

'9821, and 340 together. Ans. 730528.
6. Add 562163, 21964, 56321, 18536, 4340, 279, and
83 together. Ans. 663686.
7. How many shillings are there in a crown, a guinea,
a moidore, and a six and thirty ¢ Ans. 89.

8. How many days are there in the twelve calendar
months ? . Ans. 365.

9. How many days are there from the r1gth day of April,
1774, to the 27th day ef Nevember, r775, both days exclu-
sive ? . Ans. 586.

SIMPLE SUBTRACTION:

Simple Subtéaction teacheth to take a less number frodi
a greater of the same denomination, and thereby, shews
the difference or remiinder. The less number, or that
which i5 to be subtracted, is' called the subtrabend ; the
other, the minuend; and the number that is found by the
operation, the remainder or difference.

RULEX

. Place the less number under the greater, so that units
may stand urider units, tens under tens, &c. and draw a

line under them:
* ‘ 2. Begin

# Demon. 1. When all the figares of the less number are
“less than their correspondent figures in the greater, the difference
of the figures in the several like places must altogether make the
true difference sought ; because as the sum of the parts is equal
to the whole, so must the sum of the differences of all the similar
parts be equal to the difference of the whole.

' 2. When
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' 2. Begin at the right hand, and take €ach figure in the
lower line from the figure above it, and set down the re-
mainder. '

" 3. If the lower figure is greater than that above it, add
ten to the upper figure ; from which figure, so increased,
take the lower, and set down the remainder, carrying one
to the next lower figure ; with which proceed as before,
and so on till the whole is finished.

 Method of PROSF.

Add the remainder to the less number, and if the sum
is equal to the greater, the work is right.

EXAMPLES.

(1) (2) (3)
From 3287633 From §3274G7 From 1234567
Take 2343756 Take 1008438 Take 345678

——— — . —

Remaind. 943869 Remain. 4319029  Remnin. 888889

D — ————

Proof 3287625  Proof 5327467 Froof 1234567

So—— D — e

4. From

2. When any figure of the greater number is less than its cor-
tespondent figure in the less, the ten, which is added by the rule,
is the value of an unit in the next higher place, by ‘the nature of
notation ; and the one that is added to the next place of the less -
number is to diminish the cogespondent place of the greater ac-
cordingly ; which is only taking from one place and adding as
much to another, whereby the total is never changed. And by
this means the greater number is resolved into such parts, as are
each greater than, or equal to, the similar parts of the less: 2nd
the difference of the corresponding figures, taken together, will
evidently make up the difference of the whole. Q.E.D.

The truth of the method of proof is evident : for the difference

of two numbers, added to “the less, is manifeftly equal to the
greater. )
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) .
4- From 2637804 take 2376982. .

ARITHMETIC.

5. From 3762162 take 826541.
6. From 78213606 take 27821890.
7. The Arabian method of notation was first known in
England about the year 1150: how long was it thence
to the year 1776 ? ‘
8. Sir Isaac Newton was born in the year 1642, and -
died in 1727 : how old was he at the time of his decease ?
Ans. 85 years.

Ans. 50391716.

\

Ans. 260822,
Ans. 2935621.

Ans. 626 years.

SIMPLE MULTIPLICATION.

Simple Multiplication is a compendious method of ad-
dition, and teacheth to find the amount of any given
number of one denomination, by repeating it any propos-
ed number of times.

The number to be multiplied is called the multiplicand.
The number you multiply by is called the multiplier.
The number found from the operation is called the

produdl.

Both the multiplier and multiplicand ‘are, in general,
called terms or factors.

-

MULTIPLICA’fION AND DIVISION TABLE.
1] 2] 3] 4] 5] 6] 721 8] 9f 10] 11| 32
2| a| 6| 8lo|x2|14f16] 18] 20| 22| 24
3] 6| 9lrzlxs|18|2x)24| 27| 30| 33| 36

| 8|12 16 | 20 24 28)32) 36| 40| 44| 48
glrojssfao]as]30]asfao] as] sof ss| 6o
6|12 | 182430 |26] 42748 54| 60| 66| 72
7114 21|28 3501420149]156] 63| 70| 77| %4
% | 16] 24| 324048 [56]164] 72| 8o| 88| 96
ol 18)27]|36)a5]|54]63)72| 81| 90| 99| 108
i0)20|30]40]s50]60]70]|80| 90] 100 | 110 | 120
Tu) 22|33 |44 |55]66177 |88 9| 110|321 132
{2124 136]|48]60]|72|84]96) 108 120|132 ] 144

Usxg

‘
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. s
USE of the Table in MULTIPLICATION.

Find the multiplier jn the left-hand column, and the
~multiplicand in the uppermost line ; and the product is
in the common angle of meeting, or against the multiplier,
and under the multiplicand.

USE of the Table in D1visiox.

Find the divisor in the left-hand column, and the divi-
dend in’ the same line ; then the quotient will be over the
dividend, at the top of the column.

* RULE*

A
. v )
1. Place the multiplier under the multiplicand, so that

units may stand undex units, tens under tens, &c. and draw
a line under them,

\
'

2. Begin

* Demon. 1. When the multiplier is a single digit, it is plain
that we find the product ; for by multiplying every figure, that is,
every part of the multiplicand, we multiply the whole ; and
writing down the products that are less than ten, or the excess of
tens, in the places of the figures multiplied, and carrying the num-
ber of tens to the product of the next place, is only gathering to-
gether the similar parts-of the respective products, and is, there-
fore, the same thing, in effect, as though we wrote down the
multiplicand as often as the multiplier expresses, and added them
together : for the sum of every column is the product of the
figures in the place of that column ; and these products, collect-
ed together, are evidently equal to the whole required product.

2. If the multiplier is a number made up of more than one
djgit. After we have found the product of the multiplicand by
the first figure of the multiplier, as above, we suppose the multi-
plier divided intd parts, and find, after the same manner, the pro-
duct of the multiplicand by the second figure of the multiplier ;
but as the fisure we are multiplying by stands in the place of

tens ;
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- 8
2. Begin at the right hand, and multiply the whole myl-_
tiplicand severally by each figure in the multiplier, setting
» down the first figure of every line directly under the fig-

ure

tens ; the product must be ten times its simple value ; and theres
fore the first figure ‘of this product must be placed in .theplace
of tens ; or, which is the same thing, .directly under the fig-
ure we are multiplying by. And proceeding in this manner sepa-
rately with all the figures of the multiplier, it is evident that we
shall multiply all the parts of the multiplicand by all the parts of
the multiplier ; or the whole of the multiplicand by the whole of
the multiplier ; therefore these several products being added to-
gether will be equal to the whole reqmrcd product. Q. E.D.

The reason of the method of praof depends upon this propo-
sition, ¢ that if two numbers are to be multiplied together, either -
of them may be ‘made the multlpher, or the multxphcand, and
the product will be the same.” A small attention to the nature -
of numbers will make this truth evident : for 3XY=2I=7X3s
and in general 3X 4 X § X 6, &c. =4 X 3 X 6 X 5, &c. withaut any
regard to the order of the terms : and this is true of any number
of factors whntever

\

The following examples are subjoined to make the reason of
the rale appear as plam as possible,

(1) (2)
37565 . x375435 .
5 , 4567
25 = XS5 9628045 = 7 nmgﬂcﬁﬁﬁl
30 = 6oxs 8252610 = 60 times - do.
25§ = 5QOX§ 6877175 = §COtimes do.
35 = 7000X5 §501740 = 4000 times  do.
15 = 30000X5§ - -
6281611645 = 4567 times  do.
187825 = 37565 X5 ‘

Beside the preceding method of proof, there is another very
convenient and easy one by the help of that peculiar property
o: the number g, mentioned in addition ; which is performed thus :

Ruis
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ure you are multiplying by, and carrying for the tens, as’
in addition.

3. Add all the liites together, and their sum is the
product. ‘

’

Method

~

Rute 1. Cast the nines out of the two factors, as in addition,
and set down the femainder.

2. Multiply the two remainders together, and if the excess of
nines ia their product is equal to the excess of nines in the total
product, the answer is right.

EXAMPLE.
4215 3=excessof ¢’s in the multiplicand.
878 s==ditto ih the multiplier.

33720
29505
33720 -
3700770 6=ditto in the product =excesé of g’s in 3 X 5-

—~

DzmonsTraTiONOF THE RULE. Let M and N be the number
of g’s jn the factors to be multiplied, and 4 and 4 what remains g
then M+4a atd N +£ will be the numbers themselves, and their
productis M XN 4 MXb 4 Nxa+axXb; but the three first of
these products are each a precis¢ number of 9’s, because one of
their factorg-is so : therefore, these being cast away, there re-
fnains only ax 3 ; and if the ¢’ are also cast out of this, the
excess is the excess of g’s in the total product ; but & and & are
the excesses in the factors themselves, and X8 their product ;
therefore the rule is true. Q. E. D.

This method is fiable to the same inconvenience with that in
addition. .

Multiplication may also, vefy naturally, be proved by division 5
for the product being divided by either of the factors, will evi-
dently give the other; but it would have been contrary to good
method to have given this rule in the text, because the pupil i¥
Supposed, as yet, to be unacquainted with division.
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Method of PROOF.

Make the former multiplicand the multiplicr, and the
multiplier the multiplicand, and proceed as before ; and if
this product is equal to the former, the product is right:

EXAMPLES: s e
(1) : ’ (2)
Multiply 23456787454 Multiply 32745654473
by 7 by 234
164197512178 Product. 130982617892
98236963419
65491308946

Product 7662483146682

3 Multiply 32745675474 by 2. Ans. 65491350948-
4. Multiply 84356745674 by s. Ans. 421783728370:
5. Multiply 3274656461 by 12. Ans. 39295877532,
6. Multiply 273580961 by 23. ~  Ans. 6292362103.
. Multiply 82164973 by 3027.  Ans. 248713373271,
Multiply 8496427 by 874359.  Ans. 7428927415293

® 3

CONTRACTIONS.

L d

I. When there -are cyphers to the right band of one or both the
numbers to be multiplied.

RULE.

Proceed as before, neglecting the cyphers, and to the
right hand of the product placg as many cyphers as are
in both the numbers. :

EXAMPLES-
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EXAMPLES.

Y. Multiply 1233500 by "7500. -
12345
75

6172§
86415 ’

9:58750060 the Product.

emis—

) Mulfiply 461200 by 72000. Ans. 33206400000.
3. Multiply 815036000 by 70306. Ans. §7297030800000.

IL When the multiplier is the product of two or more mum-
bers in the table.

‘ RULE*
Multiply contimially by those parts, instead of the whole
mumber at once.
EXAMPLES. .

1. Multiply 123456789 By 23.

123456789

: 5

617283945

1

.3086419725 the Product.

D ——

2. Multiply

" * The reason of this method is obvious ; for any number mul-
tiplied by the component parts of another number must give the
same product, as though it were multiplied by that sumber at
once : thus in example the second, 7 times the product of 8,
multiplied into the given number, makes 56 times that given
Bumber, as plainly as 7 times 8 makes 56.

D
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2. Multiply' 364111 by 56. © Ans. 2639_0216.
3. Multiply 7128368 by 96. . Ans. 684323328,
4. Multiply 123456789 by 1440. Ans. 15%777776160.

SIMPLE DIVISION.

.

Simple Division teacheth to find how often one num-
ber is contained in another of the same denomination,
and thereby performs the work of .many subtractions.

The number to be divided is called the dividend.
The number you divide by is called the divisor.

The number of times the dividend contains the divisor
is called the quotient.

If the dividend contains the divisor any number oF ;
‘times, and some part or parts over, those yarts are called:
the remainder.

RULEL*

1. On the right and left of the dividend, draw a
curved line, and write the divisor on the left hand, and
the quotient, as it arises, on the right.

2. Find

~ * According to the rule, we resolve the dividend into parts,
" and find, by trial, the number of times the divisor is contained '
in each of those parts ; the only thing then, which remains to be
proved, is, that the several figures of the quotient, taken as one
number, according to the order in which they are placed, is the
true quotient of the whole dividend by thc divisor 5 which may
be thus demonstrated :

Demon. The complete value of the first part of the dividend,
is, by the nature of notation, 10, 100, or 1000, &c. times the
value
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2. Find how many times the divisor may be had in as
many figures of the dividend, as are just necessary, and
“ write the number in the quotient.

3. Multiply the divisor by the quotient figure, and set
the product under that part of the dividend used.

4. Subtract

value of which it is taken in the operation ; according as there
are 1, 2, or 3, &c. figures standing before it ; and conseqygntly
the true value of the quotient figure, belonging to that part of
the dividend, is also 10, 100, or 1000, &c. times its simple
value. But the true value of the quotient figure, belonging to
that part of the dividend, found by the rule, is also 10, 100,
or 1000, &c. times its simple value : for there are as many
figures set before it, a3 the number of remaining figures in the
dividead. Therefore this first. quotient figure, taken in its com.
plete value, from the place it stands in, is the true quotient of
the divisor in the complete value of the first part of the divi-
‘dend. For the same reason, all the rest of the figures of the
quotient, taken according to their places, are each the true quo-
tient of the divisor, in the complete value of the several parts
of the dividend, belonging to each ; beemuse, as the first figure
¢n the right hand of each succeedmg part of the dividend has
a less. number of figures, by one standing before it, so ought their
quotients to have 3 and so they are actually ordered : conse-
quently, taking all the quotient figures in order as they are
placed by the rule, they make one number, ‘which is equal to
Ehe sum of the true quotieats of all the several parts of the
dividend ; and is, therefore, the true quotient of the whole
dividend by the divisor. Q. E. D.

To leave no obscurity in this demonstration, I shall illustrate
it by an example.

EXAMPLE.
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4- Subtract the last found product from that part of
_the dividend, under which it stands, and to the right
hand of the: remainder bring down the next figure of

the

.. | EXAMALE.
Divisor 36)85609 Dividend, -

1st part of the dividend. 85000
36 X 2000 = 72000 - — 2000 the 15t quotient.

—r

1stremainder - I300Q

add 600

24 part.of the dividend 13600
36 x joo= 10800 — — 300 the 2d quotignt.

2d tcmannd_er - 2800
add oo

3d part of the dividend 2800 ’
- 3& X 79 = 2520 ~ ~ 70 the 3dquotrcnm

3d remainder - 280 -~

’

add 9 .
4th part of ;he dividend 289
36 X § = 288 — - § the 4th quotient.
Last remainder = 1 2378 Sum of the quoticnts,

ExpranaTion. It is evident, that the dividend is resolved
into these parts, 85000-+600+00+49 : for the first part of the
dividend is considered ouly as 85, but yet it is truly 85000; and;
therefore its quetient, instead of 2, is 2000, and the remainder
13000 ; and so of the rest, as may be seen in the operation.

When there is no remainder to a division, the quoticnt is the
absolute apd perfect answer to thc questiop ; but where there is
a remainder, it may be obscrved, that it goes so much toward
another time, as it approaches to the divisor ¢ thus, if the remain.
der be a fourth part of the divisor, it will go one fourth of a time
more 3 if balf the divisor, it will go half of a time more ; and so

on,
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the dividend ; which number divide as before ; and sa
" op, till the whole is finished. h '
Method

on. In order, therefore, to complete the quotient, put the last
remainder at the end of ity above a small line, and the divisor bes
low it. ' ,

It is sometimes difficult to find how often the divisor may be
bad in the numbers of the several steps of the operation ; the best
way will be to find how often the first figure of the divisor may
be had in the first, or two first, figures of the dividend, and the
answer made less by one or two is generally the figure wanted :
beside, if after subtracting the product of the divisor and quo-
tient Mom the dividend, the remainder be equal to, or exceed
the divisor, the quotient figure must be increased accordingly.

If, when you have brought down a figure tothe remaindcr, it
is still less than the divisor, a cypher must be pyg.in the quoticnt,
and another. figure brought down, and then pracced as before.

The reason of the method of proof is plain: for since the quo-
tient is the nymber of times the dividend contains the divisor, the
product of the quotient and divisor must evidently bg equal to the
dividend. . ]
~ There are several other methods made use of to prove division 2

the best and most useful are these following.

RuLg I.  Subtract the remainder from the dividend, and divide
this number by the quotient, and the quotient found by this divis- .
ion will be equal to the former divisor, when the work is right.

The reason of this rule is plain from what has becd observed
above. ;

Mr. MaLcoLm, in his Arithmetic, has been drawn into a mistake
concerning this method of proof, by making use of particular num-
bers, instead of a general demonstration.  He says, the d_ividend
being divided by the integral quotient, the quotient of this division
\i/ill be equal to the former divisor, with the same remainder.—
This is true in some particular ¢ases ; but it will not hold, when

o~ the
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. Methed of PROOF.

Multxply the quotient by the divisor, and this product,
added to the remainder, will be cqual to ‘the dividend,
when the work is right.

’ EXAMPLES.

(1) , @ :
5)13545728(2709145% 365)123456789(338237
- 1a 1095’

35 1395

35 : 1095

45 : ' 3006 ‘

45 . 2920 .

7 867

5 730

22 1378

20 : 1095,
28 T " a83y
25 , 2555
3 o 28%.

the temainder is greater than the quotient, as may be easily demon-
strated 3 but, one instance will be sufficient ; thus 17; divided by
6, gives the mtegral quotient 2, and- temainder § ; but 17, di-
vided by 2, gives the integral quotient 8, and remainder 1. This
shews how cautious we ought to be in deducing general rules from.
particular examples.

Rure IL  Add the remainder, and all the produets of the
several quotient figures, by the divisor, together, according to the
order, in which they stand in the work, and the sum will be equal

to the dividend, when the work is right.
- The
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3- Divide 3756789275474 by 2. Ans. 1878394637737
4. Divide 12345678900 by 7. Ans. 17636684143
: 5. Divide

The reason of this rule is extremely obvious : for the num-
bers, that are to be added, are the products of the divisor by eve-
1y figure of the quotient separately, and each possesses, by its place,

. its complete -value ; therefore, the sum of the parts, together with
the remainder, must be equal to the whole.

Ruce ITI. Subtract the remainder from the dividend, and
what remains will be equal to the product of the divisor and quo-
tient ; which may be proved by casting out the nines, as was done
in multiplication.

This rule has been already demonstrated iy mulkiplication.

To avoid obscurity, I shall give an example, proved according
toall the differeat methods.

EXAMPLE.

$7)123456789(1419043 © 123456789

’ 87* 87 48
364 9933301 1419043) 123456741 (87 5oty
348* 1135234:8 11352344
. 165 —— 9933301
-+ 87% 123456789 Proof by Mult. 9933301
.. 786 ‘
..783*
ee.. 378 - Proof by cafting out the nines.
oo a0 348% 4 is the excess of ¢’s in the quotient.

—_ 6 ditto - - - - in the divisor.

seeea.309 6 ditto - - - - - in 4%6, which

ceeeaa261* is also the excess of g’s in (123456741)
the dividend made less by the remainder.
feenaes 48* )

123456789 Proof by Addition.

- For illustration, -we need only refer to the example ; except
for the proof by addition ; where it may be remarked, that the
asterisms shew the numbers to be added, and the dotted lines
their order. '
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s. Divide 9876543210 by 8. Ans. 12345679013
6. Divide 1357975313 by o. Ans. 150886145%
7. Dmdc3217684329765by 17. Ans. 189275548809-,—-,-
8. Divide 3211473 by 27. . Ans. 11894334

9- Divide 1406373 by 108: Ans. 13021:‘;5

16. Divide 2903839455936 by 8305. Ans. 34960078244 %
2. Divide 4637064283 by §7606. Ans. 8049655354+

CONTRACTIONS.
L To divide by any nuniber with cyphevrs banexed.
RULE*

_ Cut off the cyphers from the divisor, and the same
tumber of digits from the right hand of the dividend ;
then divide, making use of the remaining figures, as usua1,
and the quotient is the answer4 and what remains, writs>
ten hefore the figures cut off, is the true remainder.

EXAMPLES.
3. Divide 310869017 by 7100. _
71500)3168690,1 7(437843,-23% the quotient

284
268
213

556

497

ettt

599
568

310
284

——

2617 . %. Divide

* ‘The reason of this contraction is easy to conceive : for the .
cutting off the same figures from each, is the same as dividing each
of
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3. Divide 7380964 by 23000. - Ans. 32033252,
3. Divide 29628754963 by 35000. Ans. 8465351 0ot. ;

1. When the divisor is the product of two or more small num-
bers .in The table.

RULE*

Divide continually by those numbers, instead of the
whole divisor at once: :
EXAMPLES.

of them by 10, 100, 1000, &c. and it is evident, that 3s often as the
whole divisor is contained in the whole dividend, so often must any
part of the divisor be contained in a like part of the dividend.  This
method is only to avoid a needless repetition of cyphers, which
would happen in the common way, as may be seen by working an
txample at large.

* This follows from contraction the second in multiplication, of
which it is only the converse; for the third part of the half of any
thing is evidently the same as the sixth part of the whole ; and sa
of any other number. T have omitted saying any thing, in the rulc,
zbout the method of finding the true remainder ; for as the learner
is fupposed, at present, to be unacquainted with the nature of frac-
tions, it would be lmproper to introduce them in this part of the
work, especnally as the lntegr?.l quoticnt is sufficient to answer most
of the purposes of practical division. However, as the quotient ia
incomplete without this remainder, and, in some computations, it is
necessary it should be known, I shall here shew the manaer of find.

. ing it, witheut any assistance from fractions.

Rure. Multiply the quotient by the divisor, and subtract the
product from the dividend, and the result will be the true re-
mainder.

The truth of this is extremely obvious ; for if the product of
the divisor and quotient, added to the remainder, be equal'to the

dividend, their product taken from the dividend must leave the
remainder. The

R
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EXAMPLES,
1. 'Divide 31046835 by 56==7X8. .
7)31046835(4435262 8)4435262(554407 the quotient.
- 28 ‘40
30 . 43
a8 ’ 40
24 35
21 52
36 33
35 32
18 62
14 56
43 . 6
‘z —
15
14
x

—_— 2. Divide

The rule which is most commonly made use of is this, :
Rure. Muliply-the last remainder by the preceding divisor,
" or last but one, and to the product add the preceding remainder ;
shultiply this sum by the next preceding divisor, and to the pro-
duct add the next preceding remainder ; and so on, till you have.
gone through all the divisors and remainders to the first.
EXAMPLE.

9)64865 divided by 144. 1 the last remainder.

) , Mult. 4 the preceding divisor.
4)7207 2 —_—

— 4. .
4)1801 3 : Add 3 the second, remainder.
e —

450 1

7 '
Mult. g the first divisorgy

63
Add 2 the first remainder.

Ans. 45055, 65 To
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o Dmde 7014596 by 72:8)(9
. 8)7014596
9)876824 4 : -
97.}24' 8 the quotient,
3. Divide 5130652 by 132. Ans. 38868—5—

4. Divide 83016572 by 240. ¢ Ans, 345902;%%.

ML, T perform division more concisely than by the general rule.
' RULE*

Maultiply the divisor by the quotient figures as before,
and subtract each figure of the product as you produce it,
dways remembering to carry as many to the next figure as

~ were horrowed before, .

EXAMPLES.

5. Divide 3104675846 by 833.
833)3104675846(3717101"1- the quotient.
6056

2257 -
5915
848
1546 .
‘713 2. Divide

Ta explain this rule fram the example, we may observe, that
every unit of the first quotient may be looked upon as containing g
of the units in the given dividend ; consequently every unit, that
remaing, will contain the same ; therefore this remainder must
be multiplied by 9, in order to find the units it contains of the
given dividend. Again, evéry unit in the next quotient will con-
tain 4 of the preceding pnes, or 36 of the first, that is, 9 times4 ;
therefore what remains must be multiplied by 36 ; or, which is the
same thing, by 9 and 4 continually., Now this is the same as the
rule ; for instead of finding the remainders separately, they are re-
duced from the bottom upward, step by step, to one another, and
the remaining units of the.same class taken in as they occar.

* The reason of this rule.is the same as that of the general rule.
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2. Divide 29137062 by 5317.
3. Divide 62015735 by 7803.

" ARPTHMETIOC.

Ans. 54195
Ans. .7947%.:

4 Divide'432756284563574 by 873469.

Ans. 495445498%%‘, :

'REDUCTION,

- TABLES or COIN, WEIGHT, axo MEASURE,

MONEY.
4 farthings make 1 penny

12 pence
20 shillings

1 shilling| fars
1 pound.

FA denotes - pound:
éhilling
d - pence.

is one farthing, or one quarter of any thing.
a half-penny, or a half of any thing.
3 farthings, or 3 quartgrs of any thing.

PENCE TABLE.

T

%

X

T

3

Ky
a. 5 d
20 is 1 8
30 4 . e 2 6
40 v v i i e 3 4
N 4 2
GO e v o % o o v o o 5
le) P - s e e s § 10
80 ... ... ... 6 8
QO e e e e e e 7 6
JOO « o o o o o v o o 8 4
JIO v v o v o o o 9 2
I20°. o o s . 10

d. §
I i
24 s ieeeeeenen 2
36 c i e 3
48 ... . 4
60 vt tiieree s 5
72 e oo . 6
84 . <7
96 c ittt 8
108....... e eee 9
I20 ¢ o v v v o , 10

TROY WEIGHT.
24 grains make 1 penny-weight, marked grs. dwt.

20 dwt.
12 0Z.

1 ounce,
1 pound,

oz.
1b or b,

By this weight are weighed jewels, gold, silver, com,

bread, and liquors.

APOTHECARIES’
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APOTHECARIES WEIGHT.
20 grains make 1 scruple, marked gr. fc. or B.

3fccor® 1dram + dr.or 3.
8 dr. 1 -ounce oz. or 3.
12 0z. 1 pound b orlb.

Apothecanes use this weight in compounding their med-
icines ; but they buy and scll their drugs by Avoirdupois
weight.  Apothecaries’ is the same as Troy weight, having
only some different divisons.

AVOIRDUPOIS WEIGHT.

]
16 drams make 1 ounce, marked dr. oz.

16 ounces 1 pound Ib.

28 1b. I quarter qr.
4 quarters 1 hundred weight cwt.

20 cwt. I ton T.

By this weight are weighed all things of a coarse or
drossy nature : such as butter, cheese, flesh, grocery. warss,
and all metals, except gold and silver.*

DRY

' by Ib. oz. dr.
* A firkin of butter . is . 56| A peck loaf of bread :
Afirkin of 'soap . . . . .. 64] weighs ..... 17 61

A tarrel of pot-ashes. . . 200| A halfpeck . ... § 11

A barrel of anchovies.... 30| A quartern . ... 4 § 8
Abarrel of candles . . . . 120
-A barrel of soap. . . . . . 256
A barre] of butter . . . . . 224
A fother of lead is 193 cwt. 36trusses . . . . ... aload.

Astone of jron . ... .. 14 4 pecks coal make 1 bushel.
A stone of butcher’s meat . . 8 g bushels . . . 1 vat or strike.

A gallon of train'oil . . . . 7% 36 bushels . .. . 1 ¢haldron.

Afaggot of steel . . . . . . 120) 1 cpalgeons . . . 1 score.
Astone of glass . .. ... ‘

Aseam of glass is 24 stone, 7 lbs wool make . . 1 clove.
OF o v v ive e enn 120| zeloves . + o . . . . 1 stone.
, : ’ 2 stones

561bs old hay

make a truss.
6olbs new hay )y
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DRY MEASURE

38 ‘

Marked
2 pints make 1 quart pts.qts.
2 quarts 1 pottlc  pot.
2 pottles 1 gallon gal.
2 gallons 1 peck pe-
4 pecks 1 bushel bu,
2 bushels & 1 strike  str.

Marked
8 bushels 1 quarter gqr.
§ quarters I weyorload wey
4 bushels 1 coomb co.
§ pecks 1 bushel water meaf,
10 coombs 1 wey
2 weys 1 last L.

Notc.—The diameter of a Winchester bushel is 183
inches, and its depth 8 inches.

By this measure, falt, lead, ore, oysters, corn, and other

dty goods are meafured

ALE ax»p BEE
Marked

2 pints make 1 quart pts. gts. | 2 firkins

4 €quarts 1 gallon gal

1 4

R MEASURE

: Marked
1 hldcrkm kil.

2 kilderkins 1 barrel  bar.

8 gallons 1 firkin of Ale fir. | 3 kilderkins 1 hogshead hhd.:

9 gallons 1 firkin of Beer fir. | 3 barrels

Note~The ale gallon contains 282 cubic inches.

1 butt butt.

In

London the ale firkin contains 8 gallons, and the beer fire
kin ¢ ; other measures being in the same proportion. '

WINE

2stones . .. .. .o 1tod
6itods . . .. ... 1wey.
e o« o o« 1sack.

2 weys . .
12sacks. o o o oo o o0 last

: Ib.
A barrel of pork is . . . . 220

A barrel of beef . . . . . 220
A quintal of fish . . ... 112

20 things make . . . . I score

AR}
4%
”

12 .
12 dozen ......I gross.
144 dozen . . . I greater gross.

Furthery—5§760 grains = 11b,
Troy ; 7000 grains =1 Ib. A-
voirdupois ; therefore the weight
of the pound Troy is to that of
the pound Avoirdupois, as §760
to 7000) Of a5 144 ta I75.

e e eoe e 1dozen. -
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' MWINE MEASURE,
. . Markedy . - Marked
_ 4 pints make T quart pts. gts. | 2 hogsheads 1 pipe or
4 quarts 1 gallon gal. butt p- orb.
42 gallons 1 tierce  tier.|a pipes I tun T.

63 gallons 1 hogshead hhd.|18 gallons 1 rundict rund.
84 gallons 1 puncheon pun.|31f gallons 1 barrel bar,
By this measure, brandies, spirits, perry, cider, mead,
vinegar, and oil are measured.
NoTe.—231 solid inches make a gallon, and 10 gallons
make an anchor.

CLOTH MEASURE

- Marked Marked
1g inches make 1 pail nls.|3qrs. 1 ell Flemish EIlFL
4 nails I quarter qrs.|5 qrs. 1 ell English EllEng.
4 quartees t yard  yds.16 qrs. 1 ¢ll French EllFr.

'LONG MEASURE..

‘ Marked Marked
3 barley corns make 1 6o geographical miles,or
\ inch bar.c. in.| 69X statute miles 1 de-
12inches 1 foot ft. gree deg.or ®

3fect 1 yard yd.| 360degrees the circum-

6 feet 1 fathom ffgth.| . ference of the earth.
§5+yards 1 pole "pol. | Note—4 inches make 1 hand.
4o poles 1 furlong fur.|s feet 1 geometrical pace.
© 8 furlongs 1 mile mls. | 6 points 1 line.

3 miles 1 league 1.I12 lines 1 inch.
v TIME
Marked, - Mirked
. 6o seconds make 1 min- 4 weceks t month m.
ute . s.or’” m.or’| 13 months, 1day, and 6

6o minutes 1 hour h. or °| hours, or
24 hours 1 day d.| 365 daysand 6 hours, 1
7 days 1week  w.l Julian year Y.

NoTs.
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NoTke 1. The sccond may be supposed to be divided into
6o thirds, and these again into 6o fourths, &c.

Notc 2. April, June, September, and November, have
each 30 days ; each of the other months has 31, except
February, which has 28 in common years, and 29 in leap
years. /

.

CIRCULAR MOTION.

60 seconds make 1 minute, marked ¥ / °
60 minutes 1 degree °

30 degrees 1. sign s:

12 signs, or 366° 1 cirgle. -

Reduction is the method of bringing numbers fi'om one
name or denomination to another, s0 as still to retam the
same value, .

RULES
1. When the reduction’ is from a greater name to a less.

Multiply the highest name or denomination by as many
as make one of the next less, adding to the product the
parts of the second name ; then multiply this sum by "as
many as make one of the next less name, adding to the
product the parts of the third name; and so on, through
all the denominations to the last. . N

1I. When

* The reason of this rule is exceedingly obvious; for pounds
are broaght into shillings by multiplying them by 20 ; shillings in-
to pence by multiplying them by 125 and pence into farthings by
multiplying them by 4 ; and the contrary by division : and this
will be true in the reduction of numbers-consisting of any denom-
ination whatever.
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NI, When the reduction is from adess ndme 2o a gregter
Divide the given number by as many as make one of the
next superior denomination 3 and this quotient again by as
many as make one of the mext following ; and so on,
through all the denominatioris te thie highest ; and this last

‘quotient, together with the several remamdeu, will be the
ngwer required.

The method of proof is by reversing the question.

EXAMPLES.

2. In 1465 145 §d. how many farthings 2

20 #)1407092
, 29314 12)3§1773
12 S cme————

2,0)2931,4 §
. Proof 14651. 14s. 5d.

351773
‘1407092 the answer.
2. In 12l how many farthings} ~ Ans. 11520,
3 In 6169 pence how many pounds } ‘
Ans. 251, 148. 1d,
4 In 35 guineas how many farthings sterling ?
- Ams. 35280.
5- In 420 quarter guineas how many moidoses ?
Ang. 81 and 18s.
6. In 231l 16s. how many ducats at 4s. 9d. each ?

Ans. 976.

#. In 274 marks, eath 136. 4d. and 87 nobles, each 6s.
B. bow many pounds? - " Ans. arsl. 138, 4d.
8. In 1776 quarter guineas how many six-pences sterling ?

- Ans. 18548.
. 9. Reduce 1776 six and thirties to half-crowns sterlmg.
Auns. 15374-
10. In go807 moxdoms how many pxecr.s of coin, each
4. 6d. ? Apge 304842,

F : 11, In
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11. In 219210 grains how many Ib. ?
Ans. 37b. ogrs.
12. In gglb 13dwis. sgr. how many grains ?
Ans. 3401373:5.
13 Ineonxgxm hovmany Ib.?
, Ans. 1390lb..11602. 18dwts. lgg:s.
14. In 35ton, 17ewt. 1qr. 23lb. 70z.,13dr.. how masy
dramsg ? Ans. 20571004dr.
- 15. In 37cwt. 2qr. 17lb how many pounds Troy,apound
Avoirdupois being equal to 140z. 11dwt. 155grs. Troy ?
: Ans. 5124lb. 50z. 1odwt. 115gTS.
16. How many barley corns will reach round the world,
supposing it, according to the best calculations, to be 8340

leagues’? Ans. 4755801600.
17. Inf x7 pieces of cloth, each 27 Flemish ells, how
many yards ? Ans. 344yds. 1qr.

. 18, How many minutes were there from the birth of
ChzisT to the year 1776, allowing the year to consist of
365d. sh. 48’ 58”7 2 Ans. 934085364" 8"

" COMPOUND ADDITION. 11,
Compound Addition teacheth to collect several numbers of
different denominations into one total.
RULE*
3. Place the numbers go that those of the same derom-

ination may stand directly under ea,ch ather, and dtawa
line below them.

2. Add

» 'lI'hc reason of this rule is evident from what has been said in
simple addition : for, in addition of money, as 1ia the pence is

squal |
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2. Add up the figures in the lowest denomination, and
find how many ones of the next higher denomination are
contained in their sum.

3. Write down the remm&cr. and carry the ones to the ,
next denominatien ; with which proceed as before ; and
so on, through all the dénorinations to the highest, whose
sum must be all written down 3 and this sum, together
witﬁ the seyeral rcmaindcu, is the total sum required.

Thcmbodof proof is the same umumpleadd‘wn..?

-

»”

uaunss. .

MONEY.

3 SURr A R N
17 13 84 17 54 176 10 10

75 13 . 4F 107 13 11}
st 17 8% 8 . 18 .10
20 10 10fF 75 12 2%
17 15 4% 3 3 3%
10 10 1If r X

54 1
36 8

261 5 8% 452 19 2%

-
0
L]
~3
o'l'd PP W N @9-

176 8 23 277 8 4%

w
>

)
»H

261 5 8% 452 19 2%

TROY

equal to 4 in the farthings ; 1 in the shillings, to 13 in the pence p
and 1 in the pounds, to 2o in the shillings ; therefore, carrying as
direcsed, is nothing more than providing 2 method of digesting
the moncy, arising from each column, properly in the scale of de-
pominations ; and this reasoning will hold guod in the addmon of
compound numbers of any denomination whatever.
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TROY W:EIGHT. ' -

oz.dwt.gr. Ib. oz. dwt.gr. Ib. oz. dwt. gr.
17 3 15 1f 14 10 13 20° 27 10 17 18
13 2 13 13 13 10 18 21 17 10 13 13
15 3 ™M iy 14 to-rwo 100 1311 13 L
13 19 . .10 L ‘3 3 e 1 - 2
12 ‘1 17 I 4 4 -4 4 4 -3--%
13 14 T 19 .2 B
- APOTHECARIES WEIGHT.
b.oz. dr. sc. gr. lboz dr sc. gr.  Ih oz dr. s gr.
3573 17 4861 13 § 431 10
2 7 4 218 2 7585 217 43 22 18
17'511013127-321!17
1 75 2710 3 421 &4 4211 4
2 73 2 17 2 21 2 3 2 10
2 6 1 1 10 3 1 11X 1 7 2 13
.AVOI-RDUP.OLS.‘WEIGHT.-
ewt. @- Ib. oz. dr. T.cwt. gr. Ib. oz.dr. T. cwt. qr. Ib. oz.dee
15 2 15 15 1§ 21731387 3 13 2 10 7%
13 2 17 13 14 21331488 214117686
12 2 13 14 14 116 10 § 4 17 14 (3
10 1 17 1§ 2 13 17 213 12 77
12 1 10 10 TI141 122 3 13 10 4 4
jori2 1 7 4161 775 3§ 2 12 8 8

LONG
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“LONG MEASURE

Mlgfur.pol.ydft. in.  Mls. fyf.pol. yd.ft. in. Mis firr. pol. yd.ft in.
3731421 5 2821311 4 283 72 17
28 4 17 3 210 391172210 30 g 7
7.4 431 2 28 11422 2763022
ro§ 631 7 4811722 9 7620121
202 22 3 3712 3 §2 - 210
3P 4 2 2 20 2 1 710 2 2
Age——

CLOQTH MEASURE -
Yd ‘gr. nlL in.  ENEn. qr. ol in.  ENPFL gr. ol in
120 3 I 1 - 207 2 2 1 200 2 I X
as 2 . %8 2 2 Z T 1
28 2 2 78 | S S 28 1 1 1
38 2 2 21 3 3 2 .2
382773 7" 720 2 2 338 "3 1
¥ 3722 ° "3 2 C 2 2

WINE MEASURE.

T bhd. gal. qt. pt. T. hhd. gal qt. pt. ~ T. hhd. gal. qt.pt.

17 2 10 2 1 27 1 .3 1 I 37 1 3 I X

Jo 2 27 2 1 24 13 1 27 27 3 1

8 3 24 2 21 3 37 20 2 24

5 2 27 2 10 2 35 1 1 20 1 29 2 I

2 1 17 1 1 8 2 25 1 1 3 39 2 1
3 29 2 1 2 2 35 2 2°37 3 1

ALE
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46 ARTTHMEYYC. :
ALE asxp BEER Mzasuxn
hhd. 'al. qt. pt. hhd. gnl. hhd. gal. gqt, pr. -
21’ 2 3 27 z 30 20 3 x
- 21 zo 3 25 xo 3 28 29 2z -
2t 21 2 ‘31 13 ) 20 g0 ‘
10 10 2 10 17 18 8 1 !
3 3 3. 8 7 2 17 o1
z 2 L4 202 6 6 1 ¢
DRY MEASUREs T1ME.
L. qr. bu. pe. gal. Y. o d A, m '
§ 5§ 231 27 9 2 6 33 25 29
3 2 3 2 1 20.7 2 5§ 20 36 30
2 2.3 2z 1 1B 7 3 ¢4 5 6 9
F 2 2 2 14 1 .21 23 2%
2 1 73 i 10 2 4 5
.5 6 2 y 8 . 2 4 3 38

Compound Swbtraction tcachcf,b to ‘find the difference of
any two numbers of different. denominations.

RULE*

s

1. Plase the less number under the greater, so that those
parts, which are of the same denomination, may stand di-
rectly under each other, and draw a line below thenr. .
2. Begin.

/

* The reason of this rule will readily appear from what was.
said in simple subtraction ; for the borrowing depends upon_the
very same principle, and is oaly different, as the pumbers-to be

subtracted are of differeat denominations.

S 4
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2. Begin at the right hand, and take the number in
cach denomination of the lower line from the number-
standing above it, and set down their remainders below

* 3.'But i the number below be greater than that above
it, increase the upper number by as many as make one of
the next higher denomination, and from this sum take the.
number in the lower line, and set down the remainder as
before. )

4. Carry the unit borrowed to the next number in the
lower Iine, and subtract as before ; and so on, till the
whole is . frhishéd 3 ‘and all the several remainders taken
together, as one number, wxll be the whole dxifcfcncc re-
quired.

The mtthod of proof i ﬁxe same 2¢ in snmple sub-
traction. -

) EXAMPLES.

1L s d L. s d £ s 4
"From 275 13 4 . 454 14 2} 274 14 2%
“Fake- l76 16 6 276 17 5% 8 15 73

Rem. 98_ 16 10 177 16 ot . 188 18 &

Proof 275 13 4 454 14 23} 274 14 2}

TROY WEIGHT.

. oz. dwt. gr. Ib, oz. dwt. gr- lb. oz. dwt.gr.
From 7 3 14 11 ' 27 2 10 20 29 3 14 §
Take 3 7 15 20 20 3 ‘s 21 20 7 15 7
Rem. o

Proof

APOTHECARIES’
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APOTHECARIES WEIGHT
Ib. oz. dr. sc. gr-" Ib.oz.dr.sc.gr.  Ib.oz.dr.sc. gk

From1t 47 14 236110 ‘§1.332I19
Take 3 7 143§ 1817212 22 5.1 -

AWOIRDUPOIS WEIGHT.

ewt.qinlb.ozdr. cwt. qr.lb, oz.dr.  cwt. qr. Ib.oz: dr
From 5 179 22 2 13 4 8 21 1 7 6 13
Make 3 3 2t 1 7 201 1766 13 8 8 14
Rem. - ’ ‘

Proof

LONG MEASURE

Mis. fut. pol. yd. ft. in. Mis. fur: pol. yd. fejin. Mils. fur. pol yd. ft.in.
Fromig4 3 17 1 2 1 90 7 13 1 1 3 320 3 10 s
Takezo 7 30 2 10 20 14 23 2 7 37 3 11 riog

Rem.
Proof

-ty etmade. POy

CLOTH MEASURE
Yd. qr. al EllEn. qr. ol. EIFL qr. nlin,

From 27 3 3 127 2 270 1 ° &k
Take 10 2z 2 78 3 3 140 2 2 3
R’em. .. .o P R
Proof N

WINE

S

P
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WINE MEASURE
- T.hhd.gal. qt.pt. hhd. gal. qw pt. thd gl qu
1

Fromz 3 20 3 1 2 21 2 13
Take 1 2 17 3 1 10 27 1
Rem.

Proof

ALE axp BEER MEASURE.

hhd. fir. gal. qt. pt.  bhd. fir. gal.pt. hhd. fir. gal. p,
From 29 2 2 3 t 139 2 3 4 37 3§ 2 12

Tike 10 3 4 3 30 2 4 5 10 3

Rem.

Proof - -

DRY MEASURE

L. gr. bupe. galpot. L. gr. bu.pe.gal. L. gr. bu. pe.gal.
Fromg 4 7t 1 1 13 3 § 2 1 37 1 2

Take 2 53 7 2 3 7% 10 2 2 1 1
Regx;. T
Proof
S TIME
m.\v.d.l;. ' mwd h.,’ m w d h '/
Fromi7 2 5 17 26 37 1 13 1 7% ‘5
Take'.xo , 18 18 15 2 15 14 17 5 5 7
Rem.
Pooof
COMPOUND °

v
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‘:COMPO'UN‘D MULTIPLICATION.

€ompound Multiplication teacheth to find the amount of
.any given number of different denominations by repeating:
it any proposed number of times.

RULE"*

1. Place tﬁe muIﬁplier under the lowest denomination’
of the multiplicand.

- 2. Multiply the numberof the lowest denomination_ by’
the multiplier, and find how many ones of the next higher
denomination are contained in the product.

3. Write down the excess; and carry the ones to the: .
product of the next higher denomination, with which pro-
ceed as before 3 and so on, through all the denominations
to the highest, whose product, together with the several
excesses, taken as one number, will be the whole amount:
required. -
 The method of proof is the same as in simple multi~
plication. '

EXAMPLES

* The ‘product of a namber consisting of several parts, or de
nominations, by any simple number whatever, will evidently be-
expressed by taking the product of that simple number and each:
part by itself, as so many distinct questions : thus, 25l 12s. 6d.
multiplied by 9 will be 2251. 108s. 54d. = (by taking the shillings
from the pence, and the pounds from the shillings, and placing.
them in the shillings and pounds respectively) 230l 12s. 6d.
which is the sanie as the rule ; and this will be true, whea the
multiplicand is any compound number whatever.
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EXAMPLES OF MONKT.

1. glb. of tobacco, at 2s. 84d. per B.
2s. 8id.
9

S
1l. gs. 43d. the answer,
2. 3lb. of green tea, at gs. 6d. per 1b.  Ans. 1l. 8s. 6d.-
3. slb. of loaf sugar, at 1s. 3d. perlb. ~  Ans. 6L 38
4. gcwt. of cheese, at 1l. 11s. 5d. per Twt.
Ans. 14l. 2s. 9d.
5. 12 gaHons of brandy, at gs. 6d. per gallon.
Ans. sl 14s.

CASE 1.

If the multiplier exceed 12, multiply successively by its
component parts, instead of the whole number at once, a3
‘in simple mnltnphcanon

I-:xAurLEs
1. 16cwt. of cbecse, at 1l. 18s. 8d. pcrcwt‘
1l. 18s. 8d.
4
7 14 8
4

—— ct——

£30 18 8 the answer.
2. 28 yards of hyoad cloth, at 19s. 4d. per yard.

Ans. 271 1s. 3d,
3 96 quarters of rye, at 1l 3s. 4d. per quarter.

Ans, 112l
4. 120 dozen of candles, at gs. 9d per doz.

Ans. 34!, 108,
§+ 132 yards of Irish cloth, at 2s. 4d. per yard.

Ans. 15l 8,
- 6. 144 veams of papcr, at 138‘ 4d. per ream.

Ans. 961,
7. 1212
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7. 1210 yards of shalloon, at 2s. 2d, per yard. - <
Ans, 131l 5. 8d,

CASE II.

If the multiplier cannst be produced by the multiplication f
small numbers, find the nearest to it, either greater or less,
which can be so produced ; then multiply by the compo-
nent’ parts as before 5 and for the odd parts, add or subs

tract according as is required. '

EXAMPLES,
1. 17 elisof holland, at 7s, 81d. per ell
' 7 % '
1 30 1a
——“N*
6 3
RN

,{,‘6 11 o} ‘the answer._
2. 23 clls of dowlas, at 1s. 6—d. per ell,
Ans, 11, 155, 51d,
32, 46 bushels of wheat, at 44 75d. per bushel.
Ans. 10l 118. 93d,
4 §9 yards of tabby, at 9s. xod per yard.
Ags. 23l. 2s. ad.
5. 94 palr of silk stockings, at 12s. 2d. per pair.
- Ans. 57l 3s. 8d.
6. 117cWt. of Malaga raxslns, at 1l 2s. 3d. per cwt..
‘ Ans. 1301. 3s. 3d.

EXAMPLES OF WEIGHTS AND MEASURES.

b. oz.dwt. gr. Ib. pz. dr. ec.gr. c\vt gr. Ib. gz . mls furph yd,
2] 1 713 2 4 2 1 27.1 13 12 34 3 20 2
4 7 12 6

o
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Vs, qr.‘n!s. T. bbd. gal. pt. 'W. gr. bu. pe. M w4 h. %
1272 2 29 1 20 3 27 1 7 2 175 3 620 59
8 5 7 3

COMPOUND DIVISION,

Compound Division teacheth to find how often one given
pumber is contained in another of diffcrent denomsinations,

RULE*" - -

1. Place the numbers as in simple division.

7. Begin at the left hand, and divide each denomination
by the divisor, setting the quotients mnder thcu' rcspccmq
dividends,

. But if there be a’femamder, after dividing any of the
{enominations except the least, find how many of the next
lower denominatjon it is equal'fo, 4nd add it to the num.
ber, if any, which wis in thisdenominatior before ; them
gdivide the sum & usual, and so on, till the whelg is finished.

The mcthod of proof s the sanie as in simple- division.

EXAMPLLS

* To divide a gumber consigging ef -several denominations, by
any simple number whatever, is evideptly the same as dividing all
the parts or members, of which that number is composed, by the
same simple number. Apd this wil] be true, when any of the'
parts are pot an exact multiple of the divisor : for by conceiving
the number, by which it exceeds that multiple, to have its proper
Value by being placed in the next lower denomination, the divi-
dend will still be divided into parts, and the true quotient found as
before 3 thus 251 12g,3d. divided by 9, will be the same as 18l
144s. 99d. divided by g, which is equal to 2. 16s. 11d. 25 b
" the rule ; and the method of carrying from one denominztion to
anotber ig exactly the same. ’

-
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. BXAMPLES OF MONEY,

1. Divide 225l 2s. 4&. by 2.
2)2251. 2s. 4d.

112l 115, 2d. the quotient.

2. Divide 751l 145, 72d. by3,  Ans. 250l 115, 62d,
3. Divide 821l 17s. 93d. by 4. Ans, 205l. gs. 53d.

4. Divide 28l 2s. 13d. by 6. Ans. 4l. 13 8%d,

5. Divide 135l. 108 7d. by 9. Ans. 15l 15, 2d.

6. Divide 2271, 10s. 5d. by 11. Ans. 20l 13s. 8d.

7+ Divide 1332l \ns, 8:d. by 12, Ans. 111l 133d,
CASE I.

- Jf the divisor exceed 12, divide contmually by its coms
ponent parts, as in simple division, :

EXAMPLES.

1, What is cheese per cwt, if 16ewt, cost 30l, 18s, 8d. ?
4)30l. 18s. 8d.

4)7 14 8 .
L1 18 8 the answer.
2. If 2ocwt. of tobacco comes to 1201, 10s. what is

that per cwt. ? Ans. 6l. 6d.
3. Divide g7l 3s. 7d. by 35. Ans. 1l. 125, 8d.
4. Divide 8sl. 6s. by 72. Ans. 11, 3s. 8%d.
. 5. Divide 31l 2s. 103d. by 99. Ans. 6s. 33 d

6. At 18l 18s, per cwt, how much per Ib. ?
- Ans. 3s. 43d.

CASE 1II.

If the divisor cannot be produced by the multiplication of small;
numbers, divide it after the manner of long division.
EXAMPLES,
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EXAMPLES.

"s« Divide 741 13s. 6d. by 17.
r7)gg 13 6(4 7 10

6

20 -
133
119

——

14
12

‘174
17
4 .
2. Divide 231.-155. 73d. by 37+ Ans, 128, 105d
3. Divide 315l 3s. 103d. by 365« Ans. 17s. 33d.

\
EXAMPLES OF WEICHTS AND MEASURES. .

1+ Divide 23fb. 70z, 6dwt. 12gr. by 7.
: Ans. 3lb. 40z. gdwt, 12gr,
2. Divide 13lb. 10z 2dr. 10gr. by 12.
Ans. 1lb. 10z. 2sC. 10gt.
3¢ Dmde 1061CWt. 2qrs. by 28.
Ans: 37cwt. 3qrs. 18lb.
4o Divide 375mls. 2fur. 7pls.  2yds. 1ft. 2in. by 39.
Ans. gmls. g4fur. 39pls. 2ft. 8in.
5. Divide §71yds. 2qrs. mnl. by 47. '
Ans. 12yds. 2nls.
6. Divide I2OL 2qrs. 1bu. 2pe. by 74
Ans. 1L. 6qrs. 1bu. 3pe.
7+ Divide 120mo. 2w. 3d. sh. 20’ by 111,
: Ans. 1mo. 2d. 1oh. 12

" DUODECIMALS.



[ _ ' ARITHMETIC.

DUODECIMALS.

DUODECIMALS are so cailed because they “decrease by
twelves, from the plate of feet toward the right hand.
Inches are sometimes called primes, and are marked thus ’;
the next division, after inches, is called parts, or secouds,
and is marked thus 7 ; the next is thirds, and matked_
thus #/ ; and so on. :

Duodecimals are commonly used by workmen and are
tificers in casting up the contents of their work. =

MULTIPLICATION of DUODECIMALS ; ory
Cross MULTIPLICATION.

RULE.

1. Under the multiplicand write the same names or dee
nominations of the multiplier ; that is, feet under féet,
inches under inches, parts under parts, &c.

2. Multiply each term in the multiplicand, beginning
at the lowest, by the feet in the multiplier, and write each
result under its respective term, observing to carry an unit
for every 12, from each lower denomination te its next
superior. ’

3. In the samg manner multiply evefi"mm i the mul-
tiplicand by the inches in the multiplier, and set the re-
sult of each term one place removed to the right of these
in the multiplicand.

4. Proceed in like manner with the seconds and all the
rest of the denominatiohs, if there be any more ; and the
sum of all the lines will be the product required. .
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Or the denominations of the particular products will
be as follows :
Feet by feet, give feet.
‘Feet by primes, give primes.
Feet by seconds, gWe seconds. :
&e.
Primes by primes, give scconds, .
Primes by seconds, give thirds.
Primes by thirds, give fourths,
&c,
Seconds by seconds, give fourths,
Seconds by thirds, gwe fifths.
Scconds by fourths, give sixths,
&ec,
Thirds by thirds, give sixths,
Thirds by fourths, give seventhsy
- "Thirds by fifths, give eighths,
&¢e
In general thus :
‘When feet are toncerned, the product is of the same
denomination with the term multiplying the feet.
- 'When feet are not concerned, the name of the product
will be expressed by thc sum of the indices of the twa

torse
fac -

EXAMPLES.
1. Multiply 1of. 4" §” by 76 & 67
’ 7 & 6
——e
72 6' 11
6 10 11 4
§ 2 2 6

! .79 11 o 6 6 Answer

-2. Multiply 4f. 7" by 6f. 4’ o”. Ans. 29f. o 4",

e 3. Multiply
H
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3. Multiply 14f. ¢ by 4£. 6'.

. . Ans. 66f- 4, 6”-
4.Multiply4f 7'8”by9f 6y T,
Ans, 44f. o 10"
5+ Multiply 7f, 8’ 6" by 10f. 4 5”
Ans. 79f, 11/ o 6" 6iv.
6. Multxply 39f. 10" 77 by 18f. 8/ 4",
™ - Ans. 745f 6 10" 2" 4iv,
7. Multlply44f 2/ ¢ 2" 4iv. by 2f, 10/ 3/,
Ans. 126f. 2/ 10" 8" 10iv, 11¥.
8. Mulnply 24f. 10’ 8/ 9" 5iv. by 9f. ! 6",
Ans. 233f. 4’ 5" 9" 6iv. 4v. 6vi,
9. Required the content of a ﬁoor 48f 6’ long, and
241, 3’ broad e
Ans. n76f 1 6.
10. What is the content of a marble slab whose length
Is 5f. 7', and breadth if. Io’ ?
Ans. 10f. 2’ 10",
11. Required the content of 2 cexhng, whxch is 43f 3
long, and 25f ¢ broad. o
- Ans, 1102f. 10’ 6,
12. The length of a room being 206f. its breadth 14f,
6', and height 10f. 4/, how many yards of painting are in
i, deducting a fire place of 4[f by 4f. 4, and two wile
dows, each 6f. by 6f. 2’2 = ‘
3.2 "‘4‘9!7 Ans. 7335 yards.
13 Required the solid content of a wall 53f ¢ long,
uf 3 hxgh and 2f. thlck.
Ans. 1310f, 9's

VULGAR
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VULGAR FRACTIONS:

-

FRACTIONS, or broken numbers, are expressions for
any assignable parts of an unit ; and are represented by
two numbers, placed one above the other, with a line
drawn betwgen them.

. The figure above the line is called the smumerator, and
that below the line, the denominator.

. The denominator shews how many. parts, the mtcger is
divided into, and the numerator shews how many of
those parts are meant by the fraction.

Fractions are either proper, improper, single, compound,
or mixed.

1. A proper ﬁ'a:tzon is when thc numerator is less than
the denominator: as £, 4, £, &c.

2. Ax improper ﬁactwn is when the numerator exceeds
the denominator : as ¥, 5°, &ec.

3. A single fractwn is a simple expression for any num-
ber of parts of the i 1nteger.

4 A cpmpound Sfraction is the fraction of 4 fraction: as

3 of 3 § of & &c.

5. A ‘mixed number i composed of a wholé number
and a fraction : as 8%, 1755, &c.

Norz.—Any whole namber may be expressed hkc a frac-
tion by writing 1 under it : as %.

. 6. The common measure of two or more numbers is
tbat number, which will divide cach of them, withou: a
remainder. Thus 3 is the common measure of 12 and
1§ ; and the greatess number, that will do this, is called
the greatest common measure.

7. A number, which can be measured by two or ‘more
numbers, is called their common multiple ; and if it be the

loa:t
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least number, which can be so measured, it is called their
least common multiple 5 thus 30, 45, 6o and 75, are multl-a
ples of 3 and §; but their least common multiple is 15.%

PROBLEM I.
" To find the greatest common mrasure of two or more numbers.
RULE.§

1, If there be two numbers only, divide the greater.
by the less, arld this divisor by the remainder, and so ony
always dividing the last divisor by the last remainder, till

nothing

* A prime number is that, which can only be measured by an
onit.
That number, which is produced by multiplying several numbers
together, is called a composite number.
A perfect number is equal to the sum of all its aliquot parts.
The following perfect numbers are taken from the Petersburgh
actsy and are all that are known at preseat.
6 \
28 ~
496
8128
33550336 .
858986g0%6
- 137438691328
2305843008139952128
2417851639228158837784576
9903520314282971830448816128
There are several other numbers, which have reccived different
denominations, but they are principally of use in Algcbra, and the’
higher parts of mathematics.

4 This and the following problem will be found very useful in
the doctrine of fractions, and several other parts of Arithmetic.
The truth of the rule may be shgwn from the first example.—
For since 54 measures 108, it also measures 108 454, or 162.
Again,

‘



VULGAR FRACTIONS. 63.

tiothing remains, then will-the last divisor be the greatest
eommon measure required.

2. When there are moye than, two numbers, find the
greatest common measure of two of them as before ; and.
of that common measure and one of the other numbers ;
and so on, through all the numbers to the last ; then will
the greatest common measure, last found, be the answer.

3. If 1 happén to be the common measure, the given
numbers are prime to each other, and found to be incom-
mensurable.

EXAMPLES.

1. Required the greatest common measure of 918, 1998
md 522.
918)1098(2  So §4 is the greatest common measure-
) 198936( 5 of 1998 and gi18.

Hence 54)522
162)918(5 5 )286(9‘

810 S5l
— t
108)162(t 3 §§
108 e
e 18)36(2
54)108(2 36

108 OIS

Therefore x8 is the answer required.
2. What

Again, since 54 measures 108, and 162, it also measutes

§X1624-108, or 918. In the same manner it will be found
to measure 2 X 9184162, or 1998, and so on. Therefore 54
measures both 918 and 1998.

Itis also the greatest common measure 5 for suppose thera_be 2
greater, then since the greater measures 918 and 1998, it also
measures the remainder 162 ; and since it measures 162 and 918,
it also measures the remainder 108 ; in the same manner it will
be found to measure the remainder 54 ; that is, the greater meas-

ures
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2. What is the grcatest commion measuxe of 612 ami

540 ¢ Ans. 36.
3. What is the greatest COmmon measure of 720, 336
and 1726 ? Ans. 8.

’
>

PROBLEM 1IL .
o find the least common multiple of iwo or more numbers. .
'

-

RULE* .
1. Divide by any number, that will divide two or moré
. of the given numbers without a remainder, and set thc
quonents, together with the undivided numbers, in a line
beneath. )
4. Divide the second line 4s beéfore, and so on, till therc
are no two numbers that can be divided ; then the con-
tinued product of the divisors and quotients wxll gwe the
-multiple required.

A EXAMPLES. PR
1. Whatis the least common multiple of 3, §, 8 and 163
5)3 5 8 10 .
2)3 1 & 2

. .3 1 4 1
§X2X3X4=120 the answer.
' ) 2. What

" utes the less, which is absurd. Therefore 54 is the greatest com-
mop measure.

*In the very same manner, the dcmonstratxon may be apphed to
3 or more numbers.

* The reason of this rule may also be shewn from the first ex”
imyle, thus : itis evident, that 3% § X 8 X 10=1200 may be di-
vided by 3, 5, 8, and 10, without a remainder ; but 10 is a mul- "~
tiple of §, therefore 3X 5 X8X2; or 240, is also divisible by 3,
5, 8, and 10. Also 8 is a multiple of 2 ; therefore 3X §X 4%
2=1201is also divisible by 3, 5, 8, and 103 and : evidentiv the
Jeast number that can be so divided. .
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2. Whnt is the least common multiple of 4.and § ?
Ans. 12.
- 3. What is the least number, that 33 4, 8 and 12 will
measure ? . Ans. 24.
4. What is the least number that can be divided by the
pine digits, without a remainder ? Ans. 2520.

REepveTion of Vurc4ar FRACTIONS. // <

Reduction of Vulgar Fractions is the bringing them out of
one form into another, in order to prepare them for the
aperations of addition, subtragtion, &c.

CASE I.
To abbreviate or reduce fractions to their lowest terms.
RULE.*

Divide the terms of the given fraction by any number
that will divide th;m without a remainder, and these quo-
tients

4 L]

-* That dividing both the terms of the fraction equally, by any

number whatever, will give another fraction equal to the former,
is evident. And if those divisions are performed as often as can

be done, or the common divisor be the greatest possible, the

terms of the resulting fraction must be the least possible.
" Norte 1. Any number ending with an even number, or a cy-
pher, is divisible by 2.

2. Any number ending with §, or o, is. divisible by 5.

3. If the right-hand place of any number be o, the whole is
divisible by 10.

4. If the two right-hand ﬁgures of any number are divisible by
4 the whole is divisible by 4.

5. If the three right-hand figures of any number are divisible
by 8, the whole is divisible by 8.

6. If the sum of the digits constituting any number be divisi-
ble by 3,-or 9, the whole is divisible by 3, or 9. L
' ' , 7. It

’



\

1

Gy : © ARITHMETIC,

tients again in the same manner 3 -and 3o on, till it appears
that there is no number greater than 1, which will divide
them, and the fraction will be jn its lowest teyms.

Or;
Divide both ‘the terins 'of the fraction by their greatest
common measure, and the quotien;s will be the terms of
the fraction required.

EXAMPLES.

1. Redute 344 to its lowest terms.

B @ ) () @ . '
=TI T Wy s wh theanswer,
Or thus ;
148)240(1
144
96)1i44(%
96

——

48)’3(65('2

Therefore 48 is the greatest common measure, and
- 48)34L==%, the same as before.

2. Reduce

-

w. All prime numbers, except 2 and.§, have 1,3, 7, or 9, in
the place of units ; and all other numbers are composite.

8. When numbers, with the sign of addition or sibtraction be-
tween them, are to be divided by any number, each of the num.

bers must be divided. ‘Thus 4.:.".‘.3.'!.'_‘9=z+4.+5=u.

9. But if the numbers have the sign of multiplication between

. 8
them, only one of them must be divided.  Thus SX_?;%‘_?

=3X4xxo_t)(4.)(!'o_lx2x10_z_0=10.
IX6  1xXz | 1XI I
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2. Reduce %2 to:its least terms. Ans. 33,
.3 Rcduce' g—’;-% to it lowest terms. Ans. 4
4 Bring 5z£ to ns.lowest terms. Ans. §4.
g Reduce 145 to its least terms. Ans. 5.
Reduce $154 to its least terms: Ans. 4.
.. Reduce 3344 to its lowest terms. Ans. Z.

8. Abbreviate 3522352 a5 mich as possible. '

Ans. 52
) 76
CASE IL

o reduge.a mixed number 1o its equivalent improper frittion.
~ RoUie®

Multiply the whole riumber by the denominator of the

fraction, and add the nymerator to the product, then that

sum written above the denominator will form the fractxon
$equiired:

. ExAaMPLES,

§. Reduce 272 to its equivalent improper fraction.

27
9

243
2

243

K2

27% 942 ‘
O -25—9-1- =< the answer.
: 2. Reduce

* Al fractions represent a division of the numerator by the de.
pominator; and are taken altogether as proper and adequate ex-
pressions for the quotient. Thus the quotient of 2 divided by 3
is}; from whence the rule is mamfest for if any number is mul-
tiplied and divided by the same number, it is evident the quotient
must be the same as the quantity first given.

I
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2. Reduce 13355 to its eqmvalent’ 1mpropcr fractio.

- Ans. 3348
. . IS
3. Reduce g 14-‘? to an improper fhc‘tfbn'." Ans. 2232,

4. Reduce 10035 to an improper fractxon. Ans. 4 =2,

5. Reduce 47%{3—}1&0 an lmpropcr fraction. Ans. LY 49 22
CCASE Ml C g

Ta reduce an improper fraction to its equivalent wkole or n:ix-
ed numbet.

Rgiee

Divide the numerator by the deriominator, and the quo-
tient will be ,tl_1e ,}yhole or mixed. nwnber required. ;; - -

" EXAMPLES.
1. Reduce %37 to its equivalent whole or mixed numbes,
16)981(61;%
96

21 '
16 .

rne———

s
Or, -
-93_ =¢81+16=61;% the answer.

2. Reduce %" to its equivalent whole or mixed number.

Ans. 7
3. Reduce ~3+* te its cquivalent whole or mixed uum-
“ber. Ans. 5651
4 Reduce 2242 to its equivalent whole or mixed aumn--
. : Ans. @ -
bC{ 621611 . . 1 S3t .
5- Reduce =73~ to its cquivalent whole or mixed
. . 187 °
number. ) - Ans. 1209?17
. Lo . CASE

* This rule is plainly the reverse of the former, aiid has its
reason in thc nature of common dms‘on.
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CASE IV. .

Te reduce @ awhole number to an equivalent fraction, ﬁa-vmg a
given denominator. -

RULEL.®

Multiply the whole number by the given denominator,
and place the product over the said denominator, and it
will form the fraction required.

' . EXAMPLES.

1. Reduce 7 to a fraction, whose denommator shall be 9.
7X9=63, and %} the answer.
And %} =63 9._7 the preof.

2. Reduce 13 to a fraction, whose denominator shall .

o 12 Ans. L4

3. Recduce 100 to a fraction, whose denomimtor shail

be go. o Ans. 2725
CASE V.

7o reduce a compound fraction to an equivalent single one.

aULEf .

N

Mu!np]y all the numerators together for the numerator,
and all the denominators togethcr for the dencminator, and

they will form the single fraction requircd.
If

* Multiplication and division are here equally used, and conse-
quently the result is the same as the quantity first pro;iosed.

t That a compound fraction may be represented by a sirgle
one is very evident, since a part of a part must be cqual to some
part of the whole. The truth of the rule for this.rcduction miay

- be shewn as follows. . '

Let the compound fraction to be reduced bc‘,’ of #. Then 5
of 3=%+3=+%, and consequently 3 of £=% X 2=4r the same
as by the rule, and the like will be found to be true i all cascs.

Ii

\
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1f part of the compound fraction be a whole or mixed
number, it must be reduced to a fraction by one of the fors
mer cases. .

When it can be done, divide any twp terms of the fracs
tion by the same number, and use the quotients instead
thereof. \

EXAMPLES.

I Reduce Yof fof £of 2 toa smglc fraction.
2X 3 X4 X 8 192 __

N ' 3X4X5X11 660 55

‘ Or,
;%é’%-;(-% =4#7 as before. |
2. Reduce 3 3 of -} of § to a single fraction.'  Ans. 4,
3. Reduce 3 fof Fof§ of 77 to a single fraction.

Ans. 34y

A Reduce - 15 of frof 5 of 10 to a single fraction.

Ans. Sre,

the answery

CASE VL
To reduce fractions of different densminators to equivalendy
Jractions, having a common denominator.
. RULE L* \

Multiply each numerator into all the demominators, ex«
cept its own, for a new numerator ; and all the denomi,
nators continually f&r the common denominator.

. EXAMPLES.

If the compound fraction consist of more numbers than 2, the
two first may be reduced .to one, and that one and the third wil}
be the same as a fraction of twaq, numbers ; and so on.

* By placing the numbers multiplied properly under one another,
it will be seen, that the numerator and denominator of every frac-.
tion
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EXAMPLES,

1. Reduce 3, £ and 4, to equivalent fractions, havmg
4 common denominator.
1X§X7=35 the new numerator for J.
3X2X7=42 do. for-3-
4X2X5=40 do. for L.
2X §X7=70 the common denominator.
Thercfore the new equivalent fractions are 45, 42, and

o 707 70?
45 the answer, . .
2. Reduce l, T & 2nd , to fractions, having a com-
. 14 193 340
mon denominator. . Ans. 4% TFD 1o ToE

.-Reduce 3, 2 of 4, 51 and %5, to a commaon denomis
37 4 s x

: 190 342 313 6.0
pator. . An°' 5 tTer 5709336
4. Reduce 13, 5 of 13, 7% and £ to a common de-

D TT
i 33552 15015 33104 31T480
pominator. Ans- TEoTEI TEoTE T6515? T691 4

RULE 1,

Yo reduce any gwen frackons to others, which shall bave the
least common denominator.

t. Find the least common multxplc of all the deromina-
tors of the given fragtxons, and it will be the comnon dz-
fominator reqmrcd.

2. Divide the common denominator by the denomina-
tor of each fraction, and multiply the quotient by the nu-
merator, and the product will be the numerator of the
fraction’ requiyed.

EXAMPLES.

’

tion are multiplied by the very same number, and consequently
their values are not altered. Thus in the first example :
- I} X5X7 3| X2X7 4 | X2X§

2 | xsx7 5| x2zx7 7 |x2X5
In the 2d rale, the common denominator is a multiple of ali
the denominators, and consequently will divide by any of ther ;
it is manifest, therefore, that proper parts may be takcn for ajl the
pumerators as required.

v
e



g0 ‘ ARITHMETIE.

EXAMPLES.

‘1. Reduce 3, 3 and §, to fractions, baving the least
common denominator possible. :

3|2 3 6
2|z 1 2 '
I 1 1

IX1X1X2X3=6 least common denominator.
6-+2x1=3 the first numerator ; 6--3X2=4 the second
numerator ; 6-~6x 5=35 the third numerator.

\V hcnce the required fractions are £, &, &

2. Reduce ;% and 13 to fractions, having the least com~

mon dcnominator. Ans. 35, S5
3 Reduce 45 3 % $and §, to thc least common denomi-

8 [] 10

nator. Ans. -5, 25, oo i

4. Reduce 3, -%, £ and %, to the least common denom-
36 60 s0 63
inater. Ans. +3 59 5o vor
[S Reduce L, &, £, I, and 3 <2, to equivalent frac-
T s s 3 T4 q
hons, h:nmg the least common denommator.

Ans. g5 45 5 55 5h At
CASE VIL
To find the valus of a,feaction in the known parts of the integer,
| RULE,*

Multiply the numerator by the parts in the gext mfcnor
denomination, and divide the product by the denominator ;
and if any thing remain, multiply it by the next inferior
denomination, and divide by the denominator as before
and so on as far as necessary ; and the quotients placed af-
ter one another, in their order, will be the answer required.

. .EXAMPLES.

* The numeratgr of 2 fraction may be considered as a remain-
der, and the desffiivfinator as a divisor ;* therefore this rule has its
reason in the nature of compound division.
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EXAMPLES.
% What is the value of £ of a shilling ?

S
12

7)60(8:. 23d. Auns,
_ 56

4
o——;? ,

14

A 2
2 What is the valye-of # of a pound sterling ?
Ans. 7s, 6d.
3 What-is the value of 4 of a pound Troy ?
o Ans. 70z. g4dwt.
4. What is the value of 4 of a pound avoirdupois ?
g Ans. goz. 23dr.
5. What is the value of J of acwt. ?
| Ans. 3qrs, 3lb Joz. 124dr.
6. \V}nt is the value of +%; of a mile ?
Ans, " sfur. 16pls. 2yds. 1ft. oL in.
7. What is the value of £ of an ell English ?
S Ans. 2qrs. 35nls,
8. What is the value of Z of a tun of wine ?
Ans. 3hhd. 31gal. 2qts.
9 Wt is the value of of aday?
‘Ans.: :214 55 2375
: CASE VIl o
‘Ta wd uce a f/a..tzm gf one deiismination to t/‘at gf anat/.:er, ré-
faining the same valué.

RULE®

Make a cempound fractmn of-it, ‘and reduice it to a sin-
glCQae,, . PR

a7

BXAMPLES

T

o "The teason of this practxce is explamed in the rule for re.
ducng compound fractions to single ones, . .
The

/
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EXAMPLES.

1. Reduce £ of a penny to the fraction of a poijmf
F of 75 of s5s = fs =4+ the answet:
And ;3 of ’l" of * ’*—:;::-gd the proof
2. Reduce  of a farthing go the fraction of a potmd
. . ' : * Ans. s 773
3. Reduce y3£. to the fraction of a penny.  Ans. * oy
4. Reduce % of a dwt. to the-fraction of a pound Troy.

) Ans. e
5. Reduce £ of a pound avoirdu‘pcis to the fx“.xc‘ion of
2 cwt. Ans, «2 +3-
6. Reduce 3" of a hhd. of wine to the fraction of a
pint. : Ans. Tf‘
7: Reduce #;of a month to the fractior!, of a “day.
Ans. :—}.

8. *Reduce 7s. 3d. to the fraction of a.pound. Ans. 22
g. Express 6fur. 16pls. in the fraction of a mile. Ans,?

‘x&bmno;v of Vurcar Fracrions.

RULEf

Reduce compound fractions to single ones ; mixed
numbers to improper fractions ;. fractions of different inte-
gers

The rule might have been distributcd into two or three different
cases, but the directions bere given may very easily be applied tor
any qu.estton, that can be proposed in those cases, and will be more
easily understood by an example or two, than by a mu]txphcnty of
words.

* Thus 7s. 3d. = 87d. and :l z4od. CoE =35 thc answer,

+ Fractions, before they are reduced to a2 common défomins-
tor, are entirely dissimilar, and therefore cannot be incorporated
with one another ; but when theyare reduced to a comdion de-

nominator, atﬂ made parts of the same thing, theu' sum or differ-
" ence,
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. L]
gers to those of the same 5 and all of them to a common
denominator 3 then the sum of the numeratdrs, written
over the common denominator, will be the sum of the
fractions required.

EXAMPLES. '

1. Add 3§, %, 4 of 7 and 7, together.
Fxrst 3§:’8°, % of i_l = 1=1 4

Then the fractions are % ,-s’-,ﬁ and -3 .*%
29X 8X 10X 1=2320
7X8X10X 1= 560
7X8X 8X 1= 448
7X8X &X10=4480

7808
=123 8 =12} the answer.
8XR8X 10X 1=2 640.

2 Add §, 75 and 3 of § fogether. ,Ans. 82,

3. What is the sumof £, 5 % of J and 93 ? Ans. 19——
4 What is the sum of %> of 6, 4 of £and 75?2 ™
Ans..1313%.
5. Add £\ 2s. and % of a penny together.
Ans. 3338, or 3s. 1d. 132
6. What is the sum of 5 of 15l 331 3 of £of $of a
pound and ; of % of ashilling 2 -

Ans. 7L 17s. 54d.
7. Add % of a yard, £ of a foot and £ of a mile to-

£ .
gether. ° : Ans. 660yds. 2ft. gin.
8. Add 3 of a week, of a day and 4 of an hour to-
gether. Ans. 2d. 141h.
' SUBTRACTION .

tace, may then be as- properly expressed, by the sum or difference
of the numerators, as the sum or difference of any two quantities
Wwhatever, by the sum or difference of their individuals ; whence
the reason of the sules, both for addition and sabtraction, is
moifess, ' " -

K
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SUBZRACTION ¢f VULGAR FRACTIONS,

RULE.

repare the fractions as in addition, and the difference
of the numerators, written above the common denomina-
tor, will give the diffcrence of the fractions required.

‘ . EIX‘AMPLES.

2 . 3 3
1. From } take £ of %.

ot 1At =224 the anwser required.

3 * a2 2172
2. From 2 take 3. ' Ans. 312,
3. From 963 take 14%. Ans. 8132
4. From 147 take 3 of 19 A -~ Ans. 175
5. From 71 take 3s. =~ Ans. gs. 3d.
6. From }oz. take Zdwt. ~ Ans. 11dwt. 3gr.

" =. From 7 weeks take 9;% days.  Aus. sw. 4d. 7h. 12

. . .
Murgiprication of VurLG4r FRACTIONS.
"RULE.™*

Reduce compound fractions to single oncs, and mixed
numbers to improper fractions ; then the product of the
numerators is the numerator ; and the product of the de-
nominators, the denominator of the product required.

EXAMPLES, «n
%

* Multiplication by a fraction implies the taking some part or
parts of the multiolicand. and. therefore, may be truly expressed

by by § is the same as
of e with the method al-
rea e ones, it is shewa to

bews 1gMLe 7 -



(]

DIVISION OF YULGAR EFRACTIONS. 15

EXAMPLES. .
1. Required the continued product of 23, &, 3 of £ and 2.
A}

1
2i=hyof§=

xé:,‘,, and 2=%;

Then {X§X 1§ Xi= % ; :158);(,21 % the answer.
2. Multiply % by JT Ans. 7.
3. Multiply 4— by - Ans. 2o,
4. Multiply % of 7 by . © Ans. rl.
5+ Multiply = of 3 by $o Ans. 33,

of 33.
6. Multiply 43, 3 of % an and ;3-, contmually together.
Ans. 9—-—;—

Division of Vvrear FRACTIONS.

RULE.*

Prepare the fractions as in multiplication ; then invert
the divisor, and proceed exactly as in multiplication.
’ P y P

EXAMPLES.
1. Dwxde sof i9gby §of &

=% =7% the quotient required.
2. Divide

* Thereason of the rule may be shewn thus : Suppose it wete
sequired to divide § by 3. Now -+2 is manifestly £ of 3, or
>3( = 5 butj=fof 2, fof 2 or} must be contained 5 times
4 .
as oftenin } as 2 is ; thatis %;—(—i- = the answer ; w’?xich is ace

cording ta the rule 5 and will be so in all cases.

Note.—A fraction is multiplied by an intcger, by dividing the
denominator by it, or multiplying the numerator.  And .divided
by an integer, by dividing the numerator, or multiplying the dP

nommator. N
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2. Divide 4 by . . e Ans. &
3. Divide 93 by £ of 7. - Ans. 253,
4. Divide 3% by o5 Ans. 3.
5. Divide £ by 4. Ans. 47,
6. Divide ;- of 3 by § of §.  Aps. 3.

<

DECIMAL FRACTIONS,

—————r

A DECIMAL is a fraction, whose denominator is an

unit, or 1, with as many cyphers annexed as the numera-

tor has places 3 and is commonly expressed by writing the

numerator only, with a point before it called the separatrix.
Thus, o5 isequalto 5 or I,

© 02§ 5 of 3
o75 s or i
13 5 OF I/,
246 - 24+%.

‘02 ror O 3%

001§ oo OF xvoge

A finite decimal is that, which ends at a certain number
of places. But an infinite decimal is that, which is under-
stood to be indefinitely continued. :

A repeating decimal has one figure, or several figures,
continua]lhy repeated, as far as it is found. As '35, &e.

which is a single repetend. And 20°2424, &c. or 207246246,
&c. which are compound repetends. Repeating decimals are al-
so called circulates, or circulating decimals. A point is set over .

a single
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a single repetend, and a point over the first and last figures
of a compound repetend.

The first placc, next after the decimal mark, is 10th
parts, the second is 1ooth parts, the third is 1000th parts,
and so on, decrcasing toward the right by 1cths, or ins
creasing toward the left by 1oths, the same as whole or
integral numbers do.  As in the following

SCALE OF NOTATION.

£
g 4 B
< . ;]
«”v  wu ﬂ_s
g-g ’.v;n‘s
5 g EEsS 8 s
3 € ow 2 0
’ Y o . B o O @ .
S © 5 & £ <SS 85 a2
% %) - ®» ;-,_.-Ug"' 3
s 9 e B ”'ﬁ::o'vﬁ
2% g & ~T 3223
S5 o588 485558958
:a‘:g‘:g‘:""::c‘::a
: '-"o-&:'ﬁuﬂu'_?‘ﬁo:’;__‘
ALBERIRPEROEHEIDS
8 88 8 88 8°-38 8 8 8 8

Cyphers on the right of decimals do not alter their value.

' For ‘gor & is
And "zoor £2 s

And‘sooor £22- is

But cyphers before decimal figures, and after the separ-
ating point, diminish the value in a tenfold proportion for

cvery cypher.

“.I.‘"l"l‘l"

So 5 s 5 0r  } .

But o5 is rév or i

And -oos is ross OF oise
And so on.

So that, in any mixed or fractional number, if the separ-
ating point be moved one, two, three, &c. places to the
right hand, every figure will be 10, 100, 1000, &c. times
greater than before.

But if the point be moved toward the left hand, th( !
every figure will be diminished in the same manner, or the
whole quantxty will be divided by 10, 100, 1000, &¢.

Apmzrzow
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-

AbpITIoN of DECIMALS.

RULE.

1. Set the numbers under each other according to the
value of their places, as in whole numbers, or so that the
decimal points may stand eich directly under the prea
ceding, .

" 2. Then add as in whole numbers, placing the decimal
point, in the sum, directly under the other points.

EXAMPLES,
@
7530
16201
3'0142
957°13
672819
‘03014
851310353
2. What is the sum of 276, 39'213, 74014'9, 41%,
5032 and 2214'298 ? Ans. 79993°411,
3. What is the sum of *014, ‘9816, *32, 15914, 72913
and ‘0047 ? ’ Ans. 2°20857.
4. What is the sum of 27°148, 91873, 14016, 294304,
7138 and 221°7 ? Ans. 3094882918,
. 5. Required the sum of 312984, 21°3918, 270042,
3153, 27°2 and §81°06. Ans. 3646°2088,

SuBTRACTION of DECIMALS,
|
RULE.

1. Set the less number under the greater in the same
manner as in addition.

2. Then subtract as in whole numbers, and place the
decimal point in the remainder directly under the other
points. .

EXAMPLES.
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MULTIPLICATION OF DECIMALS. L {3
EXAMPLES.
(1)
21481
490142

209'90858

2. From *g173 subtract *2138. Ans. 7035.
3. From 273 subtract 1°9185. Ans. 0*8113.
4 What is the difference between 91°713 and 407 2
, Ans. 315°287.
- What is the difference between 16°37 and 8oo°13 5¢
Ans. 783°765.

Myrgipricarion of DECIMALS.

RULE%

1. Sct down the factors under each other, and multiply
them as in whole numbers.

o&f. And from the product, toward the right hand, point
as many figures for decimals, as there are decimal places
in both the factors. But if there be not so many figures
in the product as there ought to be decimals, prefix the
proper number of cyphers to supply the defect.

EXAMPLES.

* To prove the truth of the rule; let *9776 and ‘823 be the
numbers to be multiplied 5 now these are equivalent to +%%%% and
Teds 5 Whence Y X ofolsls = oot oA% =804 5648 by the na-
ture of notation, and consisting of as many places, as there are
cyphers, that is, of as many places as are in both the numbers ;

aud the same is true of any two numbers whatever.



\]

8o ARITHMETIC,

EXAMPLES:
(1)
9178 v -
381 )

9178
73424
27534

e

34°96818
—d

2. What is the product of 520°3 and ‘417 ?

Ans. 216'965 1.
3 What is the product of §r°6and 21 ? Ans. 1083'6.
4. What is the product of 217 and *c431 ?

Ans. '0093527.
§. What is the product of ‘o 51 and cogf ?

Ans. *0004641.

Note. When decimals are to be multiplied by 1c, or 100, or
1000, &c. that is, by 1 with any number of cyphers, it is
done by only moving the decimal point so many places fur-
ther to the right hand, as there are’ cyphers in the said mul-
tiplier ; subjoining cyphers if there be not so many figures.

' EXAMPLES.
1. The product of §1°3 and 10 is 513
2. The product of 2'714 and 100 is 271'4.
. 3. The product of *9163 and 1000 is 916°3.
4- The product of 21°31 and 10000 is 213100
CONTRACTION.

When the product would contain several more decimals than are
neccessary for the purpose in handy the work may be much con-
tracted, and only the proper number of decimals retained.

RULE.
1. Set the unit figure of the multiplier under such deci-

mal place of the multxphcand as you intend the last of your
product
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product shall be, wntmg the other ﬁgures of the multiplier
in an inverted order.

2. Then, in multiplying, reject all the figures in the
-multiplicand, which are on the right of the figure you are
multiplying by ; setting down the products so that their
right-hand figures may fall each in a straight line under the
preceding ; and carrying to such right-hand figures from
the product of the two preceding figures in the multipli-
cand thus, viz. 1 from § to 14, 2 from 15 to 24, 3 from
2§ to 34, &c. inclusively ; and the sum of the lines will
be the product to the number of decimals required, and

- will commonly be the nearest unit in the last figure.

EXAMPLES.

1. Mulnply 27'14986 by 92°41035, $0 as to retain aly
four places of decimals in the product.

Contracted. Common way.
27°14986 27°14986
5301429 9241035
24434874 , 13 ’574930

542997 44958
308599 T 2714 | 986
2715 108599 44

81 542997
14 : 24434874
25089280 25089280 | 650510

2. Multiply 480’ 14936 by 2 724:6 rctammg four decx-
mals in the product. '

" Ans. 1308'0036.
3. Multiply 738429753 by 4'628754, retaining five
decimals in the product. )
' Ans. 341°80097.
4- Mulnply 8634'875 by 843° 7527, retaining only the
integers in the product.
Ans. '*285699.

DIvisioNn
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Dirision of DEcImMALs.
RULE.*

Divide as in whole numbers ; and to know how many
decimals to point off in the quotient, observe the following
rules :

1. There must be as many decimals in the dividend, as
in both the divisor and quotient ; therefore point off for
decimals in the quotient so many figures, as the decimal
places in the dividend exceed those in the divisor.

2. If the figures in the quotient are not so many as the
rule requires, supply the defect by prefixing cyphers.

3. If the decimal places in the divisor be more than
those in the dividend, add cyphers as decimals to the divi-
dend, till the number of decimals in the dividend be equal
to those in the divisor, and the quotient will be integers

, till all these decimalg are used. And, in case of a remain-
der, after all the figures of the dividend are used, and
more figures are wanted in the quotient, annex cyphers to
the remainder, to continue the division as far as necessary.

4. The first figure of the quotient will possess the same
place of integers or decimals, as that figure of the divi-
dend, which stands over the units place of the first product.

EXAMPLES,
1. Divide 3424'6056 by 43°6.
43'6)3424'6056(78546
3052
3726 -
3488
2380
2180

20035
1744

2616
2616

2. Divide

* The reason of pointing off as many decimal places in the
quotient, as those in the dividend exceed these in the divisor, will
easily




DIVISION OF DECIMALS. 83

2. Divide 3877875 by *675. Ans. §745000.
3. Divide "0081892 by *347 Ans. *0236.
4 Divide 7:13 by "18. ~ ~ Ans. 39.

CONTRACTIONS. '

L If the divisor be an integer with any number of cyphers at
the end ; cut them off, and remove the decimal point in the
dividend so many places further to the left, as there were
cyphers cut off, prefixing cyphers, if need be 3 then pro-
weed as before.

. EXAMPLES. °
1. Divide 953 by 21000. zx'ooo))
. ' 3 N
2%
04538, &e.
Here I first divide by 3, and thenby 7, because 3 times 7 is 31.

2. Divide 41020 by 32000. Ans. 1°281875.

Norz. Henge, if the divisor be 1 with cyphers, the quotient
will be the same figures with the dividend, having the decie
mal point so many places further to the left, as there are
cyphers in the divisor.

EXAMPLES,
217°3 4100 = 2°173. 419 by ro = 41°9.
§°16 by 1000 = 00516, *21 by 1000 = *00021.

L When the number of figures in the divisor is great, the op-
eration may be contractedy and the mecessary number of deci-
mal places obtained. : !

) ~ RULE.
1. Having, by the 4th general rule, found what place of
decimals or integers the first figure of the quotient will pos-
- sess 3

easily appear ; for since the number of decimal places in the divi-
dend is equal to those in the divisor and quotient, taken together,
by the nature of multiplication ; it follows, that the quotient con-
taips as many as the dividend exceeds the divisor. ’
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sess ; consider how many figures of the quotient will serve
the present purpose ; then take the same number of the
left-hand figures of the divisor, and as many of the dividend
ﬁgures as will contain them (less than ten txmes) 3 by these
find the first figure of the quotient.

2. And for each followmg figure, divide the last remain-
_ der by the divisor, wanting one figure to the yight more
than before, but observing what must be carried to the first
product for such omitted figures, as in the contraction of
Multiplication 3 and continye the operatton till the divisor
be exhausted, .

3. When there are not so many figures in the divisor, as
are required to be in the quotient, begin the division with
all the figures as usual, and continue it till the number of
figures in the divisor and those remaining to be found in
the quotient be equal ; after which use the co_ntracti.on.

EXAMPLES.

1. Dmde 2508 928065051 by 92°4103¢, 0 as to have
four decimals in the quotient.=In this case, the quotient
will contain six figures. Hence

Contracuon

92 41@3,5)2508 928,065051(27 x498
207 .
.—-——-———- /
660721 .

646872
. p—————

. 13849 ..
, 9241

P ——— o

4608 ...
- 3696

Se———

012 ...
832

80 .....
74

Common
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Common

Way.

92 4xo35)2508 928065051(27°1498

18482070

660721
646852

13848
9241

4607
3696

—]

911
831

—

79

c6
45

615
035

5800
4140

16608
69315

472903

73*928'180

5l544621
2. Divide 721°17562 by 2°257432, so that the quotient
may contain three decimals. Ans. 319°467.
3. Divide 12°169825 by 314159, so that the quotieat
may contain five decimals. Ans. 3°87377.
4. Divide 87°076326 by 9365407, and let the quotient
contain seven decimals. Ans. 9°2976554-

REepvctioN of DECIMALS.

CASE 1.
Do reduce a vilgar fraction to its « quivalent decimal, .

RULEX®

Divide the numerator by the d#nominator, annexing as
many cyphers as are necessary ; and the quotient will be
the decimal required.

: : EXAMPLES.

* Let the given vulgar fraction, whose decimal expression is
required, be v;. Now since every decimal fraction has 10, 100,
2000, &c. for its denominator ; and, if two fractions be equal,

: 3

-
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EXAMPLES,

4. Reduce ;% to a decimal.
4)5°000G00

' 5):'250000

‘ '268333, &c. :
2. Required the equivalent decimal expressions for 4,

Fand 4. Ans. *25, *5 and *75.
3. What is the decimal of § ? Ans. *375.
4- What is the decimal of - ? , Ans. ‘04,
5. What is the decimal of -3 ? Ans. 0156235,
6. Express 7’55 decimally. ' Ans. *071577, &c.

CASE IL
o reduce numbers of different denominations fo their equivalent
decimal values, '
RULE$

1. Write the given numbers perpendicularly under each
other for dividends, proceeding orderly from the least to,
the greatest. ' i

2. Opposite to each dividend, on the left hand, place
such a number for a divisor, as will bring it to the nexg
superior name, and draw 2 line between them,

3. Begin

T
it will be, as the denominator of one is to its numerator, so is the
denominaror of the ot er to its numerator ; therefore 13 :. 7 : : 1000,

‘&,z TXI0% TT &e. =‘jfi:§9-’.§f-'- = -53846, the numerator of
13
the ‘decimal required ; an\ is the same as by the rale.

+ The reason of the ruie may be explained from the first ex-
ample ; thus, three farthings is 3 of a penny, which brooght to a
decimal is *75 ; consequently 93d. may be expressed 9*75d. but

__g5 is $3% of a penny =+r55 of a shilling, which brought to.a
decimal is ‘8125 ; and therefore 15s. g3d. may be expressed
~15°8125s. In like manner 15°8125s. is Siiis of a shilling =
158125 of a pound =, by bringing it to 2 decimal, *790625l. as
. by the rale.
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3. Begin with the highest, and write the quotient of
each division, as decimal parts, on the right hand of the
dividend next below it ; and so on, till they be all used,

* and the last quotient will be the decimal sought.

EXAMPLES.
1. Reduce 15s. 93d. to the decimal of a pound.
413

121 975
20| 158125

490625 the decimal required.
2. Reduce gs. to the decimal of a pound. Ans. *43.
3. Reduce 1gs. §3d. to the decimal of a pound. .
Ans. *972016.
4. Reduce 100z. 18dwt. 16gr. to the decimal of a Ib. Troy.
Ans. ‘gr1111, 8C.
5. Reduce 2qrs. 141b. to the decimal of a ewt.
Ans. *625, &c.
6. Reduce 17yd. 1ft. 6in. to the decimal of a mile.
Ans. *00994318, &c.
7. Reduce 3qrs. 2nls. to the decimal of a yard.  Ans. -875.
8. Reduce 1gal. of wine to the decimal of a hhd.
Ans. ‘015873,
o- Reduce 3bu. 1pe. to the decimal of a quarter.
Ans. *40625.
10. Reduce 1ow. 2d. to the decimal of a year.
Ans. *1972602, &¢.

CASE IIL
To find the decimal of any number of shillings, pence and far-
things, by inspection.
RULE.*

Write half the greatest even number of shillings for the
first decimal figure, and let the farthings in the given pence
and

* The invention of the rule is as follows : as shillings are so
many 20ths of a pound, balf of them must be so many 1oths, and
consequently



88  ARITHMETIC.

and farthings pessess the second and third places ; observ-
ing to increase the second place by g, if the shillings be
odd ; and the third place by 1, when the farthings cxceed
r2; and by 2, when they exceed 37.

EXAMPLES.

t. Find the decimal of 15s. 8%d. by inspection.
o =%of 14s. ‘
g for the odd shilling.
. 34 = farthings in 85d.
* 1 for the excess above 12.

=85 == decimal required.
2. Find by inspection the decimal expression of 16s. 47d.
and 13s. 1o4d. Ans. *819 and *694.
3. Value the following sums by inspection, and find their
total, viz. 19s. 115d. 4 6s. 2d. 4 125. 83d. 4 1. 103d.
4 3d. 4 17d. Ans. 27043 the total,

CASE

consequently take the place of 10ths in the decimal ; but when
they are odd, their half will always consist of two figures, the
first of which will be half the even number, next less, and the
second a § ; and this confirms the rule as far as it respects
shillings. .

Again, farthings are so many gGoths of a pound ; .and had it
bappened, that 1000, instead of 960, had made a pound, it is
plain any number of farthings would have made so many thou-
sandths, and might have taken their place in the decimal accord-
ingly. But 960, increased by 5% part of itself, is = 10c0 ; con-
sequently any number of farthings, increased by their % part, wiil
be an exact decimal expression for them. Whence, if the num-
ber of farthings be more than 12, a ¢ part is greater than i, and
therefore 1 must be added ; and when the number of farthings is
more than 37, 2 1’y part is greater than 1§, for which z must be
added ; and thus the rule is shewa to be right,
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CASE 1V.
To find the value of any given decimal in terms of the integer,

RULE.
1. Multiply the de.cimz;l by the number of parts in the

next less-denomination, and cut off as many places for a
remainder on the right hand, as there are places in the giv-
en decimal. .

2. Multiply the remainder by the parts in the next infe-
tior denomination, and cut off for a remainder, as before.

3. Proceed in this manner through all the parts of the
integer, and the several denominations, standing on the left
hand, make the answer,

EXAMPLES.

1. Find the value of *37623 of a pound.
20

7°52460
I2

629520
4
118080  Ans. 7s. 63d.
2. What is the value of *624 shilling- ? Ans. 71d.
3. What is-the value of -8322916l. ? Ans. 16s. 72d.
4 What is the value of *6725cwt. /7 Ans. 2qrs. 19lb. 50z,
§. What is the value of *67 of a league ?
Ans. 2mls. 3pls. 1yd. 3in. 1b.c.
6. What is the value of *61 of a tun of wine ? '
Ans. 2hhd. 27gal. 2qt. 1pt.
7. What is the value of *461 of a chaldron of coals ?
Ans. 16bu. 2pe.’
8. What is the value of “42857 of a month ?
Ans. 1w. 4d. 23h. 59’ 56",
- ‘ CASE
M
| ]
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CASE V.
To find the value of any decimal of a pound by inspection.
"RULE.

Double the first figure, or place of tenths, for shillings,
and if the 'second be 5, or more than 5, reckon another
shilling ; then call the figures in the second and third
places, after g, if contained, is deducted, so many farthings ;
abating 1, when they are above 12 ; and 2, whenabove 37;
~and the result is the answer. -

. EXAMPLES.
1. Find the value of *785l. by inspection.
14s. = double 7.
1s. for 5 in the place of tenths.
8} = 3¢ farthings.
. . % for the excess of 12, abated.

15s. 83d. the answer.
+2. Find the value of ‘875l by inspection. Ans. ¥7s.6d.
3. Value the following deciimals by inspection, and find

their sum, viz. "927l. 4 *351l. 4 *203L - 061l. 4 ‘02l
+ oogl. = Anso aloars g3d.

FEDERAL MONEY¥*

TuE denominations of Fedéral Money, as determined by
an Act of Congress, Aug. 8, 1786, are in a decimal ratio ;
and, therefore, may be properly introduced in this place.

: ) A mill,

* The coins of federal money are two of gold, four of silver,
and two of copper. The gold coins are called an eagle and Aaif:
eagle ; the silver, a dollar, half-dollar, double dime and dime ; and
" the copper, a cent and bulf-cent.  The standard for gold and silver
is eleven parts fine and one part alloy. The weight of fine gold

in
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A mill, which is the lowest money of account, is ‘001 of
a dollar, which is the meney unit.

A cent is o1 Or 10 mills = 1 cent,
A dime 1 ~ marked m. c.
A dollar 1 10 cents = 1 dime, d.
An eagle 10° 10 dimes = 1 dollar, D.
: 1odollars = 1 ecagle, E.
A number

in the eagle is 246°268 grains ; of fine silver in the dollar, 37564
graias ; of copper in 100 cents, 231b. avoirdupois. The fine gold
in the half-eagle is half the weight of that in the eagle ; the fine
silver in the half-dollar, half the weight of that in the dollar, &c.
The denominations less than a dollar are expressive of their
vaiues : thus, m#l is an abbreviation of mill, a thousand, for 1000 .
mills are equal to 1 dollar ; cent, of centum, a hundred, for 100
cents are equal to 1 dollar 3 a dime is the French of tithe, the
tenth part, for 10 dimes are equal to 1 dollar.

The mint-price of uncoined gold, 11 parts being fine and 1 part
alloy, is 209' dollars, 7 dimes and 7 cents per lb.'Tr'oy weight ;
and the mint-price of uncoined silver, 1¥ parts being fine and 1
part alloy, is 9 dollars, g dimes and z cents per Ib. Troy.

“In Mr. Pike’s ¢ Complete System of Arithmetic,” may be
seen ¢ Ruvres for reducing the Federal Coin, and the Currencies
of the several United States ; also English, Irish, Canada, Nova-
Scotia, Lijvres Tournois and Spanish milled dollars, each to the
par of all the others.”” It may be sufficient here to observe re.
specting the curreacies of the several States, that a dollar is equal
t0 6s. in New-England and Virginia ; 8s. in New-York and North-
Carolipa ; 7s. 6d. in New-Jersey, Pennsylvania, Delaware and
Maryland ; and 4s. 8d. in South-Carolina and Georgia. '

The English standard for gold is 22 carats of fine gold, and 2
carats’of copper, which is the same as 11 parts fine and 1 part al-
loy. The English standard for silver is 18 0z. 2dwt. of fine silver,
and 18dwt. of copper ; so that the proportion of alloy in their sil-
ver is less than in thejr gold. When either gold or silver is finer or

coarser
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A number of dollars, as 754, may be read 954 dollars,
or 75 eagles, 4 dollars ; and decimal parts of a dollar, as
*365, may be read 3 dimes, & cents, § mills, or 36 cents, §
mills, or 365 mills ; and others in a similar manner.

Addition, subtraction, multiplication and division of federal

money are performed just as in decimal fractions ; and

consequently with more ease than in any other kind of
money.

EXAMELES.

1. Add 2 dollars, 4 dimes, 6 cents, 4D. 2d., 4d. ¢c.,
1E. 3D. sc. 7m., 3c. gm., 1D. 2d. 8c. 1m., and 2E. 4D,
7d. 8c. 2m. together.

(2) (
E.D. d.c.m, E.D. d.c.m, E.D. 33. c.m.
240 34°123 30671
4 2 1-178 3°123
"49 98-001 4°567
13°08%87 -7 ‘o3
o039 "33 70-308
1281 61-789 g-x_7
24°782 6°34r1 c231
463009 Ans, B

4) - (5) 6)
ED( d. c.m, E.D. Sd. c.m. D. (d. c.m,
From 32°178 70°000 2652
Subtract 1 7 -2 89 7°813 ‘o7
Remain. 14 - 889 e

7. Multiply

coarser than standard, the variation from standard is estimated by

carats and grains of a carat in gold, and by penany-weights in sil-

ver. Alloyis used in gold and silver to harden them.
Norte.—Carat is not any certain weight or quantity, but 5% of

any weight or quantity ; and the miaters and goldsmiths dmde it
into 4 equal parts, called grains of a carat,

/
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93'
9. Muldiply 3D. 4d. 5c. 1m. by 1D. 2d. 3c. 2m. - »
D.
3451 Note. +The figures after
1232 : or on the right hand of, mills
6902 are decimals of a mill.
10353
6go2
3451

251632 = 4 251755 Ans.
D. D.
8. Multiply 6 347 by 4°532. Ans. 28'764604.
D. D. D.
9. Multiply 71012 by 3°703. Ans. 262; 95743&
D.
. To. Multiply 806'222—}.by 9-
o D. D,
3 1. Divide 4°251632 by 1°232.
1232)4'251632(3°451 Answer.
3696

Ans. 7256

5556 ‘ .
4928 '

6283
6160

—

1232
1232

’ D.
12. Divide 20D. by 2000. - Ans. o*oI.

D.
13. Divide 7256D. by 9. Ans. 806°2225-

CIRCULATING DECIMALS.

IT has already been observed, that when an infinite deci-
mal repeats always one figure, it is a single repetend ; and
when more than one, a compound repetend ; also thata point
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is set over a single repetend, and a point over the first and

last figures of a compound repetend. -
It may be furthet observed, that when other decimal fig-

ures precede a repetend, in any number, it is called a

mixed repetend : as '2_:;, or °xo4'1 23 : otherwise it is a pure, or .
simpley repetend ; as ’; and °1 2.3.
Similar repetends begin at the same place: as "3: and -6, -
or 1°341 and 2°156.
' Dissimilar repetends begin at different places as *2 5 :;, and

‘4752
Conterminous repetends end at the same place : as ';2;

and '009 '
Similar and cont‘ermmou.r repetend: begin and end at the

same place : as 2° 9104 and '6613

REDUCTION of CIRcULATING DECIMALS.

CASE I. .
To reduce & simple repetend to its eguwalmt vulgar fraction.
RULE.*
1. Make the given decimal the numerator, and let the
denominator be a riumber consisting of as many nines as
there are recurring places in the repetend.

7/

2. If

* If unity, with cyphers annexed, be divided by 9 ad infinitum,
the quotient will be 1 continually ; i. e. if 5 be reduced to a deci-

mal, it will produce the circulate’ 1 ; and sinc;': 1 is the decimal

equivalent to 3, *2 will = 3, 3=}, and so on till ‘g=§=1.
Therefore, every single repetend is equal to a vulgar fraction, °
whose numerator is the repeating figure, and denominator g.
‘ - Again,
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2. If there be integral figures in the circulate, as many
«cyphers must be annexed to the numerator, as the highes
place of the repetend is distant from the decimal point.

EXAMPLES.

1. Required the least vulgar fracnons equal to°6 and 1 23

6—1_1,

;:—;‘3—; Ans.
2. Reduce *3 to its equivalent vulgar fraction.  Ans. .

3. Reduce 1°62 to its equivalent vulgar fraction.

1630
Ans. m .

4. ‘Required the least vulgar fraction equal to 769230.
Ans. 13

CASE I1.
To reduce a mixed repetend to its equivalent vulgar fractwn.
RULE™*

1. To as maxny nines as there are figures in the repeténd,
annex as n.any cyphers as there are finite places, for a de-
nominator.

2. Multiply

Again, %, or 337, being reduced to decimals, makes *o10101,
&c. or '‘001001, &c. ad infinitum =':); or Oot s that is, Fy=
'&i,and -;—I,;,-:'c;o; ; consequently ﬁ:’c;z., ﬁ:‘t:');, &c. and
ﬁ-,:’c;oz., 3%;='6°;, &c. and the same will hold universally.

* In like manner for a mixed circulate ; consider it as divisible
into its finite and circulating parts, and the same principle will be

scen to run through them also : ‘thus, the mixed circulate 16 is
divisible into the finite decimal ‘1, and the repetend '06.;_ but

1=y%, and ‘06 would be==$, provided the circulation bégan imme-
diately after the place of units ; but as it begins after the place of
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2. Multiply the nines in the said denominator by the
finite part, and add the repcatmg decimal to the product,
for the numerator.

3. If the repetend begin in some mtegral place, the
finite value of the circulating™part must be added to the,
finite part.

EXAMPLES.

1. What is the vulgar fraction équiv.alent_ to ‘Igé 2o
9X 1348125 numerator, and goo= the de~

nominator ; .°. "138— s =+ the answer.

2. What is the least vulgar fraction equivalent to 53 ?
: Ans. i

3. What is the least vulgar fraction equal to *59 592 5 ?
Ans,

:.7

4. What is the least yulgar fraction equal to ‘oo8497 13 3 ?
 Ans. 534
§. What is the finite number equivalent to 31762 ¥
Ans. 3133,
CASE 11l

o make any number of dissimilar vepetends similar and con-
terminous.

s RULE.*
Change them lv'o other repetends, which shall each

consist of as many figures as the least common multiple of
the

tens, it is § of ¥5=1%, and so the vulgar fraction =16 is yis-}
Ts=¢s+75=53%> and is the same as by the rule.
* Any given repetend whagever, whether single, compound, pure

or mixed, may be transformed into another repetend, that shalk
- . consxst.
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the several numbers of places, found in all the repetends,
contains units.

EXAMPLES.
1. Disgimilar. Magl; similar and (:onta'mmous.
9'!.31‘; = 9 8148148:
175 = 1 5ooooooo
8726 = 8726666666
'085 = '08333333

124°09 == 124 09090909 .
2. Make 3, 27 and '045 sumlar and conterminous.

"3. Make 321, 8262, '05 and 'dgoz similar and con.
terminous. : oo

4. Make 5217, 3 643 and 17'123 sxmxlar and conter~
mmous. :
CASE 1V.

To find whether the dicimal fraction, equal to a given vulgar
" one, be finite or infinite, and of how many places the repee

tend will consist. '

RULE.*

1. Reduce the given fraction to its least terms, and di-

vide the denominator by 2, § or 10, as often as possible.
w 2. If

"\ -

consist of an equal of greater number of figu

r iat plcasnrc ¢ thue
4. maybe transformedto ‘44, OF 444, Of 44> &c. Abo §7=

5,57—'5757.... 575 3 and so on; which is too evident to need
any further demonstration.

* In dividing 1°0000, &c. by any prime number whatever, ex-
Gept 2 or §, the figures in the quotient will begin to repeat over
2gain as soon as the remainder is 1. And since 9999, &c. isless .

then
N
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2. If the whole denominator vanish in dividing by 2, §
or 10, the decimal will be finite, and will consist of so ma-~
ny places as you perform divisions.

3. If it do not so vanish, divide 9999, &c. by the result,
till nothing remain, and the number of ¢s used will shew .
the number of places in the repetend ; which will begin
after so many places of figures, as there were 10s, 25 or §s,
used in dividing.

. - EXAMPLES.
_ 1. Required to find whether the decimal equal to -A%°

T120
be finite or infinite ; and, if infinite, how many places the

repetend will consxst of.

: ,‘z°°=2|—3- | 8 | 4 | 2 | 1 3 therefore the decimal
is finite, and consists of 4 places.
' l /2. Let

than 10000, &c. by 1, therefore 9999, &c. divided by any pum-
ber whatever will leave o for a remainder, when the repeating fig-
ures are at their period. Now whatever number of repeating figures
. we have, when the dividend is 1, there will be exactly the same
number, when the dividend is any other number whatever. For
the product of any circulating number, by any other given num-
ber, will consist of the same number of repeating figures as before.
Thus, let *507650765076, &c. be a circulate, whose repeating
past is 5076. Now every repetend (5076) being equally multi-
plied, must produce the same product. For though these products
will consist of more places, yet the overplus in each, being alike,
will be carried to the next, by which means, each product will be
equally increased, and consequently every four places will con.
tinue alike. 'And the same will hold for any other number what-
ever.

Now hence it appears, that the- dividend may be altered at
pleasure, and the number of places in the/repctend will still be the

same : thus -;5;:'.94.3, and ¥, or ¥y X 3='.z.7, where the number
of places in each is alike, and the same will be true in all cases.
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. Let 5-be the fraction proposed. -
Let be the fraction proposed.

Let —I be the fraetion proposed;
5. Let 5545 be the fraction proposed.

WD

ADDITION of CIRCULATING DrCIMALS.

RULE.*

1. Make the zepetmds similar and contermmous, and
find their sum as in common addition.

2. Divide this sam by as many nines as there are places
in the repetend, and the remainder is the repetend of the
sum ; which must be get under the figures added, with
cyphers on the left hand, when it has not so many °
places as the repetends.

3. Carry the quotient of this division to th¢ next col-
nmn, and proeceed with the rest as in finite decimals. ’

. BXAMPLES.
+ Let 3'6-&78 3476+735° 3+37s+ z7+187 “4be adde
¢d together.
Dissimilar, Similar and conterminous.
36 = 36666666, '
783476.= 783476476

7353 = 1353333333
375" 375° 0000000,
1874 = 187 4444444,

A

o 2727272

1380° 0648 193 the sum.
In this question, the sum of the repctends is 26481971,
which, divided by 999999, gives 2 to carry, and the re-
mainder is 648193, 2. Let

* Fhesc rules are both evident from what has been said in re-.
quction.

§
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2. Let 5391-357+72~3§+;87'2;+4-2965'+217-8496'
,-1-42-17<§+-52'3+58.°3°.<>:1é be added together.
Asns. 5p74'10371.
3, Add 98144 1-5+87'264083 + 124+09 togethex-
Ans. 222-75572390,
4. Add;6"2+ 134-$§+2-§é+97~23+ 3-.769235-1-99-083;
:-}-1-5+~8'ui together, - Ang. 501-6235107-'7.
SUBTRACTION of CIRCULATING DECIMALS..

s
RULE.

Makc the repetends similar and conterminous, and sub-
tract as usual ; observing, that, if the repetend of the sub-
trahend be greater than the repetend of the minuend, then
the rlght—hand figure of the remainder must be less by unis
ty, than it would be, if the expressions were fnite,

. EXAMPLES.

1. From 85'4'5.2 take 13'7&432.. .
8562 = 8562626
1376432 = 1376432

, 71-83193" the difference.
2. From 476'3; take 84'769;. Ans. 391°5 52;.
3. From 3'85;5:; take ‘03;3;, Ans. 381

MuvrripricationN of CIRCULATING DECIMALS.

RULE.
1. Turn both the terms into their equivalent vulgar frac-
tions, and find the product of those fractions as usual.
2. Tumn

.
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. 2. Turn the vulgar fraction, expressing ‘the product, in-
to an cquwalent decxmal, and it will be the product re-

quired.
EXAMPLES.

. Multiply 36 by 25

36=35=+r
25—’ ;
.,‘,x;%:,!;c=-0929 the preduct.
2. Multiply 37'2_;, by 6. Ans. 9‘926.
3 Multiply 8574 3 by 87 5 Ans. 750730';1&
4 Multlply 3973 by 8. , Ans. 31 79l
5- Multiply 49640 54 by 70503 Aus. 34998 4!99003-
6. Multiply 3° 145 by 4 297 Ans. 13° 5169533.

Dirision of CIRCULATING DECIMALS.

RULE.

1. Change both the divisor and dividend into their
equivalent vulgar fractions, and find their quotient as usual.
2. Turn the vulgar fraction, expressing the quotient,
intg its equivalent decimal, and it will be the quotient res
quired.
BXAMPLES.

RS Divide 36 by '25
36_1 6._ 4
=3}
TS -nx%-%—g‘-‘}—1§2~}=l';zzgz\4gol 185770750988;
the quotients? ;
2 Dii'ide.“gxg‘28007;12. by 764°s. Ans. °4176325.
B , . 3. Divide
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3. Divide 234‘-3 by 7. . . Ans. 301';1428:;.
4. Divide 13'51.‘69533., by 4297 Ans 3145.

OF PROPORTION IN GENERAL,

\

NUMBERS are compared together to discover the re~

lations they have to each other.

There must be two numbers. to form a comparison : the
number which is campared, being written first, is called
the antecedent ; and that to which it is compared, the conse-
gquent. Thus of these numbers 2:4::3:6, 2and 3 are
called the antecedents ; and 4 and 6, the consequents.

Numbers are compared to each other two different. ways :_'
one comparison considers the difference of the two numbers,
and is called arithmetical relation, the difference being some-,
times named the arithmetical ratio 3 and the other considers
their quotient, and is termed geometrical relation, and the quo-
tient the gesmetrical ratio. So of these numbers 6 and 3,
the difference or arithmetical ratio is 6~z or 3 ; and the
geometrical ratio is £ or 2. . l
~ If two or more couplets of numbers have &qual ratios,
or differences, the equality is' named proportion ; and their
terms similarly posited, that is, either all the greater, or
all the less, taken as antecedents, and the rest as conse~
quents,-are called proportionals. So the two couplets 2, 4,
and 6, 8, taken thus, 2, 4, 6, 8, or thus, 4, 2, 8, 6, are
arithmetical proportionals ; and the two couplets 2, 4, and

8, 16, .
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8, 16, taken thus, 2, 4, 8, 16, or thus, 4, 2, 16, 8, are ge-
ometrical proportionals.®

Proportion is distinguished into continued and discontinued.

If, of several couplets of proportionals written down in
a serics, the difference or ratio of each consequent and the
antecedent of the next followmg couplet be the same as
the common difference or ratio of the couplets, the pro-
pomon is said to be continued, and the numbers themselves

a series of continued arithmetical or geametncal proportionals.

So 2, 4, 6, 8, form an arithmetical progression ; for 4—2
:6—4: 8——6: 23 and 2, 4, 8, 16, a geometrical pro-
gression ; for d=7% z: Y= 2.

But if the dxﬂ'ercnce or ratio of the consequent of one
couplet and the antecedent of the next couplet be not the
same as the common difference or ratio of the couplets,
the proportion is said to be discontinued. So 4, 2, 8, 6, are
in discontinued arithmetical proportion’; for 4—2=8—6=2,
but 8—2=6; also 4, 2, 16, 8, are in discontinued geomet-
rical proportion ; for +=" =2, but 1 =8.

Four numbers are d:rectly pmpartwnal when the ratio of
the first to the second is the same as that of the third to
the fourth. As2:4::3:6. Four numbers are said
to be recipr.ally or mwr.rely proportional, when the first is to

-the sccond as the fourth is to the third, and vice versa.

Thus, 2, 6, 9 and 3, are reciprocal propomonals 3

i3:9
Tlm,e or four numbers are said to be in Bartuonical pro-

portion, when, in the former case, the difference of the first
: and

* In geometrical proportionals a colon is placed between the
terms of each couplet, and a double colon between the couplets ;

in gri'thmetica! proportionals a colon may bé -turned horizontally .

between the terms of each couplet, and two colons -written be-
tween the couplets. Thus the above geometrical proportionals are
written thus, 2 : 4::8: 16,a0d 4 : 2 :: 16 : 8 ; the atithmet-
ical, 2.-4:: 6.8, and4-.2::86. :

-

Tk



104 ARITHMETIC.

and second is to the difference of the second and third, as
the first is to the third ; and, im the latter, when the dif=
ference of the first and second is to the difference of the
third and fourth as the first is to the fourth. Thus, 2, 3
and 6 ; and 3, 4, 6 and g, arc harmonical proportionals ;
for 3—2=1:6--3=3::2:6; and4—3=1:9—6=3
11310

Of four atithmetical ptoportionals the sum of the ex-
tremes' is equal to the sum of the means.* Thus of
2. 4::6 . 8 the sum of the extremes (24-8)= the sum
of the means (446)=10. Therefore, of three arithmet-
ical proportionals, the sum of the extremes is double the
mean.

Of four geometrical proportionals the product of the
extremes is equal to the product of the means.t Thus,
of 2: 4 ::8: 16, the product of the extremes (2X16) is
equal to the product of the means (4X 8)=32. Therefore
of three geometrical propottionals, the product of the ex-

" tremes is equal to the square of the mean.

Hence it is easily seen, that either extreme of four geo-

metrical proportionals is equal to-the product of the means

divided -

© * DemonsTraTiON. Let the four arithmetical proportionals
be 4, B, C, D, viz.A-- B ::C.. D ; then, ~—B=C—D and
B4 D being added to both sides of the equation, A—B 4B+ D
- =C—D+B4D; that is, A+4D the sum of the extremes
=C+2B the sum of the means.—And three 4, B, C, may be
thus expressed, A .. B :: B C ; therefore A4 C=B4B=25.
' Q. E D

+ DemonsTrATION. Letthe proportionbe £: B:: C: D,
and let %= %=f ; then A=2Br, and C=Dr ; multiply the for-

" mer of these equations by D, ‘and the latter by B'; then A D= ‘

BrD, and CB=DrB, and consequently 4D the product of the
extremes is equal to BC the product of the means.—And three
may be thus expressed, A : B:::B:C, therefore AC=BxX
B=B*. Q. E.D. /
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divided by the other extremc ; and that either mean is
equal to the product of the extremes divided by the other
mean;

"

.. .

SIMPLE PROPORTION, or RULE OF
THREE.

The Rule of Three is that, by which a number is found,
ﬁaving to a given number the same ratio, which is between
two other given numbess. For. this reason it is sometimes
tamed the Rule of Proportion.

It is called the Rule of Three, because in each of its
questions there are given three numbers at least. And be-
cause of its excellent and extensive use, it is often named
the Golden Rule. -

Nt . Ve
. RULE.* S
;. Wi+ down the number, which is of the same kind
rigg,11e 2ugwer or number required.
2. Consider

* DemonsTrATION. The following observations, taken col~
lectively, form a demonstration of the rule, and of the reductions
fentioned in the notes subsequent to it.

i. Thete can be comparison of ratio between two nambers, onfy
whea they are considered either-abstractly, or as applied to things of
the same kind, so that one can, in a proper sense, be contained in the
other. Thas there can be no comparison between 2 men and 4.
days ; but there may be between 2 and 4, and between 2 days
ad 4 days, or 2 men and 4 men. Therefore, the 2 of the 3
given pumbers, that are of the same kind, that is, the first and
third; when they are stated accordmg to the rule, are to be com-
pared together, and their ratio is equal to that, required between
the remainigg, or second number and the fourth ar answer.

. , X 2. Though
O .
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2. Consider whether the answer ought to be greater or’
less than this number : if greater, write the greater of the
two remaining numbers on the right of it for the third,

. and

2. Though numbers of the same kind, being either of the same
or of different denominations, have a real ratio, yet this ratio is
the same as that of the two numbers taken abstractly, only when
they are of the same denomination. Thus the ratio of 1l. to 2l.
is the same as that of 1-to 2 =% ; 1s. has a real ratio to 2. but
it is not the ratio of t to 2z ; it is the ratio of 1s. to 40s. that is,
of 1 to 40 =3%. Therefore, as the first and third numbers have
the ratio, that is required between the second and answer, they
must, if not of the same denomination, be reduced to it ; and
then their ratio is that of the abstract numbers,

. ThE product of the extremes of four geometrical propor-
nonals is equal to the product of the means ; hence, if the pro-
“ duct of two numbers be equal to the product of two other num.
bers, the four pumbers are proportionals 5 and if the product of
two numbers be divided by a third,_the quotient will be a fourth

proportional to those three numbers. Now as the quesnon is pe.

solvable into this, viz. to find a number “of the same kind as the
" second 1n the statement, and havmg the same ratio to it, that the
greater of the other two has to the less, or the less has to the great-
er ; and as these two, being of the same denomination, may be con-
sidered as abstract numbers; it plamly follows, that the fourth
number or answer is truly found by multiplying the second by one
of the other two, and dividing the product by that, which remains.

4- Itis'very evident, that, if the answer must be greater than
the second number, the greater of the other two numbers must
be the multiplier, and may occupy the third place ; but, if less,
the less number must be the multiplier.

5. The reduction of the second number is only performed for
convenience in the subsequent multiplication and division, and net

to produce an abstract number. The reason of the reductien of

%
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_and the other on the left for the first number or term ;
but if less, write the less of the two remaining numbers
in the third place, and the other in the first.

3. Multiply

the quotient, of the remainder after division, and of the product
of the second and third terms, when it cannot be dmded by the
first, is obvious.

6. If the second and thud numbers be multiplied together, and
the product be divided by the first ; it is evident, that the answer
remains the same, whether the number compared with the first be
in the second or third place.

Thus is the proposed demonstration completed.

There are four other methods of operation beside the general
one given above, any of which, when applicable, performs the
work much more concisely. They are these : .

1. Divide the second term by the first, multiply the quotient,

by the third, and the product will be the answer.

2. Divide the third term by the first, multiply the quouent by
the second, and the product will be the answer.

3. Divide the first term by the second, divide the thll‘d by the
quotient, and the last quotient will be the answer.

4. Divide the first term by the third, divide the second by the
quotient, and the last quotient will be the answer.

The general rule above given is equivalent to those, which are

usually given in the direct and inverse fules of three, and which _

are here subjoined. -

The Rure oF THREE piRECT teacheth, b).r having three num-
bers given, to find a fourth, that shall have the same proportion te
the third, as the second has to the first.

RULE.

1. State the question ; that is, place the nuinbers so, that the
first and third may be the terms of supposition and ‘demand, and
the second of the same kind with the answer required. ‘
' 2. Bring

*

-
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3. Multiply the second and third terms together, divide.
the product by the first, and the quonent will be thc
answer.

NoTE 1.

2. Bring the first and third numbers into the same denomina-
tion, and the second into the lowest name mentioned.

3. Multiply the second and third numbers together, and divide _ .
the product by the first, and the quotient will be the answer to the
question, in the same denomination you left the second number
in ; which may be brought into any other denomination requxred.

EXAMPLE.

If 241b. of raisins cost 6s.'6d. what will 18 frails cost, each
weighing net 3qrs. 18lb. ?
24lb. : 6s.6d. :: 18 frails, each 3qrs. 18M. ;
* 1z ’ 28 ’
%8 " 102
' 18

L '8'16_
102

" 1836

78

14688
12852

.

- )
24)143208 ( 5967
232 —_—

160 2,0)49,7 3
168

Ans. 24l 17s. 3d. L2417 3
The rulc is founded on this obvious principle, that the magni-
tude or quantity of any effect varies constantly in proportion to
the varying part of the cause : thus, the quantity of goods bought
"3 in propor tion to the morney laxd out ; the space gone over by an

nmform motion is in proportxon to the time, &c. The truth of
the




!".OPORTION. 109

“Note 1. Tt is sometimes most convenient to multiply
and divide as in compound multiplication and division ;
and sometimes it is expedient to multiply and divide ac-
cording to the rules of vulgar or decimal fractions. But

' when

the rule, as applied to ordinary inquiries, may be made very evi-

‘_dent by attending only to the principles of compound multiplica-
tion and division. It is shewn in multiplication of money, that
the price of one, multiplied by the quantity, is the price of the
whole ; and in division, that the price of the whole, divided by
the quantity, is the price of one. Now, in all cases of valuing
goods, &c. where one is the first term of the proportion, it is plain,
that the answer, found by this rule, will be the same as that found
by multiplication of money ; and, where one is the last term of the
proportion, it will be the same as that found by division of money.
In like manner, if the first term be any number whatever, it is
plain, that the product of the second and third terms will be great-
er than the true answer required by as much as the price in the .

second term exceeds the price of one, or as the first term exceeds
an unit.  Consequently this product divided by the first term will
give the true answer required, and is the rule.

There will sometimes be difficulty in separating the parts of
tomplicated questions, where two or more statings are required,
and in preparing the question for stating, or after a proportion is
wrought ; but as there can be no general directions given for the
management of these cases, it must be left to the judgment and
experience of the learner.

The RuLe oF THREE INVERSE teacheth, by having three num-
bers given, to find a fourth, that shall have the same proportion to
the second, as the first has to the third.

If mor? require more, or less require less, the question belongs
to the rule of three direct.

But if more require /s, or less reqmre more, it belongs to the

fule of three i inverse.
NoTs.
Ay
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when neither of these modes is adopted, reduce the com-
pound terms, each to the lowest denomihation mentioned
in it, and the first and third to the same denomination ;
then will the answer be of the same denomination with
the second term.  And the answer may afterward be
brought to any denomination requircd.

Note 2. When there is a remainder after division, re~
duce it to the denomination next below the last quotient,
and divide by the same divisor, so shall the quotient be so
many of the said next denomination ; proceed thus, as
Jong as there is any remainder, till it is reduced to the low
est denomination, and all thg quotients together will be
the answer. And when the product of the second and
third terms cannot be divided by the first, consider that
product as a remainder after division, and proceed to re-
duce and divide it in the same manner.

NoTe 3.

Note. The meaning of these phrases,  if more require mores,
kss tequire less,”’ &c. is to be understood thus : more requires
more, when the third term is greater than the first, and requires
the fourth to be greater than the second ; more requires kss, when
the third term is greater than the first, and requires the fourth to
be less than the second ; less requires more, when the third term is
Tess than the first, and requires the fourth to be greater than the
second ; and ess requires /ess, when the third term is less than the
first, and requires the fourth to be less than the second.

RULE.
1. State and reduce the terms as in the rule of three direct.

. 2. Multiply the first and second terms t|ogether, and divide their
product by the third, and the quotient is the answer to the ques.
tion, in the same denomination you left the second number in.

“The method of proof, whether the proportion be direct or in-
verse, is by inverting the question.

" EXAMPLE.

AL 1
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Nozge 3. If the first term and either the second or
third can be divided by any number, without a remainder,
let them be divided, and the quotients used instead of them.

Direct and inverse proportion are properly only parts of
the same general rule, and are both included in the pre-
ceding.

Two or more statmgs are sometimes necessary, w}nch'
may always be known from the nature of the question.

The method of proof is by inverting the question.

*  EXAMPLES.
[

EXAMPLE.
What quantity of shalloon, that is 3 quarters of a yard wide,
will line 7% yards of cloth, that is 14 yard wide 2

1yd. 2qrs. : 7yds. 2qrs. :: 3qrs. :
4

_ 4
N
6-
. ) l 3)180
4)60

15 yards, the answer.

The reason of this rule may be explained from the principles of
compound multiplication and division, in_the same manner as the
direct rule. For example : If 6 men can do a piece of ‘wark in
10 days, in how many days will 12 men do it ?

As G men : 10days :: 12men : Ex—:— = 5 days,the answer.

And here the product of the first and second terms, that is, 6
times 10, or 6o, is evndently the time in which one man would
petform the work ; therefore 12 men will do it in one twelfth part
of that time, or 5 days; and this reasoning is applicable to any
other igstance whatever.
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EXAMPLES.

1. Let it be proposed to find the value of 140z. 8dwt.
of gold, at 3L 19s. 11d. an ounce.

oz. [ & & oz. dwt.
. ) I : 3191 :: 148 :
. 20 20 ’ 20

20 79 288
v’ 12

N .

959 .
‘ 288

4672
7672
1918
¢ 2,0)27619,2
1380913 pence, or
12)13809d. 2+5%q.
2,0)115,0s. od. 2n-q
Ans. g71. 10s. 9d 255q. .

ExrranaTioN: The three terms being stated by thé
general rule, as above, the second term is reduced:
to pence, and the third to penny—wexghts, these being
~ their lowest denominations, as directed in the first note.
The first term is also xgduced to dwts. that it may agree”
with the third, by the same note. The second term is
then multiplied by the third, and the product divided by
the first, according to thic general rule, when the answer
comes out 13809 pence, and 12 remaining ; which
remainder being reduced to farthings, and these divided by
" the same divisor 20, by the second note, the quotient is 2
farthings, 8 remaining. Lastly, the pence are. divided
by 12, to reduce them to shillings, and these again by 20 for
pounds; when the final sum comes out 541 1os. ¢d.'2q
for the answer,

2. How
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2. How much of that in length which is 44 inches broad,
¥ill make a square foot ?

Breadth. Lcngth. Breadth. ~
4°5 ¢ 12 it 12
12 :

— in. ‘
4'5)144°0(32 = 2f. 8in. the answer.
135

90 -
90 '

3. At 105, per Ib. what is the value of a firkin of buttef
éontaining 56lb. ?

b. dg . Ib.
r @ 102 :: §6 :
8

56=8x7 —_—

7 oo
7
£2 9 o o the answer:
Or thus :
b. d d Ib.
L R R

L4 .

&
6_::76__
X =

=588d.—=49s.==2l. gs. as before.

¥

Or thus
Ib. d. Ib..
1 : 105 f: §6 ¢
10°§ f

280
560
12)588'0
2,0)4,9
,22, 9 as before

4. If
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4 If £ of a yard cost ;% of a pound, what will ;% of
an Enghsh ell cost 2
. ' X4XI _.,
First } of a yard =} of $ of £ %;il';(—s- =it ofan e‘ll.

Then ;3 ell : ;5L :: Soell :

And L X 5 X H =

= gs. 8d. 3 the answer.

5. If 2 of a yard cost 3 of a pound, what will  of am
English ell cost 7
' 375
. 4l.
rell=+%5yd.= 3123
.375yd. : -4l i c3125yd. oz
‘3125

*375)12500(*333s &c. = 6s. 8d. the answer.
1125

e odee

1250

125
t————
‘1250
1125

125

6. What is the value of a cwt. of sugar at 55d. perlb. #
Ans. 2L 11s. 4d.
7. What is the value of a chaldron of coals at 11id.

per bushel ? Ans. 1l. 14s. 6d.
8. What s the value of a pipe of wine at ro;d. per pint ?
Ans 44l 2s.

9. At 3l. gs. per cwt. what is the value of a pack of -
wool weighing 2cwt. 2qrs. 131b.
10. What is the value of 13cwt. of coﬂ'ce at 5§d. per
ounce ? Anrs. 61l 12s.
11. Bought




PROPORTION. 11§ °

11. Bought 3 casks of raisins, each weighing 2cwt. 2qrs.
25lb. what will they come to at 2l. 1s: 8d. per cwt. ?
Ans. 17L 43d. {5
12. What is the value of 2qrs. inl. of velvet at 19s. 8}d.
per English ell ? Ans. 8s. 105d. %
. 13- Bought 12 pockets of hops, each wexghmg Tewt.
agrs. 171b. ; what do they come to at 4l. 1s. 4d. per cwt ?
Ans. 8ol 12s. 13d. 25 ,“
14. What is the tax upon 745l 14s. 8d. at 3s. 6d. m
the pound ? Ans. 130l 108 03d. ;4%
15. If 4 of a yard of velvet cost 7s. 3d. how many yards,
«an I buy for 13L 1gs. 6d. ? Ans. 287 yards.
16. If an mgot of gold weighing glb. goz. r2dwt. be
worth 4¥11.% 25, what is that per grain ? Ans. 14d.
17. How many quarters of corn can I buy for 140 dol-
lars at 4s. per bushel ? Ans. 26qrs. 2bu.
- 18. Bought 4 bales of cloth, ¢ach containing 6 pieces, -
and each piece 27 yards, at 16l. 4s. per piece ; what is the
value of the whale, and the rate per yard ?
‘ Ans. 388l 16s. at 12s. per yard.
9. If an ounce of silyer be worth gs. 6d. what is the
price of a tankard, that wcnghs 1lb. 100z. 10dwt. 4gr ?
Ans. 6L 3s. g3d.
20. What is the half year’s rent of 547 acres of land at
1 gs. 6d. per acre ?
Ans. 211l 19s. 3.
21, At 1 75D per week, how many months board can
T'have for 100l ?
Ans. g7m. 2w, 52
22. Bought 1000 Flemish ells of cloth for gol. how
must I sell it per ell in Boston to gam 1ol. by the whole ?
Ans. 3s. 4d.
23. Suppose a gentleman’s income is 1750 dollars a year,
and he spgnds 19s. 7d. per day, one day with anothér, how
much will he have saved at the year’s end ?
Ans. 1671 128. 1d.

24. What

7
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24. What is the value of 172 pigs of lead, each w dgb-
ing 3cwt. 2qrs. 17;lb. at 8l 17s. 6d. per fother of 19+
cwt. ? R Ans. 286l 4s. 41d.

25. The rents of a whole parish amount to 1750l and a
rate is granted of 321 1§s. 6d. what is that in the
pound ? ‘- Ans. gld. ;3232e .
~ 26. If keeping for my horse be 113d. per day, what
will be the charge of 11 horses for the year ?

Ans. 192l. 7s. 83d.

27. A person breaking owes in all 1490l ss. lod. and
has in money, goods and recoverable debts, 784L 17s. 4d.
if these things be delivered to his creditors, what will they
getinthepound 2 Ans. 10s. 65d. 22003

28. What must 4o0s. pay toward a tax, when (;,21. 173:
4d. is assessed at 831 12s. 4d. ?  Ans. 5s. 15d. SE32S.

29. Bought 3 tuns of oil for 151l 14s. 85 gallons of
which being damaged, I desire to know how I may sell the
remainder per gallon sp as neither to g3in nor lose by the
. bargain ? - “Ans. gs. 63d. 5.

30. What quantity of water must I add to a plpc of
mountain wine, value 33L to rcducc the first cost to 4s. 6d.
per gallon ? Ans. 203 gallons.

31. If 15 ells of stuff & yard wide cost 37s. 6d what
will 40 ells of the same stuﬂ" cost, being yard wide ?

"Ans. 6l. 13s. 4d.

32. Shipped for Barbadoes goo pairs of stockings at 3s.
6d. per pair, and 1650 yards of baize at 1s. 3d. per yard,
and have’received in return 348 gallons of rum at 6s. 8d.
per gallon, and 750lb. of indigo at 1s. 4d. per Ib. what re-
mains due upon my adventure § - Ans. 241 125, 6d.

. If 100 workmen can finish a piece of work in 12
days, how many are sufficient to do the same in 3 days ?
Ans. 400 men.

34. How many yards of matting 2ft. 6in. hroad w1ll

cover a floor, that is 27ft long and 2oft. broad ?

Ans. 72 yards.

35. Howr
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+35. How many yards of cloth 3qrs. wide are Q:*l’n
measure to 30 yards gqrs. wide ? Ans. 5o yards.
. 36. A borrowed of his friend B 250l. for 7 months,
promlsmg to do him the like kindness : sometime after B
had occasion for 300l. how long may he keeple to seceive
full amends for the favour ?
Ans. 5§ months and 25-days.
37- If, when the price of a bushet of wheat is 6993d the
penny loaf weigh goz.. what oughtd toh han wheat
is at 8s. 22d. per bushel ? ns. 6oz. 13dr.
38. If 4—-cwt may be carri iles for 35s. how ma-
ny pounds can I have carrigloo 1mles for the same mpncy ?

Ans. go7lb. .
39- Hpwahany yards of gnvas, that is el wigg, will line
20 yards of say, that is 3qrs.@vide ? © Abps. 12yds.

40. If 30 men can performa piece of work in 11 days,
how many men will accompgh another piecesof work, 4
times as big, in a fifth part of the tiM ? Ans. 6co.
 41. A wall, that is to be built to the height of 27 feet,
was raised 9 feet by 12 men in 6 days : how many men
must be employed to finish the wall in 4 days at the same
rate of working ? ' Ans. 36.
42. If $oz. cost £11. what will 1oz, cost ?
' Ans. 1l gs. 8d.
43. If 5 of a ship cost 273l 2s5. 6d. what is 5% of her ~
worth ? - Ans. 2271 12s. 1d.
44. At 14l per cwt. what does.531b. come to ?
Ans. 10% c&
* 43, If £ of a gailon cost #l. what will $of a tun‘a ?
' Ans® 40l
46. A person, having £ of a coal mine, sells & of his
share for 171l. what is the whole mine worth ? .
Ans. 380l
47. 1f, when the days are 13£ hours long, a traveller per-
forms his journey in 35+ days; in how many d1yq will he
perform the same journey, wl.en the days are 114 - hours
long ? ‘ : Ans. 40; f"-’i days.
‘ 48- A
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S#.A regiment of soldiers, consisting of 976 men, are
to be new clothed, each coat to contain 25 yards of cloth
that is 15yd. wide, and to be lined with shalloon Zyd. wide ;
- how many yards of shalloon will line them ?

- _Ans. 4531yds. 1qr. 2—,4“(
v
. PPACTICE
* PRACTICE is of the rule of three, when

the first term happens to be unit, or one ; and has its
name from its daily use amoNg merchants and tradesmen,
bemg an easy and concise method of workmgmbst quest-
ions, that occur in- trade and})usmcss.

The method of proof is by the rule of three.

An aliqug part of any n®mber is such a part of it, as,
being taken a certainefumber of times, exactly makes that
number.

" GENERAL RULE*

1. Suppose the price of the given quantity to be 1l. 1s.
or 1d. as is most convenicnt ; then will the quantl.y itself

be the answer, at the supposed price. .
2. Divide

* The rule, and its application to the following particular
. l;:scs, will be rendered very evident by an explanation of the ex-
ampfig In this example it is plain, that the quantity 526 is the
answ&at 1L .consequently, as 3s. 4d. is the § of 1l.. & of that
quantity, or 871 13s. 4d. is the price at 3s. 4d. In like manner,
as 4d. is y5 of 3s. 4d. so 15 of 87l 13s. 4d. or 8L 15s. ¢d. is
the answer at 4d. And by reasoning in this way 4l. 7s. 8d. will
be shewn to be the price at 2d. and 10s. 114d. the price at %.—
Now as the sum of all these parts i3 equal to the whole price ( 3s.
104d. ) so the sum of the answers, bclonging to each price, will
be the answer at the full price required. And the same will be
truc in 2oy oxample whatever.
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4. Divide the given price into aliquot parts, either of the
supposed price, or of one another, and the sum of the quo-
tients, belonging to each, will be the true answer required.

Note. -When there is #ny fractional part, or inferior
denomination of the quantity, take the same part of the
price, that the given fraction, or inferior denomination, is
of the unit, of which the price is given, and add it to the
price of the whole number.

'~ EXAMPLE
» What is the value of 526 yalbof cloth at 3s. 10zd.
per yard ?

526l Ans. at 1l
35.4d. is 3 = 87 13 4 do. at o 3s. 4d.
4d.is ¥5 = 8 15 4 do. at 4
2d.is+ = 4 7 8 do. at 2

id.is = o 10 11} do. at o}

- —
101 7 3% do. at o 3 10% the full price.

Ans. 101l %s. 34d.

A few of the many cases, that may occur, will, with
their particular rules, be sufficient to illustrate the general
rule.

CASE I.
When the price is less than a penny.
RULE. '

Divide by the aliquot parts of a penny, and then by 123

sad 20; and it will give the answer required.
EXAMPLES.
1. 4506 at }.

. -
is + 2253
is &+ 1126%

Bp v

12)3379%
2,0)28,1 7

£14 1 7% the answer,
2. 3456
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2. 3456 at -} ‘ Arns. 3l 128
3. 845 at 4. Ans. 2l 12s. 105ds
4 347 at Ans. 14s. 5id:
. 810 at . ' Ans. 2l. 10s. 73d.
CASE 1I. '
Whken the price is an aliquot part of a shilling.
RULE.

Divide the given number by the aliquot part, and the
quotient is the answ in shillings, which reduce into
pouids, as before. o o

EXAMPLES.
1. 3d.is 3 1728 at 3d.

2,0)432
, £21 125. the answer. _
2. 437 at 1dv Ans. 1l 16s. 5d.
3. §275 at 2d. . Ans. 43l 19s. 2d.
4. 352 at 1od. Ans. 2l gs.
5. 1776 at 3de Ans. 22l 4s.
CASE III; ‘
IWhen the price'is a part, but not an aliquot part, of a shilling.
RULE.

Divide the given number by some aliquot part of a shill-
ing, and then comsidér what part of the said aliquot part
the rest is, and divide the_quotient thereby ; and the last
quoticnt, together with the former, will be the answef irr
sLillings, which reduce into pounds, as before. '

EXAMPLES:
I. 876 at 8id.

6d. is

2d. is

% is

438
146 .
36 6

P “n )]

2,0)62,0_ 6 ) .

£31 0 6 the answer.
: 2. 372
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2 372 at 1id Ans. 2l 14s. 3d.
3. 2700 at 74d Ans. 81l 11s. 3d.
4 827 at g3d. Ans. 15l 108, 1Ld.
§. 1720 at 113d. , Ans. 82l. 8s. 4d.
CASE 1V. ,
When the price is any number of shillings under 20. -
.RULE.

1. When the price is an even number, multiply the given
number by £ of it, doubling the first figure to the right"
hand for shxllmgs, and the rest are-pounds.

2. When the price is an odd number, ﬁnd for the greatess
even number; as before, to which add ;% of the given num-
ber for the odd shillings, and the sum q ¢ the answer.

' EXAMPLES. '
. 1. 243 at gs.
2

48l 125. thé answei.
© 2 §66 at 7s..
3

‘169 16

1s. is '5‘3 28 6
1981, 2s. the answer P
3. 2957 at 1s. ' .- Ans. 134l 17w
4 872 at 8s. : - -+ Ans. 348L 16s.
§« 372 at IIs. .. Ans. 204l ¥2s.
6. 264 at 19s. Ans. 250l 165

OTHER EXAMPLES IN PRACTICE.
1. 234% at g§s. 8d,

5s. is 1- 58 10

6d. is <5 5§ 17

ad. 15§ 1 19
2 10 for §
1§ for &

70l.  1s. the answer.

Q, " 25 8’C’Wt.(
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2- 8cwt. 2qrs. 16lb. at 2l gs. 6d. -
o 8

18 4
2qrs. i3 é 1 2 9
14lb. is - 5 8.
2lb. xs 5 9}
- , 19l 1 3:_3-d ghe answer.,
3 273‘; at 2s. 6d. . . Ans. 34l 38. 13d.
4 937+ at 3L 17s. 8d. Ans. 3640l 125. 6d.

5 37cwt. 2qrs. 14lb at 71. ros. gd. per cwt.

Ans. 283l 118, 1134l
o

TARE AND TRETT.
Tare anDp TRETT are practical rules for deducting cer-

tain allowances, which are made by merchants and trades-
men in selling their goods by weight.

Tare is an allowance made to the buyer for the weight
of the box, barrel, or bag, &c. which contains the goods:
bought, and is either at so much per box, ¥c. at so much
per cwt. or at so much in the gross weight.

Trets is an allowance of 4lb. in every 1o4lb. for Wastc,
dust, &c.

Cloff is an allowance of 2lb. upon cvery zcwt. .’

Grass weight is the whole weight of any sort of goods,
together with the box, barrel, or bag, &c. that contains
them.

Suttle is the weight, when part of the allowance is de-
ducted from the gross.

Net weight is what remains after all allowances are made.

CASE
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, CASE L
When the tare is a certain weight per box, barrel, or bag, .

auu:'

' Multiply the number of boxes, or barrels, &c. by the
are, and subtract the product from*thc grosss and the re-
mainder is the net weight rcqmrcd S

o
ExalmLEs.
- 1. In 7 frails of raisins, each weighing scwt. 2qrs. slb.
gross, tare 23lb. per frail, how much net ?

a3x7=xcwt. igr. aalh. - B
o cwt.q:ﬂb.,, .
5 2 5 ‘
SR RN A gﬂm ' ¥

I 121 tare.

31 314 thcx:cwn.

2. In 241 barrels of figs, each 3qrs. 1glb. gross, tare
tolb. per barrel, how many pounds net ?  Ans. 22413.
* 3. What is the net weight of 14 hogsheads of tobacco,

each gcwt. 2grs. 171b. gross, tare 1oolb. per hhd. ?
~ Ans. 66cwt. 2qrs. 14lb.

] 1. CASE 1. e
When the tare is a certain weight per cuwt.
RULE.
Divide the gross weight by the aliquot parts of a ewr.
contained in the tare, and subtract the quotient from the
_ gross, and the remainder is the net weight.
CXAMPLES.

* Tt is manifest, that this, as well as every other case in ¢his
role, is only an application of the rules of proportion and practics



124 ARITHMETIC.

' EXAMPLES.

1. Gross 173cwt. 3qrs. 17lb. tare 16lb. per cwt. how
much net ? v
cwt. grs. lb.
173 3 17 gross.
—b—-——-

x4lb.1s§ 21 2 26 - .
2lb. s 5 3 o in ‘

24 3 9
.349 o 8 the answer.
2. What is the net weigh@of 7 barrels. of potsashy, each
weighing 2011b. gross, tare emg at 1olb. per cwt. ?
Ans. 1281lb. 6oz,
. In 25 barrels of ﬁgs, cach 2cwt. 1qr. gross, tare 16lb,

pcr ¢wt. how much n;s? 77T Ans. 48cwt. 241b,
" e asE L
When Trett'is allowed with Tare,
CRULE. ! -2 .. o

Divide the suttle weight by 26, and’ the quotient is the
trett, which subtract from the suttle, ‘and the remamder ig
the net wclght. Lo D L

‘ EXAMPLES. .

1, In gcwt. 2grs. 1716 gross,” tare 37lb. and trett ag
nsual how much net.? o
cwt. qrs. 1b.
9 2 }7 gyoss.
©o I g tare.
26)9 o 8 suttle.
T 1 1r trett.

8 2 25 the answer.

2. In 7 casks of prunes, each weighing .3cwt. 1qr. 5lb,
gross, tare 1771b. per cwt. and trett-as usual, how much
net ? . , Ans. 18cwt. 2qrs. 251h.

3. What
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3. What is the net weight of 3 hogsheads of sugar
weighing as follows : the first, gcwt. 5lb. gross, tare 73lb. ;
the second, jcwt. 2qrs. gross, tare §6lb. and the third,
2cwt. 3qrs. 171b. gross, tare 471lb. and allowing trett to each

as usual ? . Ans. 8cwt. 2qrs. 4lb.
’ CASE IV,
- When tare, trett and daf are all allowed.
RULE. .

Deduct the tare and trett, as before, and divide the sut-
tle by 16§, and the quotient is the cloff, which subtract
from the suttle, and the remainder is the net.

‘EXAMPLES.
1. What is the net weight of a hhd. of tobacco, weigh-

fng 15CWt., 3qrs. 20lb. "gross, tare 7lb per cwt.- and trett
and cloﬁ' as usual ?

cwt. grs. 1b.
e - 1§ 3 20 gross.
gl is % - 3 .27 tare.
'—_."'——_"L-., )
26)14 3 21
- 2; 8.trett.

.3168)14 1 13 suttle.
: 9 cloff.
..;4 I. 4 the a,néwe,r.

2. In 19 chests of sugar, each containing 13cwt. 1qr. 17lb.
gross, tare 13lb. per cwt. and trett and cloff as. usual, how
much net, and what is the value at 5d. per pound ?

. Ans, 215cwt. 171b. and value 5771 6s. g3d.

| COMPOUND PROPORTION.

ComrounD ‘PROPORTION teaches how to resolve such
questions, as require twe or morc statings - Simple Pro-
;)omon

«In

i
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In these questions there is always given an odd number
of terms, “as five, seven, or nize, &c. These are distin-
guished into terms of supposition, and terms of demand,
the number of the former always cxceedmg that of the ]at-
ter by one, which js of the same kind' with the term or
answer sought,

This rule is often narhed the Double Rule of Three, be-
cause its questions are sometimes perfarmed by éwo opera-
tions of the rule of three,

S RULE® FOR STATING,

1. Write-the term of supposition, which is ef' the same
kind with the-answer, for the middle term.

2. Take one of the other terms of supposition, and one
of the demanding terms of the same kind with it g then
place. one of them for a first term, and" t.hc other for a
third, according to the directions given in ‘the rule of
three. Do the same with another term of supposmon and
- dts correspondent demanding term j and so on, if there be
more terms of cach kind ; writing the terms under each
other, which fall on the same side of the midd]e term.

METHOD OF OI’ERA TION.

1. By several operations.~wT ake the two upper terms and
the middle term, in the same order as they stand, for the
first stating of the rule of three ; then take the fourth
number, tesultmg from the first stating, for the middle
term, and the two next terms in the general stating, in the
same order as they stand for the extreme terms of the

- second

* The rcason of this .rule for stating, and of the methods of
operation, may be easily shewn from the nature of simple propor-
tion ; for every line in this case is a particular stating in that rule.
And, therefore, with respect to the second method, it is evident,
that, if all the separate dividends be collected into one dividend,
and all the di~"ors into one divisor, their quotient must be the
answer soughts .
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second stating ;3 and so onm, as far as there are any numbers
in the general stating, always making the fourth number,
resulting from each simple stating, the second term of
the next.  So shall the last resulting numberbe the answer
required. ' .

2. By one operation~—Multiply together all the terms in
the first place, and also all the terms in the third place.
Then multiply the latter product by the middle term, and
divide the result by the former product ; and the quotient
will be the answer required.

Nore 1. It is generally best to work by the latter meth-
od, viz. by one operation. And after the stating, and be-
- fore the commencement of the operation, if one of the
first terms, and either the middle term, or one of the last
terms, can be exactly divided by one and the same number,
let them be divided, and the quotients used instead of
them ; which will much shorten the work.

Note 2. The first and third terms of each line, if of
different denominations, must be reduced to the same de-
nomination. ' o

EXAMPLES.

1. How many men can complete a trench of 135 yards
Jong in 8 days, provided 16 men can dig 54 yards in 6 days ¢

Generar StaTING.

54 yds. or 2] | .. §135yds.org
8 days, or4§ ° 16men :: { 6 days, or 3
Fizst MsTHob.

yds. men. yds. days. men. days.
S4-+27=2 2:16::5: 4 :40 :: 3¢

135-27=5 . 5 3
8 2324 — , —_— "
§+ 2=3 2)80(40 men.  4)120(30 men,the answer.
8 . 12 . .
Q °

o

_
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) Seconp MEeTHOD. . .
S IREEEE H '
4 ) . .
8 : 16 :: 15 :
15

—

8o
16 -t

8)240(30 men, the answer as before.
24

—

o
. 2. If 100l in one year gain ;I intercst, what will be
the interest of 7350l for 7 years ? Ans. 262l. 10s.
3. What principal will gain 262l. 10s. in 7 years, at 5l
per cent. per annum H Ans. 750l
4. If a footman travel 130 miles in 3 daysy, when the
days are 12 hours long 5 in how many days, of 10 hours
each, may he travel 360 miles ? . Ans. 9%3 days.
- 5. If 120 bushels of corn can serve 14 horses §6'days 3.
how many days will 94 bushels §ewe ‘6 horses ?
Ans. 10235 dayst
. 6. If y0z. 5dwts of bread be bought at 43d. when corn
is at 4s. 2d. per bushel, what weight of it may be bought
for 1s. 2d. when the price of thé bushel is gs. 6d. #
"~ Ans. 1lb. g0z, 334 2dwta
7 If the carriage of 1 3ewt. Iqr. for 72 miles be 2l. 10s.
6d. what.will be the carriage of 7cwt. 3qrs. for 112 miles ?
Ans. 2l. gs. 11d. 17559,
8. A wall, to be built to the hc:ght of 27 feet, was
raised to the height of ¢ feet by 12 men in 6 ﬂays 3 how
many men must be employed to finish the wall in 4 days,

at the same rate of working? " Ans. 36 men.
o. If a regiment of soldiers, constg of 93g.men, can

eat up 35&- quarters of wheat in; 7 months ;. manv

. soldiers will eat up' 1464 quarters in § months, at /t rate : E
. L Ans. 311 s

oy : Ml § 3
-t ~ h e~

.,

>
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N

io. If 248 men, in § days of 11 hours each, dig a

trench 230 yards long, 3 wide and 2 deep ; in how many -

days of 9 hours long, will 24 men dig a trench of 420
yards long, 5 wide and 3 deep ? ‘ Ans. 2885 2.

CONJOINED PROPORTION.

ConyoInep PrororrION is when the coins, weights, or
measures, of several countries are compared in the same
question 3 or it is the joining together of several ratios,
and the inferring of the ratio of the first antccedent and
the last consequent from the ratios of the several antece-
dents and then' respectxve consequents.

may frequently be much shortencd by cancelling equal
numbers, when in both the célumns, or in the first column
and third term, and abbrevbung thos\. that are commens-
srable. ¢

Norte 2. The proof is by so many statcments in the

single rule of tlprecgas the nature of the question requires.

CASE 1.

When it is required to ﬁnd bow many of z‘/;e last kind of coin,
. weight, or measure, mentioned in the question, are equal to a
given number of the first

RULE.

1. Multiply continually together the ant=cedents for the
first term, and the consequents for the sccond, and muke
the giveg number the third.

2. Tho®* find the fourth term, or proportional, which
will be the answer required. S ,
. . © EXAMPLES.
R S

NOTE 1. The solunon of questions, under this rule,

i 4
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EXAMPLES, . Lo
1. If rolb. at Boston make glb. at Amsterdam ; golb. at
Amsterdam, 112lb. at Thoulouse ; how many pounds at
Thoulouse are equal to golb. at Boston ?

Ant. Cons. ¢
. 10 : 9 )
90 : 112 < -

900 : 1008 :: o0 :
50 '

)50400(56 the answer.
4500

5400
5400
Or by abbreviation.
10: Qi:§0 IO I::50 XI: I:i§
90 : 112 10: 112* 10: 112 2:112::1 56
56 the answer.
2. If 20 braces at Leghorn be equal to 1o vares at Lis«
bon ; 4o vares at Lisbon to 8o braces at Lucca ; how ma«
ny braces at Lucca are equal to 100 braces at Leghorn ?
Ans. 100 braces.
CASE II.

When it is vequired to find how many of the first kind of coin,
weight, or measure, mentioned in the question, are equal to a
given number of the last.

"RULE.
Proceed as in the first case, only make the product of
the consequents the first term, and that of ;the antecedents,

the second.
EXAMPLES.

* In performing this example, the first abbreviation is obtained
by dividing go and 9 by their common measure g ; the second by
dividing 10 and 5o by their common measure 10 ; the third by
dividing 10 and § by their common measure § ; and the fourth,
or answer, by dividing 2 and 152 by their commos measure 2.
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EXAMPLES.
1. If 100lb. in America make g3lb. Flemish § and 19lb.
Flemish, 251b. at Bolognia'; how many pounds in Ameris
¢ are equal to solb. at Bolognia ?

Cons. Ant.
95 100
25 : 19
478
190
237§ ; 1900 :: 50 7
5o ,
)9sc0o(40lb. the answer.
9500
.o
Or by abbreviation.
95 : 100 5§ :100 5:4 4
#i 193150 25: 1150 113350 1:4::10:
. o
Ans. 4olb.

2. If 251b at Boston be 2zlb at Nuremburg 3 88Ib. at
Nuremburg, 92lp. at Hamburg ; 46lb. at Hamburg, 49lb.
at Lyons ; how many pounds at Boston are equal to
98lb. at Lyons ? Ans. 100lb.

3. If 6 braces at Leghorn make 3 ells Enghsh 5 ells
English, g braces at Venice ; how many braces at Leghorn
will make 45 braces at Venice ? Ans. 50 braces.

BARTER.

BarTER is the exchanging of one commodity for anoth-
er, and directs traders so to proportion their goods, that

neither party may sustain loss.
RULE.
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RULE.*

Find tfe value of that commodity, whose quantity is giv-
en ; then find what quantity of the other, at thé rate pro-
posed, you may have for the same money, and it gives the
answer required.

EXAMPLES.]

1. How many dozen of candles at §s, 2d. per dozen,
must be given in barter for 3cwt. 2<;rs of tallow at 37s.
4¢. per cwt. ?

qgr. s d. cwt.qr.*° -
4’374‘3?321'* \
12 4
448 - 14
14
1792
448~ L
+ 4)6272 - , -
12)1568 - TP o TR i
2,0)13,0 8 '
' 6l. 10s. 8d.”
" sd. doz. ¢+ L s d
52 3 x :: 6108
12 20 -
62 130
4 » . 12 .
62)1568(25 -
124
. '«;28
370
- 18 -
. . ¢
62)2}6(3 <o
< 186 '
Ans. 25 doz. and 3. —_—
30 2. How

* 'This rule is evidently, only, an application of the rule of three.
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2. How much tea at gs.: per 2 can I have in barter, for

4 .cwt. 2grs. of chocolate at 4s. pex lh. 2 o

T Ans, 2cwt,

3. How many reams of paperat 2s. 91d. -per ream must

be given, in barter, for 37 pieces of Irishcloth at 1l. 12s.
4d. per picce ?

Ans. 42835

4. A delivered 3 hogéﬁéads of brandy at 6s. 8d. per gal.
to B, for" 126 yards of cloth what was the cloth per yard ?
Ans. 10s.

5. A and B-barter ; A hath g1cwt. of hops at 30s. per
cwt. for which B gives im 20l. in morey, and the rest in
prunes at 5d. per pouncf what _quantity of prunes must
A receive ?

Ans. 17cwt. 3qrs. 4lb.

6. Ahasa quantxty of : pcpper, weight net 1600lb. at
17d. per Ib. which he barters with 'B for two sorts of goods,
the one at 5d. the other at 8d.” per Ib. and to have 3 in
money, and of each sort of~goods an equal quantity : how
many . pounds of each must he receive, and how much in
money 2

. Ans. ,1394 321b..and 37l 158. 63d.

LOSS AND -GAIN.

Loss anp Gain-is a rule that discovers what is got or
lost in the buying or selling of goods ;-and instructs mer-
chants and traders to raise or lower the price of their goods,
50 as to gain or lose a certain sum per cent. &c.

Q_estxons in this rule are porformed by the Rule of
Three. :

EXAMPLES. -
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" EXAMPLES.

1. How must T sell tea per pound, that cost me r3s. 5d.
to gain at the rate of 25 per cent. ?

| s. d.
100 : 125 :: 13§ 3
12

161

12§

" 8os

322
161

———
1,00)201,2§

Sep—

12)201 2§

168. 9d. 4% the answer.
Or thus ; '
4)13s. sd.
3 4

165. g9xd. the same as before.

2. At 3s. 6d. profit in the pound, how much per cent. ?
Ans. 17l 108,
* 3. Bought goods-at 43d. per b, and sold them at the
-rate of 2l. 7s. 4d. per cwt. what was the gain per cent. ?
Ans. 12l 13s. 11d.
4. Bought cloth at 7s. 6d per yard, which not proving
so good as I expected, I am resalved ta loge 193 per cent.
by it : how must I sell it per yard ? Ans. 6s. 27d.
s If T buy 28 pieces of stuffs at 41. per piece, and sell
13 of the pieces at 6. and 8 at gl. per pieee ; at what rate
per piece must I sell the rest to gain 20 per cent. by the
whole ? Ans. 2l. 6s. 10d.
6. Bought g0 gallons of brandy at 3s. per gallon, but by
accident 6 gallons of it are lost ; at what rate must I sell
the remainder per gallon, and gain upon the whole prime
cost at the rate of 10 per cent. 2 - Ans. 3s. 10d.
7. Sold
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%. Sold a repeating watch for 175 dollars, and by so do-
ing lost 17 per cent. whereas I ought in dealing to have
cleared 20 per cent. how much was it sold for under the
just value ? Ans. 23L 8s. oid.

FELLOWSHIP.

FeLLOoWSHIP is a general rule, by which merchants, &c.
trading in company, with a joint stock, determine each per-
son’s particular share of the, gain or loss in proportion to
his share in the joint stock.

‘By this rule 2 bankrupt’s estate may be divided among
his creditors; as also legacies adjusted, when thcre is a de-
ficienoy of assets or effects.

SINGLE FELLOWSHIP.

Single Fellow.rbzp is when different stocks are employed

for any certain equal time.
RULE.*

As the whole stock is to the whole gain or loss, so is
each man’s particular stock to his particular share of the
gain or loss. :

' METHOD OF PROOF.

Add all the shares together, and the sum will be equal

to the gain or loss, when the question is right.
_ EXAMPLES.

# That the gain or loss, in this rule, is in proportion to their
stocks is evident : for, as the times the stocks are in trade are
equal, if I put in % of the whole stock, I ought to have % of the
whole gam ; if my part of the whole stock be §, my share of the
whole gain or loss ought to be § also. And, generally, if I put
in X of the stock, I ought to have % part of the whole gain or loss ;
that is, the same ratio, that the whole stock has to the whole gain
or loss, must each person’s partxcular stock have to his particular
ga.m or loss.
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EXAMPLES. N
1. Two persons trade together 5* A put into stod: 1301.
and B 220l and they gained 5ool what is each person’s
share thereof ?
1304-220=350 350 ¢ §oo :: I30 3

130
15000
500
35,0)6505(1851.
300
200,
25
20
35)500(14s-
150
10
12
33)120(3d :
5 s
4 . - -
35)60(13-
25
450 : §00 1 220 3 :
220 -
. v
10000
1000
3§50)11000,0(3141.
50
150
10
.20
35)200(ss.” '
.28 185k 14s8. 33d. H=A’s share.
12 .. 314] 5s. 84d. 81d. 1},°=Bs share.
35)300(8d. : 5ool os. od. the Proof.
20 e FECPEN ’
4 R 2N

)80(24- |
BN 2 &
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2. Aand B have gained by trading 1821. A put into
stock 300l. and B 4o0l. what is each person’s share of the
profit ¢ Ans. A 78l and B 104l

3. Divide 120l between three persons, so that their
shares shall be to each other as 1, 2 and 3, respectively.
: Ans. 20l 40l. and 60l.

4. Three persons make a joint stock 3 A put in 184L-
10s. B g6l 15s. and C 761. §s. they trade and gain 220l
125. what is each person s share of the gain ?

Ans. A 1131 165. 353, B 59l 145. 2%, C 47l 18, 5550

5. Three merchants A, B and C, freight a ship with
340 tuns of wine ; A loaded 110 tuns, B 97, and C the
rest.  In a stornt the seamen were obliged to throw 85 tuns
overboard 5 how much must each sustain of the loss ?*

- A 274, B agg, and:C 33-;.

6. A ship worth 86ol. bemg entirely lost, of which
klonged to A, %to B, and the rest to C; ‘what loss w1ll
tach sustain, supposmg sool. of her o be insured ?

Ans. A 451 B gol. and C 2251

7. A bankrupt is indebted to A 275l 14s. to B 304l 7s.
o C 152l and to D 104l. 6s. His estate is worth only
6751 15s. how must it be divided ?,

Ans. A 2221 15s. 2d. B 2451 18s. 12d.
C 122l 163, 23d. and D 84l ss. 5d.

8. A and B, venturing equal sums of money, clear by
joint trade 154l. By agreement A was to have 8 per cent.
because he spent his time in the execution of the project,
and B was to have only 5 per cent. ; what was A allowed
for his trouble ? Ans. 35l 108 93rd.

DOUBLE FELLOWSHIP.

Double Fellowship is when different or equal stocks are
employed for different times. -
\ o " RULE.
g : .
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- RULE.*

Multiply each man’s stock into the time of its continu~
ance, then say, A

~ As the total sam of gll the produects is to the wholc gain
or loss,

So is each man’s particular product to his pamcular
share of the gain or loss.

EXAMPLES.

1. A and B hold a piece of ground in commca, for
which they are to pay 36l. A put in 23 oxen for 27 days,
and B 21 oxen for 35 days; what part of the rent ouglnt
each man to pay ?

23 X27=621 1356 : 36 21 625 :
21X35=73§ < bz oo
1356 . - 36
72
216
1 356)223 56(16L
1356
- . . B 8796 ,
. 8136
660
20

¥356)13200(9s.
12204

. ° 996

12

- ¥356)t 1952(8d
: 10848

1104
4

1356)4416(3q.
4068

348 1356
* Mr. Marcoum, Mr. Warp, and several other autfxors, have

given an apalytical investigation of this rule : but the most general
. : and

~
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1356- % 36 % 4935 :
o s
180
. 108
252 4
1356)26460(19l.
. 1356 '
12900
12204

696
" 20

13'56)13920(xos. v
1 356',.
360 - 16l 9s. 83d. 2A%.=A’s share,
12 19l. 105. 3d. 122%—B’s share.
1356)4320(3d. 36l. os. od. the Proof.
4068

.

.

T252 N
4
"'-10_08

2. Three graziers hired a piece of land for 6ol. 1os. A
put in 5 sheep for 43 months, B put in 8 for g months,
ad C put in g for 61 months : how much must each pay
o therent.? ©  Ans. A 11l.5s5.-B 20l and C 29l gs. .

3. Two merchants enter into partnership for 18 months ;
Aput into stock at first 200l. and at the end of 8 months
be put i 100l more ; B put in at first 550l and at the end

of 4 months took out 140l. Now at the expiration of the ’
time

d elegant method, perha;ps,is that, which Dr. Hutron has giv- -
¢ in his Arithmetic, viz. ‘

When the times are equal, the shares of the gain or loss are evi-
dently as the stocks, as in Single Fellowship ; and when the
stocks are equal the shares are as the times ; wherefore, when nei-
ther arc equal, the shares must be as their products.
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time they find they have gained §26l. what is éach mans
just share ? , Ans. A 192l 19s. od.
B 333k os. 11dd. 22,

4. A, with a capital of 1000l. began trade January I,
1776, and meeting with success in business he took in B as
a partner, with a capital of 1500l on the first of March
following: Three months after that they admit C asa
third partner, who brought into stock 28ool. and after
trading together till the first of the next year,. they find,
there has been gained since A’s commencing business,
17761 10s. How must this be divided among the partners?
Ans. A 457l o9si 43d.

B 571k 16s. 8:d.

C 747l 3s. u%d.

354)

ALLIGATION.

ALL1GATION teaches how to mix several simples of difs
ferent qualities, so that the cemposition may be of a mid.
dle quality ; and is commonly dlstmgulshed into two prine
cipal cases, called Alligation medial and Alligation dlternate.”

ALLIGATION MEDIAL. :

. Alligation medial is the method of ﬁﬁdmg'the rate of the
‘compound, from having the rates and quantmes of the sev=
‘!g\ eral simples glven
RULEX °
Multiply each quantity by its rate ; then divide the sum
of the products by the sum of the q.xantmes, or the whole
: ’ compomtlon,

4 P e

* The truth of this rule is too evidentto need a demonstration.
Nore. If an ounce or any othet quantity of pute gold be re-
duced into’ 24 equal’parts, these parts are called carats ; but gold
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composition, and the quotient will be the rate of the com-
pound required.

EXAMPLES.

1. Suppose 15 bushels of wheat at gs. per bushel, and
12 bushels of rye at 3s. 6d. per bushel were mixed togeth-
er: how must the compound be sold per bushel without loss
or gain ?

60 42 135
15 ’ 12 12
300 504 27
60 900
900 - 27)1404(52d.=4s. 4d. the answer.
135
54
54

.. 2. A composition being made of slb. of tea at 7s. per
pound, glb. at 8s. 6d. per pound, and 141lb. at 5s. 10d.
per pound, what is a pound of it worth ?  Ans. 6s. 101d.

3. Mixed 4 gallons of wine at 4s. 10d. per gallon, with
7 gallons at gs. 3d. per gallon, and 9% gallons at gs. 8d.
. per.gallon ; whit is a gallon of this compofition worth ?
Ans. 5s. 43d.
4. A goldsmith melts 8lb. 530z. of gold bullion of 14
carats fine, with 121b. ‘820z. of 18 carats fine : how many
carats fine is this mixture ? Ans. 16324 carats.
: s A

is often mixed with some baser metal, which is called the alloy,
and the mixture is said to be of. so many earats fine, accordidg to
the proportion of pure gold contained in it : thus, if 22 carats of
pure gold and 2 of alloy be nnxcd together, it is said to be 22 ca-
Taty fine.

f any one of the simples be of little or no value thh. respect
o the rest, its rate is supposed to bé nothing, a¢ water mixed with
wine, and alloy with gold or silver.
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5. A refiner melts 10lb. of gold of 20 carats fine with
1C1b. of 18 carats fine ; how much alloy must he put to
it to make it 22 carats fine ?

Ars. Tt is not fine enough by 3-% carats, so that no al-
loy must be put to it, but more gold.

ALLIGATION ALTERNATE.

Ailigation alternate is the method of finding what quan-
tity of any number of simples, whose rates are given, will

compose a mixture of a given rate ; so that it is the re-.

verse of alligation medial, and may be proved by it.

. - RuULLD 1L* .

1. Write the rates of the simples in a column under

cach other. , -
- 2. Connect

- -

* DemoxstraTioN. By connect{ﬁg the less rat:é to the
greater, and placing the differences between them and the mean
rate alternately, the quantities resulting are such, that there is pre.
cisely as much g.uned by one quantity as is lost by the other, and
thersfore the gain and loss upon the whole are equal, and-are ex-
actly the proposed rate : and the same will be true of any other
two simples, managed according to the rule.

In like manner, let the number of sithples be what it Amﬁy, and
with how many soever each is linked, since it.is always a less with
a greater than the mean price, there will be an equal ‘balance of
loss and gain between every two, and consequently .an equal bal-
ance on the whole. Q. E. D.

It is obvious from, the rule, tha,t questms of thls sort admxt

of a great variety of answers ; for, having found one answer, .we .

may find as many morc as we please, by only multiplying or di
viding each of the quantities found by 2, 3, or 4, &c. the reasop

of which is evident ; for, if two quantmes of two SImples make a
balance of loss and nam, with respect to the mean price, so must

also s

- -
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2. Connect or link with a continued line the rate of each
simple, which is less than that of the compound, with one
or any number of those, that are greater than the com-
pound ; and each greater rate with one or any number of
the less. )

- 3. Write the 'difference between the mixture rate and
that of each of the simples opposite the rates, with which
they are respectively linked. .

4. Then if only one difference stand against any rate, it
will be the quantity belonging to that rate ; but if therc
be several, their sum will be the quantity.

EXAMPLES.

- 1. A merchant would mix wines at 14s. 19s. 15s. and
22s. per gallon, so that the mixture may be worth 18s. the.
gallon : what quantity of each must be taken ?

14 4 at 14s.
) 15— 1 at I§s.
‘is
ol 1g—— 3 at 19s.
N - L22e——| 4 at 22s o .
Or thus :

144 | 5 at 14s.
‘ 1 at 1§s.

. 1,_ ‘
19_.,_ 4.+3 » at 19gs.
2z 4-at 22s.

2. How much wine at 6s. per gallon and at 4s. per gal-
lon, must be mixed together, that the ‘composition may be
worth gs. per gallon ?

Ans. 12 ga.llons, or equal quantities of each,

° . 3. How

also the double or treble, the % or ¥ part, ar any other ratia of
these quantities, and so on, ad infinitum. '

Questions of this kind are called by algebraists indeterminate ox
unlimited problems, and, by an analytical process, thcorems may
be raised, that will give all the possible answers. -
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3. How much corn at 2s. 6d. 3s. 8d. 4s. and 4s. 8d. per
bushel, must be mixed together, that the compound may
be worth 3s. 1od. per bushel ?

Ans. 12 at'2s. 6d. 12 at 3s. 8d. 18 at 4s. and 18 at 4s. 8d.

4. A goldsmith has gold of 17, 18, 22 and 24 carats
fine : how much must he take of each to make it 21 carats
fine ? Ans. 3 of 17, 1 of 18, 3 of 22 and 4 of 24.

5. It is required to mix brandy at 8s. wine at 7s. cider
at 1s. and'water at o per gallon together, so that the mixt-
ure may be worth gs. per gallon ?

Ans. 9 of brandy, 9 of wine, 5 of cider, and 5 of water..

RULE 2.*

When tbe awhole composition is limited to a certain quantity,

find an answer as before by linking ; then say, as the sum
of

* A great number of questions might be here given relaung to
the specific - gravity of metals, &c. but one of the most curious,
with the operation at large, may serve as a sufficient specimen-

Hiero, king of Syracuse, gave orders for a crown to be made
entirely of pure gold ; but suspecting the workmen had debased it
by mixing it with silver or copper, he recommended the discove-
ry of the fraud to the famous ArcHimepEs ; and desired to know
the exact quantity of alloy in the crown,

ARCHIMEDES, in order to detect the imposition, procured two
other masses, one of pure gold, the other of silver or copper,
and each of the same weight with the former ; and each being put
separately into a vessel full of water, the quantity of water expell-
ed by them determined their specific bulks : from which and their
given weights, the exact quantities of gold and alloy in the crown
may be determined.

Suppose the weight of each crown to be 1olb. and that the wa-
ter expelled by the copper or silver was *g2lb. by the gold -5zlb.
and by the compound crown *64lb. what will be the quantities of
gold and alloy in the crown'? ‘

, The
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of the quantities, or differences thus determined, is to-the -

given quantity, so is each ingredient, found by linking, to
the required quantity of each.

ERAMPLES

1. How many gallons of water at os. per gallon must
be mixed with wine worth 3s. per gallon, so as to fill a
vessel of 100 gallons, #nd that a gallon may be afforded at

2s. 6d. ? -
. O 6
so{ | .
36— 30
1 . . 36
36 : 100 :: 6 36 : 100 :: 30
6 30
36)600(16 36)3000(83
- 36 288
240 ‘ 120
216 o _ 108
24 12

Ans. 831} gallons of wine, and 1634 of water.

2. A grocer has currants at 4d. 6d. od. and 11d. per Ib,
and he would make a fflixture of 240lb. so that it may be
afforded

The rates of the simples are 92 and 53, and.of the compound
64 ; therefore '

92— 12 of copper,
641 . |
28 of gold.

And the sum of these is 12428=40, which should have been
but 10 ; wheace, by the rule,

40 : 10 :: 12 : 3lb. of cofdpeb} the answer.

52—

40 : 10 :: 28 : 7lb. of gold,
T
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}cﬂled at 8d. per pound ; how much of each'sort must
he take ?
Ans. 72lb. at 4d. 24 at 6d. 48 at gd. and g6 at 1 Ld.
3.- Ho% much gold of 15, of 17, of 18 and of 22 ca-
rats fine, must be mixed together to form a composition
of 40 ounces of 20 carats fine ?
Ans. 50z. of 15, of 17 and of 18, and 25 of 22.

RULE 3.*

“When one of the ingredients is limited to a certain quantily :
take the difference between each price and the mean rate
as before ; then,

As the difference of that simple, whose q\lantxty is given,
is to the rest of the differences severally, so.is the quanti-
ty'given to the several quantities required.

- EXAMPLES.
1. How much wine at §s. at g5s. 6d. and 6s. the gallon

" must be mixed with 3 gallons at 4s. per gallon, so that the

mixture may be worth gs. 4d. per gallon ?

| 60— 842=10

48-——-——-|* 842=10 .

64

66——-—I | 1644=20
72— 164-4=20

I0 & 10 :: 34% 3
1o : 20 :: 3 : 6
1o’ : 20 :: 3 : 6
Ans. 3 gallons at gs. 6 at §s. 6d. and 6 at Gs.

2. A

.

# In the_very same manner questions may be wrought, when
. - 4 X Toug
geveral of the ingredients are limited to certain quantities, by find-
ing first for one limit and then for another.

The two last rules can want no demonstration, as they evident-
ly result from the first, the reason of which has been already
explained. -
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2. A grocer would mix teas at 12s. 10s. and Gs. with
20lb. at 4s. per pound ; how much of each sort must he
take to make the composition worth 8s. per 1b ?

Ans. 20lb. at 4s. 10 at 6s. 10 at 10s. and goat 12s.

3. How much gold of 15, of 17 and of 22 carats fine,
must be mixed with 50z. of 18 carats fine, so that the
gomposition may be 20 carats fine ?

Ans soz of 15 carats fine, 5 of 17, and 25 of 22.

INVOLUTION.

" A Pow£R is a number produced by multiplying any giv-
en number contmually by iself a certain number of times.

- Any number is itself called the firz power ; if it be
multiplied by itself, the product is called the second power,
or the square ; if this be multiplied by the first power
again, the product is called the zhird power, or the cube ; and
if this be multiplied by the first power again, the product
is called the fourtb power, or biguadrate ; and so on ; that
is, the power is denominated from the number, whxch ex~
ceeds the multiplications by 1.

Thus, 3 is the first power of 3.
3% 3=% 9 is the second power of 3.
3X3X3=27 is the third power of 3.
3X3X3X3.—.81 is the fourth power of 3.’
&c. : &c.

And in:this masner is calculated the following table of
powers, .

TABLE
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TABLE of the first twelve PowERS of the 9 D16173,

NoTE 1,
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Nore r. The number, which exceeds the multiplica~
tions by 1, is called the index, or exponent, of the power ; so
the index of the first power is 1, that of the second power
is 2, and that of the third is 3, &c.

NoTte 2. Powers are commonly denoted by writing
their indices above the first _power : o the second power
of 3 may be denoted thus 3*, the third power thus 3%, the
fourth power thus 34, &c. and the sixth power of 503
thus 5039,

Involution is the ﬁndmg of powers ; to do which we
have evldenﬂy the following

RULE.

Multiply the given number, or first power, continually
by itself, till the number of multiplications be 1 less than
the index of the power to be® found, and the last product
will be the power required,*

Nors. Whence, because fractions are multiplied by
taking the products of their numerators and of their de-
rominators, they will be involved by raising each of their -
terms to the power required. And if a mixed number be

proposed,

* Nore. The raising of powers wllt be sometimes shortened
by working according to this observation, viz. whatever two or
more powers are multiplied together, their product is the power,
whose index is the sum of the indices of the factors ; or if z
power be multiplied by itself, the product will be the power, whose
index is double of that, which is multiplied : so if I would find
the sixth power, I might multiply the given numbcr twice by it-
self for the third power, then the third power into itself would
give the sixth power ; or if I would find the seventh power, I
might'first find the third and fourth, and their product would be
the seventh ; or lastly, #f I would find the eighth power, I might
first find: the second, then the sccond into iteelf would be the
fourth, "and this into itself would be the eighth.
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proposed, either reduce it to an improper fraction, or re.
duce the vulgar fraction to a decimal, and proceed by the
rule. )

EXAMPLES,
1. What is the second power of 45 ? Ans. 2025, -
2. What is the square of 027 ? Ans. *000729.

3. What is the third power of 35 ? Ans. 42°875.
- 4. What is the fifth power of .029 ?* :
Ans. *0000000205 11149,
5. What is the sixth power of g-o3 ?
’ Ans. §16196°00§304479729,
6. What is the second power of 3 ? Ans. %,

EVOLUTION.

THe Roo™ of any given number, or power, is such a
number as, being multiplied by itself 2 certain number of
times, will produce the power ; and it is denominated the
first, second, third, fourth, {Fc. root, respectively, as the
number of multiplications made of it to produce the given
power is o, I, 2, 3, &c. that is, the name of the root is
taken from the number, which exceeds the multiplications
by 1, like the name of the power in involution,

Note 1. The index of the root, like that of the power

- in involution, is 1 more than the number of multiplications,
necessary to produce the power or given number.

NoTe 2. Roots are sometimes denoted by writing 4/

before the power, with the index of the root against it :

so the third root of 50 is 3\/ 50, and the second root of it
is 4/ 50, the index 2 being omitted, whick index is alwaya
understood, when a root is named or written without one,
But if the power be expressed by several numbers with
the sign 4 or =, &c. between them, then a line is dratvn

o from
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from the top of the sign of the root, or radical sign, over.
ali the parts of it : so the third root of 47— 15 is °

3 —
/47— 15. And sometimes roots are designed Iike
powers, with the reciprocal of the index of the root above

T
the given number. So the 2d root of 3is37; the 2d rootof 50
- X ne " = .
is 5o* ; and the third root of it is §07; also the third root of
z

47—15 is 47=—15]>. And this method of notation has
justly prevailed in the modern algebra; because such roots,
being considered as fractional powers, need no other di-
rections for any operations to be made with them, than
those for integral powers.

¢

NoTE 3. * A number is called a complete power of any
kind, when its root of the same kind can be accurately ex-
tracted ; but if not, the number is called an imperfect pow-
er, and its root a surd ox irrational number : so 4 is a2 com~
plete power of the second kind, its root being 2 ; but an
imperfect power of the third kind, its root being a surd
number. -

Ewolution is the finding of the roots of numbers either
accurately, or in decimals, to any proposed extent.

The power is first to be prepared for extraction, or evo-
lution, by dividing it from the place of units, to the left
in integers, and to the right in decimal fractions, in-
to periods containiag each as many places of figures, as are
denominated by thetindex of tke root, if the power con-
tain a complete number of such periods : if it do not, the
defect will be either on the right, or left, or both ;
if the defect be oh the right, it may be supplied by
annexing cyphers, and after this, whole periods of cyphers
may be annexed to continue the extraction, if necessa- .
ry ; but if there be a defect on the left, such defective period
must remain unaltered, and is accounted the first period of

the given number, just the same as if it were complete.
Now
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Now this division may be conveniently made by writiyg
a point over the place of units, and also over the last fig-
ure of every period on both sides of it ; that is, over every
second figure, if it be the second root 3 over every third,
if it be the third root, &c.

Thus, to point this numbet 21035896‘12735 3

for the second root, it will be 21035896 1273503
but for the thu'd root 21035896 127350 3
and for the fourth 2103 5896 1273 5000.

Note. The root will contain just as many places of
figures, as there are periods or points in the given power ;
and they will be integers, or decimals respectively, as,the
periods are so, from which they are found, or to which they
correspond ; that 1s, there will be as many integral or deci-
mal figures in the root, as there are periods of integers or
decimals in the given number.

To exTrRACT THE SQUARE Roor.

RULE™®

1. Having distinguished the given number into periods,
find a square number by the table or trial, either equal to,
or

* Ti order to shew the reason of the rule, it will be proper to
premise the following :

Lemma. The product of any two numbers can have at most
but as many places of figures, as are in both the factors, and 4t
least but one less.

DemonstraTiON. Take two numbers consisting of any num-
ber of places, but let them be the least possible of those places,
viz. unity with cyphers, as 1000 and 100 ; then their product will

be 1 with as many cyphers annexed as are in both the numbers,
vlz-
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or the next less than, the first period, and put the root of
it to the right hand of the given number, after the manner
of a quotient figure in division, and it will be the first fig-
ure of the root required.

2. Subtract the assumed square from the first period,
and to the reinainder bring down the next period for a
dividend.

3. Place.

viz. 100000 ; but 100000 has one place less than 1000 and 100
stogether have : and since 1000 and 100 were taken the least pos-
sible, the product of any other two numbers, of the same number
of places, will be greater than 100500 ; consequently the product
of any two numbers can have, at least, but one place less than
both the factors.

Again, take two numbers of any number of places, that shall
be the greatest of those places possible, as 999 and g9. Now
999 X 99 is less than 999 X 100 5 but 999 X 100 (=99900) con-
tains only as many places of figures, as arc in 999 and 99; there-
fore 999 X 99 or the product of any other two numbers, consisting
of the sime number of places, cannot have more places of figures
than are in both its factors.

* Cororrary 1. A square number cannot. have more placcs of
ﬁgurcs than double the places of the root, and, at leaat, but one
less. .

Cor.“2. A cube number cannot have more places of figures
than triple the places of the‘root, and, at least, but two less,

The trath of the rule may be shewn algebraically thus :
Let N= the number, whose square root is to be found.

Now, it appears from the lemma, that there will be always as
many places of figures in the root, as there are peints or periods
in the given number, and therefore the ﬁgures of those places may
be repres-'nted by letters.

. U .

Suppose
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3. Place the double of the root, alrcady found, on the
left hand of the dividend for a divisor,

4. Consider what figure must be annexed to the divisor,
so that if the result be multiplied by it, the product may
be equal to, or the next less than, the dividend, and it will
l-e the second figure of the root.

" 4 Subtract the said product from the dividend, and to
the remnainder Yring down the next period for a new divie

dend.
6. Find

Suppose. V to cousist of two periods, and let the figures in the
root be represented by a and 8.

Then a+b: =a* 4 2ab4b*=N= given number; and to find
_the root of IV is the same as finding the root of a*4-2ab<458, the
method of doing which is as follows : -
1st divisor a)a* +2ab4-4*(a4-b= root.
. 2t
o " 2d divisor 2a4-6)2ab+5*
. 2ab4-4*

e )

Again, suppose N to consist of 3 periods, and let the figures of
the root be represented by a, band .

Then a+b+: =a*4-2ab4-b* 4 2ac} 2bc 4-c*, and the man.
ner of finding a, & and ¢, will be a5 before : thus, N
15t divisor a)a® 4 2ab+5* +2ac 4 2br4c* (a-b4-c= root.

aZ

2d divisor 2a4-4)24a84-5*
2ab4-6* *

3d divisor 2a4-284-¢c)2ac 28 c*
2ac 4 2be4-c*

Now, the operation, in each of these cases, ez';ac;ly agrees with
the rule, and the same will be foupd to be true when & consists
of any number of periods whatever.
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6. Find a divisor as before, by doubling the fgures al-
ready in'the root 5 and from these find the next figure of
the root, as in the last article ; and so on through all the
periods to the last. -

Note 1. When the root is to bc extracted to a great
number of places, the work may bé’ much abbreviated thus :
havmg procecded in the extraction by the common method
tilt you have found onc more than half the required num-
ber of figures in the root, the rest may be found by divid+
lng the last remainder by its corresponding dmsor, annex-
ing a cypher to every dividual, as fn division of decimals ;
or rather, withgut annexing cyphers, by omitting centipu-
ally the right hand figure of the divisor, after the manner
of contraction in division of decimals. -

Nots 2. By means of the square root we readily m&
the fourth root, or the ewhth root, or 4he sixteenth roos,
&c. that is, the root of any power, whose index is some
power of the number 2 ; namely, by cxtracting so often
the square root, as is denoted by that power of 2 ; that is,
twice for the fourth root, thrice fnr :he cxghth root, and
50 om.

To ExTRACT THE SQUARE RooT OF A VuL-
'GAR ‘FRACTION. :

CRULE o

First prepare all vulgar fractions by- reducing them ta
their least terms, both for this and all r foots. Then

1. Take the root of the numerator and that of the
denominator for the respective terms of the root required.
And this is the best way, if the denominator be a complete
power. But if not, thén

2. Multiply the numefator and denommator together ;
take the root of the product : this root, being made the

numerator to the denominator of the given fraction, or the
. . denominator
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denominator- to the numerator of it, will form the’ ftao-
tional root rcquxrcd
Vab_ e

That is, ‘/b"" Vab

‘And this rule, will serve, whcther the root be: ﬁmtc or m-
finite. .

Or 3. Reduce the vulgar fraction to 2 dccxmal, and ex-
* tract its root. . :

EXAMPLES. . | o
1. Required the square root of 51499‘025. S e

5499025(2345 the Toot,

4 -
43{149

3j129 -
464!2090‘

4i1856

4685l23425
23425

2. Required the square réot of 184:2 ':- DU
i&i-zéoé(;rs,l the Toot,
i

. 23|
39
265]1520 -
" 511325
270'1I195_oo
. 118949

§51 remainder,

3. Required

-«
[ g
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3. Required the squafe root of 2 to 12 pla.ces:
2(1°41421356237 4 root.  ~
1 . o

24l 160

- 281]400
1{281
———— ekt

- 159

@ -

- V2824lngoo o .

4111296

28282|60400
. 2156564

282841

383600 ]
|282841 c

2828423Irgz7§go; - '

2828426 ) 1590631 ( 56237 +
©Lrecer 1414213

176418
169706
r—

6712
5657
IOS 5

849

206
198 N
-8
4 Whati is the square root of 152399025 ?

Ans. 1234%.

5. What is the square root of ‘00032754 ?

Ans. "018p9.

6. What
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6. What is the square yoot of %7 ?
Ans. “645497.

3. What is the square root of 63 2 .
Ans., 2°5298, &e.

8. What is the squarc root of 10} '
l; ' Ans. 3162277, &c,

To exTrAcT THE CUBE RoorT.

RULE.*

1. Having divided the given number intd periods of 3
figures, find the nearest less cube to the first period by the
table of powers or trial ; eet its root in. the quotient, and
subtract the said cube from the first period ; to the re-
mainder bring down the second penod, and call this the
resolvend. o , R

2. To three times the square of he root, just found,
add thrce times the root itself, setting this one place more
to the right than the former; and call this sum the divisos.
Then divide the resolvend, wantigg the last figure, by the
divisor, for the next ﬁgure of the root, which annex to the
former 3 calling this last ‘igure ¢, and the part of the root
before found call a.

3. Add

'» The reason of pointing the given number, as directed in the
rule, is obvious from Cor. 2, to the'Lemma made use of in de-
monstrating the square raat ; ;nd the rest of the. operation will
‘e best understood from the following analytical process

Suppose N, the given number,:to consist of two periods, and let
‘@e figures in the root be denoted by @ and &.

Then
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3. Add together these three products, namely, thrice the
square of a maltiplied by ¢, thrice a multiplied by the square
of ¢, and the cube of ¢, setting each of them one place more

-to the right hand than the former, and call the sum the
subtrabend ; which must not exceed the resolvend ; and if
it do, then make the last figure ¢ less, and. reppat the

operation for finding the subtrahend. ’
to the

+ 4 From the'resolvend take the subtrahend, an

remainder join the next period of the given number for a
| mew resolvend ; to which form a new divisor from the
~ whole root now found ; and thence another figure of the
- wot, as before, &c.

i ’ EXAMPLES.

‘Then a 45| =a’ 4 30*54 306> 4+ 5’ =N= given number, and
to find the cube root of N is the sarie s to find e cube root of
|’+ 3a’£+3ab’+b’ ; the method of doing which is as follows :

d*+3a%b4- 306> 4-8° ( atbe= root.

-a‘!

' 32 b4 3ab* 4} res;)lvcnd. :

3a
~+3a \

3a* 4-3a ‘divisor.

3a*s
-+ 3a8*
+5

3a*b+3ab* 45 sbtrahend.

* * *

- And in the same manner may the root of a quantity, comsisting
of apy number of periods whatever, be found.
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. EXAMPLES.
1. To extract the cube root of 48228'544.

3X3% = 27 | 48228-544(364 root.
3X3 = 09|27

Divisor © 279 | 21228 resolvend.

¥x3:x6 = 162
X3 X6*= 324 ¢ add

6'= " 216

. 3X36*=3888

19656 _éubtrahexid. ‘
3X36 = 108 :

28988 | 1572544 resolvend.

3)('36"5(4 = 15§82 -
3X36 Xg4*= 1728 % add
4'= 64

43

1572544 subtrahend.

2. Whit is the cube root of 1092727 ? Ans. 103"
3. What is the cube root of 27054036508 ?
. o ’ Ans. 3002.
4. What is the cube root of *coor357 ?

. ' . Ans. 05138, &c.
5. What is the cube root of +-{33? Ans. -;-
6. What is the cube root of I ? “Ans. ‘873, &c.

RuLe ror ExTrACTING THE CUBE RooT BY
ArrProOXIMATION.*

1. Find by trial a cube near to the given number, and

call it the supposed cube.
: e 2. “Then

\
* That this rule converges extremely fast may. be gasily. . shewn:
thus : : U . ‘

" Yt
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4. Then, twice thz supposed cube added to the given
number, is to twice the given number added to the sup-
posed cube, as the root of the supposed cube is to the root’
required nearly. Or as the first sum is to the difference
of the given and supposed cube, so is the' supposed root to
the difference of the roots ncarly.

3. By taking the cube of the root thus found for the
supposed cube, and repeating the operaticn, the ryot wnll
bs had te a still greatet degrce of exactaess.

ti.&urt.ns. .

1. It is required to find the cube root of 98003440

Let

° —

Let N= given mumber, a’=' supposed cube, and x= cor-
tection. . . .

Then 'za3+N : 2N44? 11 @ 3 a+tx by the rule, and con.

stquently za? +Nxa+x—zN+a’ xc, or 283 fatx’ X atw
~2N+a, Xa. )

Or 2a* 424’ x4a* J4a’x 4 6a*x* 4 44::’ + x‘-zaN-l-a‘
and by transpoung the terms, and dividing by 24

N—a=+3a xf30nt a’ +-. ‘which by Mslemx the
terms x3 4 % 2.;, as bemg very small, becomes N..a + 38 xgj-
3ax* 4w’ = the known cube of a4-x. Q. E. L

W
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Let 123000000 == suppased enbc, «whose a0t i, goo 3

o

Then 125000000 - 98003449 .

&

250000000° 196006898
98003449 125000000
348003449 : 321006898 7 goo
T - s o / 500 . Y ’
: ' [or reot- neaﬂy.'
48003449) 160503449000(461 = corrected root,
1392053796 . .

I d
N - 21302'0694.9
"7 "2088020694

421862460
- . --348003449. . R

- . Lg38sgers i w
2. chmred the eube root of 21035° 8.

" Here we soon. ﬁn& that the root lies bétween 20 and” 30,
apd then between 27 and 38, Therafore 27 being taken,,
its cube is 19683 the assumed cube. ~Then

19683 21035°8

o L R I T TS

. 39366 420716
210358 19683 -

As 60401‘8 : 61754.6 tro27 % 2746047 .
e e T 27 : o

74322822 -, 0
1235092

1667374°2 60301°8)
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.- 6e401'8)1667394'3(27°6047 tlre root mﬁy
#eec» 1208036 .

————

4359338 -
422813

36525
36241 ) .

- 483 L
: 2‘42 B
42
Again for a second operation, the cithe of this root is
21035°318645165823, and the process. by. the latter meth-
od is thus : -
{ 2r1035'3186a¢; &)
z -

e ~

42070°637290 21638°§
21035'8  21035°318643, &c.

As 63106'43729 + d?ﬂ' 481355 : 276037 : thediff. =3
‘000210834

- 27'604910834 =
the root required.
3. What is the. cube root of 157464 ? Ans. 54.
4. What is the cube root of £ £ 7 Ans, 763, &
5. What is the cube root of 117 ! Ans. 489097.

To EXTRACT THE RooTs or POwERs IN
GENERAL.
" RULE.*

Prepare the' given number for extraction, by pointing

off from the units place as the root requxred_dxrccts
-2. Find

2

* This. rule will be suchxently obyxous from the work in the
following example :

Extrac :
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2. Find the Girst ﬁgure of the root by mal and subtract
its power from the gwen number.’ . -

3 To the rcmamder bring dowar the ﬁrst ﬁgure in the
pext penod, and call it thc dxwdmd.

4 Involve

Extract the cabe root of a%+6a°. —40a +96¢—64..
e ‘+6a‘—4oa’+96a—-64(a‘+u—4
a°

PSS

3a*)64° (424
@S 4-6a° 4124* 4-Bad=a* 4 za.

4 +zax3_.3a‘+xza’+xza’)—lza‘— ¥+96¢..ﬁ*(_*
) °+6a‘-—4oa +964——64.—'a'+za—-4

lr “ .

When the index of the power, whose ropt is to be extrasted,
& a composite nuinber, the following rule will be serviceable :

‘Take any two or more indices, whose product is the given in.
dex, ‘and extract out of the given number a root answenng to ong
of these indices 3 and then out of this Toot extract a root answer-
ing to another ‘of thc mdlces, and %0 on to the last

Thus, thc fourth root square root of the square rootq
The su:th rogt = square root of the cube roqt, &c.
The proof of all roots is by mvohnon.

The follovnng theorems may sometimes be found useful in ex-

mcung the root of a vulgar fractxon; s/ ...- va. 1/_._ ;-—;

VB 4/?5
.-‘l‘
-_v,f X »-ln ‘
ory umversally, A __ab a
Hd ==
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" . ¢ Tivolve the-root to the next inferier power to that,

which is given, and multiply it by the number denoting
thc giveri’ power for a' divisor.

" 5. Find how many tiraes the divisor may be had in the
dividend, and the quotient will be another figure of the

. 6: Involve the whole root te the given pdwcr, and tub-

tract xt from the given numbcr as beforc.

7 Brmg down the first figure of the next period to thé

mde.r for a new dividend; to which ﬁnd a new dm;or,
and so on, ¢ill the wholc be ﬁmshed. o

FXAMPLES,
3. What is the cube root of 53157376

§3157376(376
27=3}

3* X3.-27)261 dxvxdend

50653=37

3’)(3__4107)25043 second dmdcnd,
: 53157376

* precer——————

(]

I

(3 What {s tbe bxquadratc raot of 19987173376 7
Ans. 376

3. Extract thc sursolid, or fifth root, of 307 682821106

715625
.- Ans. 3145.

4 Extracg
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. 4 Exwract the .qua-e cubed; 0 mﬁh rgot, of »3!72335
1009267809889764416- L
: Ans. 27534-
5. "Find the seventh root gf 3448771746730751318249
3153794673
Ans. 320t7.
6. Find the eighth yoot of 33319;6;8 13204762362464
97942460481, :

L Aos. 13521
'I‘o EXTRACT ANY Roo'r wnunvsx mr
APPROXIMATION,
" RULE.

1. Assume the root nearly, and raise it to the same
power with the given number, which call the asiumed
power. : .

2. Then, as the sum of the assamed power multiplied
by the index more 1 and the given ({umber multiplied by
the index less 1, is to the sum of the given number multi-
plied by the index more 1 and the assumed power mul-
tiplied by the index legs 1, so is the assumed root to the
required root.

Or, as half the first sym is to the dxﬁ'crence betwcen the
glven and assumed powers, so ig -the a§sumed root to the
difference between the true and assumed rtoots 3 which
difference, added or subtracted, gives the true root nearly.

And the operation may be repeated as'aften as we please,
by using always the last found root for the assumc‘d 10ty
and its power as aforesaid for the assumed power.

EXAMPLES. }
{
§

x.‘chuired the fifth root of 21035°8.
. Here
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Hete it appéass that the. ﬁ&hrouuhmua';gmd
48 . 73 being taken, its fifth power is 20730'71593¢
Hence then

21035'8 = given number.

,, 20730716 = assumed power.
Y b= s
© 308 984 = dxﬂ'crence. _
‘g = mdex ] T 20730 716 ) 2‘035.3
a6 - 2oss?
5-—-!:4 - ;
4382 . ' 420716 . . . _

. 104263-748=1 the first sum.
'io426'3-7 : 305684 :i: 73 : *0213605.
73

915252
2135588

304263 7):227 1132(° ozxg6q4= dxﬁi:rcncc
ces 00 o 20 527 7 3

14184 21360 = root
10426 73 true to the last ﬁgm.

3758

3128
630
626

. ' 4 S

2. What is the-third rootof 27  Ams, 1'259921.

3. What is the sixth root of 21035°8 ?
L Ams. 5254037

‘W‘hat is thc sevcnth root of 21@35’8 ? :

Ans. 4 x45392.

5 What



168' ARFTHMETIC,'

5. What is the ninth reot. of' 2103582 -~ . -
G Ams. 3022239.

s —

ARITHMETICAL PROGRESSION

ANy rank of nambers i mcreasmg by d common. excess,
or decfcasmg by a common difference, are siid to be in
Arithmetical Progression 5 such are the numbers 55 2 30 4y
5 &c. 758, 3 13 ad 8, *6;°4, 2. When the numbers
increase they form an ascending series ; but when - tbey de-
creascy they form a descending series.

‘The numbers, wl'uch form t.hc series, are called the terms
of the progression. '

Any three of the fue followmg terms being gweﬁ, the
other two may be readily found.

5. The first term, commonly. called the
2..Fhe last term, . - extremes, .
3. The number of ter’nis. c

4 The common differedice. : .

§- The sum of all the terms. .
PROBLENM I. ,

The first term, the last term, and the wumber of terms being -
given, to find the sum ¢f all the terms.
. . nu:.s.‘

Multiply the sum of the extremes by the number of
terms, and half the product will be the answer. ‘
EXAM‘P{..BS.

. Supyoseanothersermoftheszme kind with the given pne
be placed ander it in an iaverse order ; then will the sum of every
two corresponding terms be the same 3s that of the first and last ;

KR consequently,



.

ARITHMETICAL PROGRESSION., 169
EXAMPLES.

1. The first term of an arithmetical progression is 2,
the last term §3,and the number of terms 18 ; required the
sum of the series.

n L%

#

440 ,
55

2)990

495

\

Or,
53+2X18_ o the answer.

2

2. The first term is 1, the last term 21,and the number
of terms 11 ; required the sum of the series.
’ Ans. 121,

3. How many strokes do the clocks of Venice, which
go to 24 o’clock, strike in the compass of a day ?
Ans. 300;

4 If

consequently, any one of those sums, multiplied by the number of
terms, must give the whole sum of the two series, and half thif.
sum will evidently be the sum of ‘the given series : thus,

Let 1, 2, 3, 4, 5, 6, 7, be the given series ;
and 7, 6, 5, 4,.3, 2, 1, the same inverted ;
then 8484848+484848=8x7=56and 143+44+5

+6+7=.5_.6=28. Q. E. D.
3
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"4. If 100 stones be placed in a right line, exactly a yard
asunder, and the first a yard from a basket, what length of
ground will that man go, who gathers them up singly, re-
turning with them one by one te the basket ? - °

Ans. 5 miles and 1300 yards.

PROBLEM IIL

Tle first term, the last term, and the number of terms being
givety to find the common djﬂ}rmce.

RULE.*

Divide the difference of the extremes by the number of
terms less 1, and the quotient will be the common differ-
ence sought.

-

EXAMPLES.

+ 1. The extremes are 2 and §3, and the number of terms-
is 18 3 required the common difference.

53 - 18
2 r .
17)51(3 N ¥
I
..4 Or,
§3—2_5I__
ke ‘7_.3. the answer.

2. If

* The difference of the first-and last terms evidently shews the
increase of the first term by all the subsequent additions, till it
becomes equal to the last ; and'as the number of those additions
is evidently onme less than the number of terms, and the increase
by every addition equal, it is plain, that the total increase, divided.
by the number of additiops, must give the difference at every one
separately ; whence the rule i is manifest.
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2. If the extremes be 3 and 19, and the number of
terms g, it is required to find the common differcncc, and
the sum of the whele saries.

Ans. The difference is 2,. and the sum is gg.

3- A man is to travel from London-te a certain place
in 12 days, and to go but 3 miles the first day, increasing
every day by an equal excess, so that the last day’s journey
may be §8 miles ; required the daily increase, and thc dis-
gance of the place from London. —

Ans. Daily increase g, distance 366 miles.

PROBLEM III

Given the first term, the last term, and the common difference,
to find the number of terms.

RULE*

.. Pivide the dxﬂ’crence of the cxtremes _by the common
dxﬁ'ercnce, and the quotient, increased by I, is the num-
ber of terms requjrgd.: .. . L

EXAMPLES.

# By the last preblem,- the differcnce of the e;ctreinés, divided
by the number of terms less 1, gives the common difference ;,
consequently the same, divided by the common dxﬂ'ercnce, myst
give the number’ of terms Ieas 1; hénce this quotxcnt, auomented
by 1, must be the answer to the question.

In any arithmetical progressmn. the sum of any two of its
terms is equal to the sum of any other two terms, taken at an equal
distance on contrary sides of the former ; or. the double of any
one term is equal to the sum of any two termsy taken at an equal
distance from it on each side._

The sum of any number of terms (n) of the arithmetical series
of odd numbers 1, 3, 5, 7, 9, &c. is equal to the square (a*) of
that number.

That
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: EXAMPLES,
1. The extremes are 2 and §3, and the common differ-:
ence 3 ; what is the number of ‘terms ? '
- 83
2
p—————

3)51

T
1
18
Or,

533 2+x=18 the answcr.

, ' 2 If

Thatis, if 1,3, 5,7, 9, &c. be the numbers,
‘Then will x,z’,3 »4% 5% &c. be the sums of 1,2,3, &<,
of those terms. .
For, o41 orthe sum of 1 term = 1% or ¥
143 or the sum of 2 terms = 2* or 4
445 or the sum of 3 terms = 3* or g
947 or the sum of 4 terms = 4* or 16, &c.
Whence it is plain, that, let # be any number whatsoever, the
sum of n terms will be n%. ‘ ’
The following table contains a summary of the whale doctring
of arithmetical progression.

" Casks oF ARITHMETICAL PROGRESSION.

Case|Giv. | Reg. ~ Solution.
J s—1Xd+a
1. | adn
\ s n)(a-{-r;-——l_ X-;!.

Case
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ARITHMETIC.

3. A man, going a journey, travelled the first day 5
miles, the last day 35 miles, and increased his journey

every day by 3 miles ; how many days did he travel ?

Ans. 17 days.
GEOMETRICAL

Case

% Solution.

len—1 X d

7 X l—n—1 xf
7

s __dxn—t
n 2

s  dxn—1

I

"10.

:
dty/ZTdl —8d ..
2

2d ¥/ A¥d| — 8ds
2d

23-'-'1. o~
n

iy

2 X nl—s

n—I1Xn

| |—t—— —~

least term.

number of terms.
sum of all the terms.
common difference.

= greatest term.
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1]

GEOMETRICAL PROGRESSION.

ARy series of numbers, the terms of which gradually
increase or decrease by a constant multiplication or divis~
ion, is said to be in Geometrical Progression. Thus, 4, 8,
16, 32, 64, &c. and 81, 27, 9, 3, I, &c. are series in geo-
metrical progression, the one increasing by a constant mul-
tiplication by 2, and the other decreasing by a constant di-
vision by 3.

'The number; by which the series is constantly increased
or diminished, is called the rato.

PROBLEM I

Given the first term, the last term, and the ratio, to_find the
sum dof the series.

RULE.*

Multiply the last term by the ratio, and from the prod-
uct subtract the first term, and the remainder, divided by
the ratio less 1, will give the sum of the series. "

‘ EXAMPLES.

* DemonsTrATION. Take any series whatever, as 1, 3, 0,
27, 81, 243, &c. multiply this by the ratio, and it will produce
the series 3, 9, 27, 81, 243, 729, &c. Now, let the sum of the
proposed series be whgt it will, it is plain, that the sum of the sec-
ond series will be as many times the former sum, as is expressed by
the ratio ; subtract the first series from the second, and it will give
729—1 ; whlch is evidently as many times the sum of the first

series, asis exprcssed by the ratio less 1 3 consequently L3_9_.._
sum of the proposed serics, and is the rule ; or 729 is the last
term multiplied by the ratio, 1 -is the first term, and 3—1 is the
ratio less one ; and the same will hold let the series be what it
wil. Q- E. D.

Nots
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EXAMPLES.

1. The first term of a series in geometrical progressxou
is 1, the last term is 2187, and the ratio 3 3 what is the
sum of the series ?

2187
3

6561
. 1

3—1==2)6560
3280 |
Or, '
3%}{;—‘: 328o> the answer.

- R ‘ 2. The

Note 1. Since, in any geometrical series or progression, when
it consists of four terms, the product of the extremes is equal to
the product of the means ; and when it consists of three, the
product of the extremes is equal to the square of the mean ; it
follows, that-in-any geometrical series, when it consists of ameven
number of terms, the product of the extremes is equal to the
product of any two means, equally distant from the extremes ;
and, when the number of termsis odd, the product of the ex-
tremes is equal to the square of the mean or middle term, or to
the product of any two terms equally distant from them.

Note 2. If a : 6 :: ¢ : d dxrectly,

a : ¢ +: b : dby alter\%;ion.
b : a :: d : ¢ by inversrpn.
Then at+bd : b :: c4d : dbyco position.
a—b : b :: c—d : d by division.
l a T a4b :: ¢ : c4d by corpversion.
at+b : a—b :: c4d : c—d nfixedly.

For in each of these proportions the product of the exysremes is

equal to that of the means.

.
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2. The extremes of a geometrical progression are 1 and
65536, and the ratio 4; what is the sum of the series ?
Ans. 87381,

3. The extremes of a geometrical series are 1024 and
59049, and the ratio is 153 whatis the sum of the series ?
Ans. 175099.

~ PROBLEM II

‘Given the first term and the a"atb, to find any osher term
assigned.

.

RULE.*

1. Write down a few of the leading terms of the series,
and place their indices over them, beginning with a cypher.

2. Add together the most convenient indiccs, to make an
index Jess by 1 than the number expressing the place of
the term sought. )

~

3. Multiply the terms of the geometrical series toget.h-
er, belongmg to those indices, and maka the product 2
dmdend

~ 4¢ Raige

v T o0y . L3 1

* DemonsTrATION. In example 1, where the first term is
equat to the ratio, the reason of the rule.is evident ; for as every
term is some power of the ratio, and the indices peint out the
number of factors, it is plain from the nagure of multiplicatiqn,
that the product of any two terms will be another term corres-
ponding with the index, which is the sum of the jndices standing

_ over those respective terms.

And in the second example, where the series does not begm
with the ratio, ‘it appears, that gvery term after the two first con-
sains some power of the ratio, mult:phed ioto the first term, and
therefore the rule, in this case, is equally evident. -

' e

Y
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4. Raise the first term to a power, whose index is 1 less
than the number of terms multiplied, and make the result
a divisor.

5. Divide

The following table contains all the possible cases of geometric-
" al progression.

op———

Cases oF GEOMETRICAL PROGRESSION.

Case|Giv. | Req. ‘ Solution. .
! ar~"*.
L. [ern <
1
. o Xa..
.- -
s ' I-l-I_.—i.
r—i
2. ”I < -
-L_,_I‘—L’ a .
n I,r +1
! r—1Xs4a,
. -
3. fars < -
Ly i Xs4a—Lya
n
! L,r
r _.
1
4 yasl <
L,l—L,a F1
L " Ly—a—Ls—




GEOMETRICAL PROGRESSION.

‘179

. Divide the dividend by the divisor, and the quotient
will be the term sought.
Nore. When the fiest term of the series is equal to
the ratio, the indices must bcgin with an unit, and the in-
dices added must make the entire index of the term re-

qmrcd ;
|Case|Giv. | Req. Solution.
[ 15 Qees
f ety
r a a.°
5. § ans < .
! 1x:—1‘|"_'=ax:—a '
14
b6 | aul —
g l—a
H l+ -
] ‘ .:_ "'—r.
L
' 7
R cee ma e —
N a 1,
]. ml <
: 1_:7__,
s
| I4 —_—
: ( r—1
. a -;‘:—IXJ.
b"8. rms <
e s
X I PR o .
L — 1 i

Case
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-~

quired ; and the product of the different terms, found as
before, will give the term required.
EXAMPLES.

1. The first term of a geometrical series is 2, the
number of terms 13, and the ratio 2 ; requxred the last
term. .

1, 2, 3, 4 5 indices.
2, 4,8, 16, 32, leading terms.
Then 4444342 = index to the k3th term.
. And 16X 16X 8 X 4=8192 the answer. !

In this e'xample the indices must begin with 1, and such
of them be chosen, as will make up the entire index to the
term required.

2. Required

.

Casel Giv. | Reg ] " Solution.. PN
a St X 5~
9. | 7% —— e
‘ -4 . ‘n L,I—L,;—fxt—l+ 1e
L,r
. R a ax:—a] ...1x ]”—'
10.| 0l ;
"” __'Jl-l__.
e G

least term. ' ' ‘7 :

greatest term.
sum of all-the terms.
number of terms.

(a
l
Here :
n
{r
L = Logarithm.

Fuwnmu

ratio.
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2. Reguired the 12th term of a geometrical series,
whose first texm is 3, and ratio 2.
01, 25 35 4 §, O, indices.
3 6, 12, 24, 48, 96, 192, leading terms.
Then 6+-5 = index to the r2th term.
And 192X96=18432 = dividend.

The number of terms multiplied is 2, and 2=—1==1 is
the power to which the term 3 is to be raised ; but the
first power of 3 is 3, and therefore 18432-+3=6144 the
j2th term required.

3. The first term of a geometrical series is 1, the ratio
% and the number of terms 23 ; required the last term.

Ans. 41 94304.

QUESTIONS
TO BE SOLVED BY THE TWO PRECEDING PROBLEMS.

1. 1A person, being asked to dispose of a fine horse, said
he would sell him on condition of having one farthing for
the first nail in his shoes, 2 farthings for the second, one
penry for the third, and so on, doublmg the price of every
nail to:32, the number of nails in his four shoes : .what
would the horse be'sold for at:that rate ?

Ans. 44739241 5s. 33d.

2. A young man, skilled in numbers, agreed with a
farmer to work for him eleven years without any other re-
ward than the produce of one wheat corn for the.first year,
and that produce to be sowed the second year, and so on
from year to year till the end of the time, allowing the in-
crease to be in a tenfold proportion : what quantity of
wheat is due for such service, and to what does. it amount.
* at a dollar per bushel ?

~ Ans. 226056% bushels, allowing 7680 wheat corns >
be a pint ; and the amount is 2260565 dollars..

3. What
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RULE.}
1. Multiply the principal by the rate, and divide the
product by 100 ; and the. quotient is the answer for ope

year. '
2 Muluﬁy

" ® Stock is a general name for public funds, and apmls of tn‘-
ing companies, the sha.res of which. are transferable from one per-
son to another.

t The rule is evidently an application of Simple Propomon

and Practice.
[ 4



SIMPLE INTEREST. g

T 2% Multipl} ‘the interest for one year by the given time,
and the product is the answer for that time.

3. If there be parts of a year, as months or days, work
for the months by the aliquot parts of a year, and for the
days by Simple Proportion.

EXAMPLES.

1. What is the interest of 4gol. for a year, at § per
cent. per annum ?

450l ‘
5

TRS————
1,00)22°50
20

e e——

1000 Ans. 22l. and £2-=-S-==-s=x108.

2. What is the interest of 7201. for 3 years, at. 5 per
cent. per annum ?

720l 36. .
5 3

36'00 . 108l. Ans.

3. What is the interest of 170l for 1L year, at § per
cent. per annum ?

170l 2)8L. 10s. interest for 1 jear.
5 : 4 5
850 12l. 155, Answer.
20
10°00

4 What



4 What is the interest of 1011 far rry dtys,atz}%per
cent. per annuoe /

107l § 11732 ..3 3732

43 L2 I - 7

L

428 55 18 1 32 35136 24
. §3 10 10
26 5. ~yr————
31X 1047=517 ——— 5§59 160 -

,508 § 35 116 24

—— 365)594 13 © 2:4(tk 125 7rohesd.

165 365 the answer.
. 12 —
AN 229
7-80 20
P
)4593
320 305
q- 4. _
2°4=23=3d. 943
730
]-}:* —3—-
213
14? =rir - 12
)2556
2555
13
5. What is the interest of 321. 5s. 8d. for 7 years, at
% per cent. per annum ? Ans. gl. 125, 13,
6. What is the interest of 319l 6d. for 53 years, at
34 per cent. per annum ? Ans. 68l 153. od. 25%5q.

7. What is the interest of 607'50D. for g years, at 6
per cent. per annum ? . Ans. 182°25D.

8. What is the interest of 21 31 from Feb. 12, to June
5, 1796, it bemg leap year, at 3% per cent. per annum ?
Ans. al. 6s. 6d. 3757559

SIMPLE
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. R

»

-SIMPLE INTEREST BY DECIMALS.

RULE.?

Maltiply continually the prineipal, ratio and time, and
it will give the interest required.

Ratio is the simple interest of 1l. for 1 year, at the rate
per cent. agreed on ; thus the ratio

(3 per cent. is *03. '
3z "035-
4 *04.
at < 4% *045- .
5 *os. ‘
53 "0535-
;6 *00.

EXAMPLES,

**The following theorems will shew all the possible cases of
simple interest, where p = principal, # = time, r = ratio, and’
€ = amount.

I ptrg-p=a I, 2=,

- s 4
2= “—r_
I.ll. m.}. ) IV. » =7
Z .
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' EXAMPLES.

[ 4

"~ 1. What i the intetest of 945L 30s. for 3 years, at g
per cent. per annum ?

945°s

‘0§

47715 :
3 A —
141825 . .
20
r—— ]
16°500
12

, 6°000 ~ Ans. 141k 163. 6d.

2. What is the interest of 796l 15s. for g years, at 4
per cent. per annum ?
Ans. 179l §s. 43d.

3 What is the interest of 5371 15s. from November
11, 1764, to- June 5, 1765, at 3§ per cent. ?
: Ans. 11l zd.

v e e

COMMISSION.

CoMMIsSION i8 an allowance of so much per cent. to a
factor or correspondent abroad, for buymg and selling -
goods for his employer.’

" EXAMPLES.
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EXAMPLES.

.
A Y

R What comes the commission of gool. 13s. 6d. to at-
+ per cent. ?

N

gool. 13s. 6d

o 17°52 7 3

1047
12

5°67 - )
4

¢ 268 Ans. 171 10s. 53d.

2. My correspondent writes me word, that he has bdught
.goods on my account to the value of 754l. 16s. What
does his commission come to at 2% per cent. ? :

- Ans. 18l 17s. 45d.

3. What must I allow my correspondent for disbursing
on my account 529l 18s. §d. at 2 per cent. ?

Ans. 11l 18s. 53d.~

-

BROKERAGE.

BROKERAGE is an allowance of so much per cent. toa
person, called a Broker, for assisting merchants or factors
in procuring or ‘disposing of goods.

EXAMPLES.
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EXAMPLES.
1. What is the brokerage of 610l. at §s. or 5 per cent."?

55 is -{- 610l

152 1o
20

10°50 _
12 . .

- 600 Ans. 1l. 108. 6d.
o ' ’
2. If Tallow my broker 3% per cent. what may he de-
g)ai)d, when he sells goods to the value of 876l gs. 10d. }

. . Ang. 32l 175, 274d,

3. What is the brokerage of 879l 185, at £ per cent. !
.  Ans. 3L ss. 1134,

»

INSURANCE, .

TNgURANCE is 2 premium of so much per cent. given to
certain persons and offices for a security 6f making godd
the loss of ships, houses, merchandize, &c. which may
happen from storms, fire, &c.

EXAMPLES.
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EXAMPLES.
1. What is the insurance of 874l 13s. 6d. at lg-pet
eent. ? 4

874l 13s. 6d.
12

o496 2
874 13
437 6

UV BT T~ N »}

11808 2
20

162
12

. oTaT
4

L ’

1'88 ’ Ans. 118l 18, 73d-

2. What is the insurance of gool. at 10§ per cent. ?

Ans 96l 15s.
3 ‘What is the insurance of 1200l at 7§ per cent. ?
' Ans. 91l. 108
, ‘ ¢
‘ 3w ) /
DISCOUNT. '#' :

DiscounT is an allowance made for the payiment of any
sum of money before it becomes due ; and is the differ-
ence between that sum due some time hence, and its pres-
ent wotth. .

The .
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The present worth of any sum, or debt, due some time
hence is such a sum, as, if put to interest,, would in that
time and at the rate per cent. for which the discount is to
be made, amount to the sum or debt then due.

RULE.™*

1. As the amount of 100l for the given rate and time
is to 100l so is the given sum or _debt to the present
worth.

2. Subtract the present worth from the given sum, and
the remainder is the discount required.
Or,

As the amount of 100l. for the given rate and time is
to the interest of 100l. for that time, so is the given sum
- or debt to the discount required. .

- EXAMPLES.

* That an allodgnce ought to be made for paying money be-
fore it becomes due, which is supposed to bear no interest till af-
ter it is due, is very reasonable ; for, if I keep the money in my
own hands till the debt becomes due, it is plain I may make an -
advantage of it by putting it out to interest for that time ;" but if I
pay it béfore it is due, it is giving that benefit to another ; there-’

wg, have only to enquire what discount ought to -be allowed.
sAnd hergf some debtors will be ready to say, that since by not
i' the money till it becomes due, they may employ it at in-
esty Mherefore by paying it before due, they shall lose that inter-
ests and fof that reason all such interest ought to be discoant-
ed *but that is false, for they cannot be said to lose that interest
till the time the’ debt becomes due arjives ; whereas we are to
consider what would properly be lost at present, by paying the
debt before it becomes due ; and this ca, in point of equity or
o justice,

~
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EXAMPLES.
1 What is the discount of 573k 155, due 3 years hence,
+ per cent. ?
’ 41. 108.
3
13 10
100

—_— 1L s L s

113 ‘10 3 13 10 :: §73 I§5
20 20 20

2270 ° 270 11475
270
803250
22950 :
_(2,0) >

227t°)3°9825»° (L1364 '

1472 68 4

. 110§
' 197
_ _ 12

227)2364(10
“ 94
4
. — ~

S .376(x
- Ans. 68l 4s. 103d. 149

2. What

. justice, be no other than such a sum, as, being put out to interest
till the debt becomes due, would amount to the interest of the
debt for the same time.—It is beside plain, that the advantage
arising from discharging a debt, due some time hence, by a pres-

ent
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1
z

2.. What is the present worth of 1 sol. payable in 3
of a year, discount being at 5 per cent. 2

Ans. 1481 28, u—d.«

Y

_ 3. Bought a quantity of goods for 150l. ready money,
and sold them again for 200l. payable at 3 of a year
hence 5 what was the gain in ready money, supposmg dis~
count to be made at § per cent. ?

Ans. 42l. 155. 5d.

4. What is the present worth of 120l péyable as fol-
lows, viz. gol. at 3 months, 5ok at 5 months, and the rest
at 8 months, discount being at 6 per cent. ?

Ans. 117k gs. 57d.

- DISCOUNT

.

“© X3

ent paynit, according to the principles we have mentioned, is
exactly the same as employing the whole sum at interest till the
‘time the debt becomes due arrives ; for if the discount allowed
for present payment be put out to interest for that time, .its amouns
will be the'same as the interest of the whole debt for the same
time : thus, the discount of 10§l. due one year hence, reckoning
interest at 5 per cent. will be 5. and sl. put out to interest at §
per cent. for one year, will amount to sl. 5s. which is exactly
equal to the interast of 105l for one year at 5 per cent.

The truth of the rule for working is evident from the nature of
simple interest : for since the debt may be considered as the
amount, of some principal (called here the present worth)
certain rate per cent. and for the given time, that amount must be
in the same proportion, either to its principal or interest, as the
amount of any other sum, at the same rate, and for the same time,
is o its principal or interest.

-

1 “"A
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DISCOUNT BY DECIMALS.

RULE.®

As the amount of 1l. for the given time is.to 1l. so is
* the interest of the debt for the said time to the discount
sequired. '
. Subtract the discount from the principal, and the re-
mainder will be the present worth.

-

EXAMPLES.

1. What is the discount of 573l t §s. due 3 years
hence, at 4% per cent. per annum ?
"045

* Y.et m represent any debt, and n the time of payment ; then
will the following tables exhibit all the variety, that can happen
with respect to present worth and discount. '

‘OF THE PreEsiny Wortn oF MONEY PAID BEFORE IT IS DUE
AT SiMpPLE INTEREST.

The present worth of any sum m.

Rate per cent.| For s years. | n months. n days.
'+ per cent. 1o0m " 1200m 36500m
ar4100 nr4 1200 ar<4-36500
3 per cent. 100m j00m 36500m
3n+4 100 n+-400 3n4 36500
4 per cent. 25m 3oom NUALL L
n4-25 " nt300 n4-9125
§ per cent. zom 240m _1soom |

n+4-20 n+4240 n4-7300,

ﬁ A . Or
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045X 34-1==1'135= amount of 1l. for the ghven time.
© And §73°75X°045X3=77°45625 == interest- of the
debt for the given time. ,
1135 1 1 i 77°45625
1-135)77°45625(68-243
6810

9080 ,
2762 )
2270
4540
3850
. 3405
68:243 =68l 4s. 10}d. Ans. . 445 -
2. What
OF Discounts TO BE ALLOWED FOR PAYING oF MoONEY
BEFORE IT FALLS DUE AT SiMPLE INTEREST.
The discount of any sum m.
Rate per cent.| For n years. n months. n days.
r per cent. mar mnr mar__
nr4 100 ar+4- 1200 nr+4-36500
3percent. | —~37% b 3mn __
3n<4-100 n4- 400 3n4-36500
4 per cent. — i i
n425 n4-300 n49i125
§ per cent. L e =
n+20 n4-240 n4-7300

N
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2. What is the discount of 725l. 16s. for 5 months, at
3% per cent. per annum ? Ans. 11l. x0s. 3%d.

3. What ready money will discharge a debt of 13771
13s. 4d. due 2 years, 3 quarters‘and 25 daye hence, dis-

counting at 43 per cent. per annum ?
Ans. 1226l 8s. 81d.

. EQUATION OF PAYMENTS.

EquaTion oF PayMENTs is the finding a time to pay at
once several debts, due at different times, so that no loss
shall be sustained by cither party.

RULE.*

Mulnply each payment by the time, at which it is due ;
then divide the sum of the products by the sum of the
payments; and the quotient will be the time required.

EXAMPLES,

“* 'This rule is founded upon a supposition, that the sum of the
interests of the scveral debts, which are payable before the equated
time, from their terms to that time, ought to be equal to the sum
of the interests of the debts payable after the equated time, from
that time to their terms. Among others, that_defend this prin-
ciple, Mr. Cocker endeavours to prove it to be right by this ar-
gument : that what is gained by keeping some of the debts after
they are due, is lost by paying others before they are due : but
this cannot be the case ; for though by keeping a debt unpaid af-
ter it is due there is gained the interest of it for that time," yet by
paying a debt before it is due the payer does not lose the interest
for that time, but the discount only, which is less than the mter.

est, and therefore the rule is not true.
Although
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EXAMPLES.

. A owes B 190l. to be paid as follows, viz. gol. in @
months, 6ol. in 7 months, and 8ol in 10 months 3 what
is the equated time to pay the whole ? ‘

§oX 6=300
60X 7=420
8oX10=800
50+6o+80_ 190)1520(8
1520 Ans. 8 months.

2 A

Alipough this rule be not accurately true, yet in most questions,
that occur in business, the error is so. tnﬂmg, that it will bg mucl;
used.

" That the rule is universally agrecable to the supposmon may.
o. thus demonstrated.

{ d = first debt payable, a.nd the ‘dxstance o£ its term of
| . payment 2 _ -
Lct{ D = last debt payable, and the distance of its term T.
x = distance of the equated time.
r = rate of interest of 1l. for one year.

The distance of the time ¢ and x

Then, since x lies be- Cis = x—t.
tween. 7 and ¢ The distance of the tlme T and 5
' o is= T—x.

Now the interesﬁ of d for thc time x—? is x—:xdr s and the

mterest of D for the time T—x is :T—-xxDr ; therefore x—t
i
xdr_T——xxDr by the supposition ; and from this equauon

DT+&
% is found.. DA4d. . whnch is the rule. And the tame mighy

be shewn of any number of payments. .

" The true rule is given in equation of payments by decimals,
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2. A owes B 52l 7s. 6d. to be paid in 4% months, Sol.
10s. to be paid in 35 months, and 76l. 2s. 6d. to be paid
in § months ; what is the equated time to pay the whole 2
Ans. 4 months, 8 days.

3. A owes B 240l. to be paid in 6 months, but in one
month and a Lalf pays him 6¢l. and in 4% months after
that 8ol. more ; how much lenger than 6 months should
8 in equity defer the rest ? Ans. 3% monthe

v1o

4. A debt is to be paid as follows, viz. % at 2 months,
¥ at.3 months, 2 at 4 months, 3 at 5§ months, and the rest
at 7 months 3 what is the equated time to pay the whole ?

~ Ans. 4 months and 18 days.

‘e

EQUATION OF PAYMENTS BY DECIMALS.

Two debts being due at different times, to find the equated
hme to pay the whole.

RULE*

1. To the sum of both pa yments add the continual
product of the first 1 payment, the rate, or intcrest cf 1l. for
bne year, and the time bctween the payments, and call this
the ﬁrst number.

2. Multiply

" * No rule in arithmetic has been the occasion of so many dis-
putes, as that of Equation of Paymcais. Almost every writer
upon this subject has endcavoured to shew the fallacy of the meth-
ods made use of by other authors, and to substitute a new one in
their stead.” But the only true rule seems to be that of Mr.
MarcoLm, or one similar to it in its essential principles, de-
rived from the consideraticn of interest and discount.

The
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2. Multiply twice the first payment ‘by the rate, and call
this the second number.

3. Divide

The rule, given above, is the same as Mr. MavLcoLn’s, except
¢that it is not encumbered with the time before any payment is
due, that being no necessary part of the operation.

® DemonsTrATION OF THE RuLe. Suppose a sum of money
6 be due immediately, and another sum at the expiration of a
«certain given time forward, and it is proposed to find a time to
pay the whole at once, so that neither party shall sustain loss.

Now, it is plain, that the equated time must fall between those
of the two payments ; and that what is got by keeping the firse
debt aftet it is due, should be equal to what is lost by paying the
second debt before it is due.

But the gain, arising from the keeping of a sum of money after
it is due, is evidently equal to the interest of the debt for that
time.

And the loss, which is sustained by the paying of a sum of
money before it is due, is evidently equal to the discount of the
debt for that tims. ' ,

Thercfore, it is obvious, that the debtor must retain the sum
immediately due, or the first payment, till its interest shall be
equal to. the discount of the second sum for the time it is paid be-
fore due 3 because, in that case, the gain and loss will be equal,
and consequently neither party can be the loser. )

Now, to find such a time, let @ = first payment, 4 = second,
and 7 = time between the payments ; r = rate, or interest of 1l
for one year, and » = equated time after the first payment.

Then arx = interest of a for x-time,

"
and btr—brs = discount of & for the time r—x,
14-tr—rx

But
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3. Divide the first number by the second, and call the
quotient the third number.

4. Call
_ btr—brx . . .
But arx = Py — by the question, frem which equation x
: e H
is found = a+i+atr -+ a+b+atr, _k
ar ——. 2ar . ar

Let 2kotar be put equal to », and L. m
2ar ar

Then it is evident that m, or its equal ;-"lf is greater than
nt— m{%, and therefore # will have two affirmative values, the
- — i X
quantities n-}-n> —m|* and n—n*— m|" being both positive.
But only one of those values will answer the conditions of the
question ; and, in all cases of this problem, » will be = n —

a”-‘-—m]z.

B —— .
For suppose the contrary, and let x = n 4n*— m|”,

' —

[E— T
Then b—x=t—n—n"*— m]’:t—nlzl —n*—m

$ 5 5
t'—zm-l-n‘r%—-n’— m| =n®4t*— 2ml —n*—m|".

—— ——— 1 1 )
Now, since a4-b4atr -27=n, and # X — =m, we shall
r ar

have from the first of these equations ,#*—2fn= — bt=wat X .f.,
. ar

. N 2
. . —— ‘I 2 . I £

and consequently t—x = n*—bt—at X — | —n*—bX __l .

. ar ar

Bat
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4. Call the square of the third number the fourth num-
ber.

¢. Divide the product of the second payment, and time
between the payments, by the product of the first pay-
ment and the rate, and call the quotient the fifth number.

6. From the fourth numbes take the fifth, and call the
square root of the difference the sixth number. |

7. Then the differénce of the third and sixth numbers
is the equated timey after the first payment is due.

EXAMPLES.

1. There is 1ool payable one year herice, and 103l
p1yable 3 years hence ; what is the equated time, allow-
ing simple interest at 5 per cent. per annum ?

100
x —_— _t:
‘z 2
. But n*—& x| isevidently greater thin n *h—at L
ar | ar|

\
‘

. )
and therefore n*— bt X ._'.r—'n’—bt—-atx_l_" » Or ity equak
ar ar

t—=x, must be 2 negative quantity ; and consequently x will be
greater tham 4, that is, the equated time will fall beyond the sec-

ond payment, which is absurd. The value of x, therefore; ‘can-
.‘. )

not be =

a+b+atr+a+b+air| bt

—| , but must in all cases
2ar . 2ar ar

X
2

be _atbyatr_a -{-b+atr'| ; ot

s which 1s the same as
2ar 2ar ar :

the rule.

From this it appears, that the double sigh made use of by Mr.
Mavrcorm, and every author since, who has given his method,
cannot obtain, and that therc is’no ambiguity in the problem.

Tn like manner it might be shewn, that the dircctions, usually

gwen for finding the equated time when there are more than two
pay'nentf‘
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100 100
‘0§’ 2
— o
500 200 E
2 CT A :
———— —— .
1000 10°00==2d number.
100’ -
105 . '

Io)zx5=}ét number.
21°5=3d number.
21°§

| 1075

21§

430 !

462°25= 4th number. 108
2

. Ist payment X rate =5)210

Sne—

A2=5th number.

« 462°2% ©o2ry
42 (205 = 6th number.
... = equated time from the first
420°25(20°§ * payment, and .. 2 years
4 : = whole equated time.
405)2025
2025

——— s

2. Suppose

payments, will not agree with the hypothesis, but this may be easily

seen by working an example at large, and examining the truth of -
the conclusion. The

Be.  ,,
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2. Suppose gool. are to be paid at the end of 2 years,
and 2100l. at the'end of 8 years; what is the equated
time for one payment, reckoning 5 per cent. simple inter-
est ! » ‘Ans. 7 years.

3. Suppose 300l are to be paid at one year’s end, and
300l. more at the end of 1y year ; it is required to find
the timie to pay it at-one payment, § per cent. simple
interest being allowed. Ans. 1248637 year.

COMPOUND INTEREST.

Compounp INTEREST is that, which arises from the
principal and interest taken together, as it becomes due, at
the end of each stated time of payment.

RULE.*

1. Find the amount of the given principal, for the time
of the first payment by simple interest.
- 2. Consider

The equated time for "any number of payments may be readily
found when the question is proposed in nurbers, but it would not
be easy to give algebraic theorems for those cases,.on account of
the variation of the debts and times, and the difficulty of finding
between which of the payments the equated time would happen.

Supposing r to be the amount of 1l. for one year, and the oth-

log.ar'+6
er letters as before, then t-—-__:—_ will be.a general ‘theorem
. lg. r . :
- for the equated time of any two payments, reckoning compound
interest, and is found in the same manner as‘the former.

* The reason of this rule is evident from. the definition, and
the principles of simple interest.
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2. Consider this amount as the prinipal for the second
payment, whose amount calculate as béfore, and so on
through all the payments to the last, still accounting the:
last amount as the principal for the next payment.

.
.

! EXAMPLES.

. What is the amount of 320l 10s. for 4 years,. at g
pcr cent. per annthm, compound interest ?

+=)320l. 10s. Ist year’s prmcnpal. ’ﬁ‘ .
16 o 6d. 1st year's interest.

+5)336 10 6 2d year’s principal.
16 16 6%  2d year’s interest.

35)353 7 of  3dyears pnncxpal
17 13 4 3d year’s interest.

+5)371 o 4%  4thyear’s principal.
18 11 o 4th year’s interest.

389 11 47 whole amount, or the answer re-
quired. . : :

. . What is the compound interest of 7601 108. forbom

4 years at 4 per cent.
Ans. 129l 35. 63d.

3. What is the compound interest of grol. forborn for
27 years, at 43 per cent. per annum ; the interest payable
half-yearly ¢

Ans. 48L gs. 114d.

4 Find the several amounts of 5ol. payable yearly,'
half-yearly and quarterly, being forborn g years, at g per -
cent. per annum, compound interest.

Ans. 631 -16s. 37d.. 64l. and 64l 15. 97d.

+  COMPOUND

.



;

o] | K AR,ITHMB TiC / (///

COVIPOUND INTEREST BY DECIMALS.

! RULE*

PR
7ot

. Find ;hc .mount of 1l for one year at the given ratc
Y 8
p“r cent. » .
2. Involve

¥ Djmons'ru'non. Let r = amount of 1l. for one year,
aid f principal or given sum ; then since r is the amount of
1l.*for one year, r* will be its amount for two years, r? for 3
years, and so on ; for, when the rate and time are the same, all
principal sums are necessarily as their amounts ; and consequently
as r is the principal for the second year, it willbeas 1 : »:: ¢
: r*= amount for the second year, or principal for the third ; and
again, as I : r :: #* ; r3= amount for the third 'year, or prin-
cipal for the fourth, and so on to any number of years. And if
the number of years be denoted by #, the amount of 1l. for ¢
years will be 7. Hence it will appear, that the amount of any
other principal sum p for ¢ years is priyforas’y s stz p o prhy
the same as in the rule. ¢ .

If the rate of interest be determined to any other time than a
year, as 3, 3, &c. the rule is the same, and then ¢ will represent
that stated time.

°( r = amount of 1l. for one year, dt the givcn rate
per cent. ’

Let = ?rincipal,‘ or sum put out to intcrest,

i = interest.
¢ = time,
L m = amount for the time #

Then the following theorems will exhnblt the solxmons of all
c‘xc cases m compound interest,

. L pri=m. - IL pri—p=i.
—t

nL = =, w. Dl =n
r 2

- - . A The
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"2 Involve the amount thus found to such a POWET, as 13
denoted by the number of- yeurs.

3. Multiply this power by the ,_Aprincip'al, or given sum,
and the product will be the amount required.
o ’ 4. Subtract

.

. The most convenicnt way of giving the theorem for the time,
as well as for all the other cases, will be by lagarithms, as follows :
[ ]

L. txXlog. r4-log. p=log.m. IL. log. m—t X log. r=log. p.

IIL 14?_21.0’_'.1”3’ - v, lem—hg b . r.
g r . ¢

If the compound interest, or amount of any sum, be required
for the parts of a year, it may be detcrmined as follows :

1. When the time is any aliquot part of a year.

RULE.

1. Find the amount of 1l. for one year, as be:fore, and that
root of it, which is denoted by the ahquot part, will be the
amount sought, ° -

2. Multiply the amount thus found by the principal, and it will

be the amount of the given sum required.

II. When the time is not an cliquot part of a jsear.

RULE.
1. Reduce the time into days, and the 3Gs5th root of the
amount of 1l. for one year is the amount for one day.

« 2. Raise this amount to that power, whese index is equal to
the number of days, and it will be the amount of 1l for the giv-
en time.

3. Multiply this amount by the principal, and it will be the
amount of the given sum required.

To avoid extracting very high roots, the same may be done.by
logarithms thus : divide the logarithm of the rate, or amount of
1l. for one year, by the denominator of the given aliquot part,

and the quotient will be the logarithm of the root songht.
N 1
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4. Subtract the pnncxpal from the amount, and the re-
" mainder will be the interest. '

JEXAMPLES.

‘1. What is the compound interest of gool. for 4 years,
at § per cent. per annum ?

1'05 = amount of 1l. for one year at §
1'0§ per cent.

525
1050°

1’1025
11025
55125

22050
110250
11025

1'21550625 = 4th power of 1°03.
500== principal.

607'75312500= amount
§00

107753125 = 107l 1§s. ofd. = interest required.

2. What is the amount of 760l 10s. for 4'years, at 4
per cent. ? - ‘ ~ Ans. 889l. 135, 61d.

3. What is the amount of 7211. for 21 years, at 4 per
cent. per annum ? Ans. 1642l 19s. rod.

- 4. What is the amount of 2171 forborn 2% years, at 5 -
per cent. per annum, supposing the interest payable quar-
terly ? ) Ans. 242l 13s. 47d.

ANNUITIES.
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ANNUITIES.

AN ANNUITY.is 2 sum of money payable every year, for
a certain number of years, or for ever. .

When the debtor keeps the annuity in his own hands,
beyond the time of payment, it is said to be in arrears.

The sum of all the annuities for the time they have
been forborn, togethér thh the interest due upon each, is
called the amount.

If an annuity be to be bought off, or paid all at once,
at the bcgmnmg of the first year, the price, whlch ought
to bc given for ity is called the present worth.

To find the Amount of an Annuity at Simple Interest.
RULE.*

1. Find the sum of the natural series of numbers 1, 2,
3, &c. to the number of years less one.
X 2. Multiply-

* DsmonsTRATION. Whatever the time is, there is due up-
on the first year’s annuity, as many years’ interest as the whole
_ number of years less one ; and gradually one less upon every suc-
ceeding year to the last but one ; upon which there is due only
one year’s interest, and none upon the last ; therefore in the
-whole there is due as many years’ interest of the annuity, as the
sum of the series I, 2, 3, 4, &c. to the number of years less
one. Consequently one year’s interest, multiplied by this sum,
must be the whole interest due ; to which if all the annuities be
added, the sumis plainly the amount. Q. E. D. .

Let r be the ratio, n the annuity, ¢ the time, and 4 the amount. .

Then will the followma theorems give the solutions of all the
different cases.

t*ra—irn 2a—21n
1. +tn=a, - Il ———=r.

t*n~—itn

1L
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2. Mumply this sum by one year’s intcrest of the an-
nuity, and the product w 111 be tﬂuwhole‘mtercs* due upon
the annuity,

3. To this product add the product of thie annuity and
time, and the sum will be the amount sought.

Nore. Whei the annuity is to be paid half-yearly or
quarteriy 3 then take, in the former case, 4 the ratio, haif
. the annuity, and twice tbe mumber of years 3 and, in the
latter cage, the ratio, 3 the annuity, and 4 times the

number of years, and proceed as before.

.
. EXAMPLES. -

1. What is the amount of an annuity of gol. for 7’
_years, allowing simple interest at § per cent. ?

14243+4+5+6=21=3X7
2l. 10s. = 1 year’s interest of gol.
- 3 ,
7 10
-7
52 10 -

350 o =gol X 7

402l. 10s. = amount required.

2. If
- X
L 28— ° Iv. 28,94,
trr—trt2t rn 4}

In the fast theorem d=>22—""" , and in theorem firgt, if 2 sum’
rn

cannot be found equal to the amonnt, the problem is impossible in
whole years.

Nore. Some writers look upon this method of finding the
amount of an annuity as a species of compound interest ; the annui- -
ty itself, they say, being properly the simple interest, and the cap-
ital, whence it arises, the principal.

~
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2. If a pension of 6ocl. per annum be forborn § years,
what will it amount to, allowing 4 per cenf. simple in-
terest 2 . - - Ans. 3240l

. What wxll an annuxty of 2 50]. amount to in 7 years,
to be paid by half-yearly payments, at 6 per'cent. per an-
num, slmple interest ¢ - - ..+ -Ans. 2091l gs

Tb yfhd the premst Worth of an Afmmt_y & Szmple Interm‘.

o RULE®

Find the present worth of each year by itself, discount-
tig from the time it becomes due, and the sum of all

these will be the present worth réquired:
' EXAMPLES.

. % The reason of this rule is manifest from the nature of discounty
for all the annuities may be considered separately, as so many sin~
gle and independent ' debts, due after 1, 2, 3, &c. years ; so that
the present worth of each being found, their sum must be the
present worth of the whole.

The esnmauon, however, of annumes at simple interest is high-
ly unreasonable and absurd. One instance only will be sufficient -
to shew the truth of this astertion. The price of an annuity of
sol. to continue 40 years, dxscountmg at § per cent. ¥ill, by ei-
ther of the rtes, : amount to a ‘sum, of which one- year’s interest
only exceeds the annuitys - Would it ‘not* t‘:erefore be Blgh]y i~
diculous to give, for an annuity to continue only 40 years, a sum,
which would yield a greater yearly interest for ever ?

It is most equitable to allow compound interest.

Let $ = present worth, and the other lctters as before.

‘I. 1 -

[ —
I nX l+r l+2"+l+3r’& . t0 ‘—-.i:;-=2
Then
] Narsrara
L ) l+r 142r 1+3r’ e Y-\-ir” ,_"‘;:H-"'.

“The?
Ce
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EXAMPLES.

1

I What is the present worth of an annunty of xool to

106 : Y00 1t 100 : 94° 3396: preient,worthfor 1 years

I12 : 100 :: 100 : 892857 = 2d year.
118 : 100 :: 100 : 84'7457 = - 3d year.,
124 : 100 :: ‘100 : 8076451 = 4th year.
130 @ 100 :: 100 : 76‘9230: sth year.

425 ‘9391 = 4:5]. 18s. ';d., = presént .
worth of the annuity required.

2. What isthe present worth of an -annuity or pension
of gool. to continue 4 years, at 5 per cent. per anmumy, .
simple interest ?

Ans. 17821, §s. 7ds

 To find the Amount of an Annuity at Compound Interest.

‘ RULE.*
' . :

1. Make 1 the first term of a geom‘etrical» ptogressiort,

and the-amount.of .1l .for one year, at the given rate per

cent. the ratio.

2. Caxjry

The other two theorems for the time and rate cannot be given
in general terms. - -

* DemonsTrATION, It is plain, that upon the first year’s an-
nuity, there will be due as many years’ compound interest, as the

given number of years less one, and gradually one year’s interest
. - fess
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+ 2. Carry the series to as many terms as the number of * P
ycars, and find its sum. '

i Multlply the sum’ thus found by the given annutty,
and the product Will be the amount sought.

Tl -~ . EXAMPLES.

less upon e&ery succeeding year to that preceding the last, which
has but one year’s interest, and the last bears no interest.

Letr, therefore, = rate, or amount of 11. for 1 year; then the sefies ,
$ of amounts of 11 annuity, for several years, from the first to the last,
is1,r, r*, r3, &c. to #~% Andthe sum of this, according to

, = amount of

the rule in geometrical progression, will be

r—1

sk aongity for # years. And all annities are proportional to

oL PP s o P
their amounts, therefore 1 : =—— ::; a2 : X n=
r—1I - r—1 .

amount of any ngen anmuty n. Q. E.D.

. Let » = rate, or amount of 1l. for one year, and the other

letters as before, then = x»:a, and Tﬁ:n.

r—1 ] —1 )

And from these cquations all the cases relating to annuities, or*
|
pensions in arrears, may be conveniently exhibited in Ioganthmxc
tgrms, thus 2

i l’.bg.~n+Log. #'—¥ —Log. r—) =Log. a.
IL. Log. a—Log. l"—l +Log r—1=Log.n.

Log. ar-—a+n——Log n
HL ‘
Log. r. -

=t IV. =242 1=
. n n
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EXAMPLES. .

1. What is the amount of an, annuxty of 401 tp conq
tinue § years, allowmg 5 per cent. compound 1ﬁtcrest 2

1+x'95+x-o5| +1'05| +x'o5|= 5'52563125
552563125 |

40 _ -
251 oz,zg ' e
25 B RS P

——a

~0'5053
[FS 12 ..

e .. 06 .
PR . B “AhS; 221‘1‘-‘6ch

.

o -

Ca If sol. yéarly rent, -or annuity,” be forborn 7 years,
what will it amount to, at 4 per cent. per annum, com-
pound intergst !\ * ¢ ’ e Ans. 303k

N .
Lo S R e
To find the present Value of Afmwtm at Camp\mnd Tnterest.,
N : . ’ o A . .t '

RULE.*.

1. Dmdc the annuxty by the ratio, or thc amount of
1l. for ape year, and the quottcnt w:ll be the prﬁsent
_ worth of 1 year’s ;mmuty
' . I X Divide

¥ s
B o

* The reasan ‘of this rule s evident from’ the myture of the
question, and what was said upon the same subject in the purchass
ing of annuities at simple. i interest.

Let p = present worth of thc annu!ty, and the other letters as

bekore, then as the amount = —'l'x n, and as the present worth

’

. 9y
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2. Divide the annuitf'i;}"the square of the ratio, and
the fuotient will ‘be. the present wort.h of : the annuity for
two.years..; . : ¢ - v S . BTN

3. Find, in like manner, the present worth of “each year
by 1tsclf, and the sum of all. these will be the value of the
annuity sought

7..,cre

ee : I EXAMPLES:

L~

na

srol ot Lol 3
or pnncnpal of this, accordmg to the prmcxples of compound in-
terest; ‘is'thie amount divided by r; therefore

-1 rt +l
~ xr‘_‘_l_ =p, andpx — =n.
wAnd from these theorems all the cases, where the purchase of:

annuities is concerned, may be exhibited in logarithmic terms, as
follows :

- ’j . I.h'L.og. n:l-;'Log.. 1— %- 4-Zag'. r—lﬁLog. ?-
11. Log.p4Log. r—1—Log. I.—’; =Log. n.
/ .

11, Lez: f'—lfjg r"-H’-/” =t IV. r1— ;+xxrt+-——°

Let # express the number of half years or quarters, n the half
year’s or quarter’s payment, and r the sum of one pound and % or
L year’s interest, then all the preceding rules are applicable to
half-yearly and quarterly payments, the same as to whole years.

The amouul of an annuity may also be found for years and part: of
) a year, thus :
1. Find the amount for the whole years as before
2. Find the interest of that amount for the given' parts of a
year. : :
3. Add this interest to the former account, and it will give the
whole amount required. ’

“Tha
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EXAMPLES.

1. 'What is the present worth of an annmty of 401 te
continue § years, discounting at § per cent per znnum,
compound interest ? .

fatio = 1'0 5)40'60'0'0‘6( 3 8'59 5 =present worth for 1 year,

ratio| == - 1'1025)40°00000(36°281= do.” for é.yca-rs.
ratxof_ 1 5752 5)40 ooooo(34 §56= ‘do. for 3 years.

rauo! =121§ 506)40 ooooo(gz‘Bpg-.  do. for 4 years.!

ratio] = t'27,63x8)4o‘oéooo( 31'342= _ do." for g years.
. L

3173 = 173k 3o sid =
whole prcscnt worth of the apnuity required.

2. What is the present worth of an annuity. of 21l
108. 9Ld. to continue 7 years, at 6 per cent. per annum,
¢ompound interest ?

‘ - Ans, .12ql. §s.

3. What is 70l. per annum, to contmue 59 years, worth
in present money, at the rate of 5 per cent. per’ annum ? El

Ans. 1321°3021L

The pr'e:ér‘u‘ worth of an annuity for yearsand parts of a year may
be found, thus :
1. Find the present worth for the whole years as before.

2. Find the present worth of this present worth, discounting

for the given parts of a year, and it will be the whole present

worth required.
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o find the present Worth of a Frechald Eistate, or an Annuis
. #y.70 continue for ever, at Compound Interest.

RULE.*

As the rate per cent. is to 100l s0 ig the yearly rent td

the value required.
. EXAMPLES:

-

* The reason of this rule is obvious : for since a year’s interest
of the price, whichis given for it, is the annuity, there can neither
more nor less be made of that price than of the annuity, whether
it be employed at simple or compo;nd interest.

The same thing may be shewn thus : the present worth of an
annuity to continue forever is 2.4 Bt St &e. ad infinitum,
r r r r

4s has been shewn before ; but the sum of this series, by the rules

L

of geometrical progression, is —2— ; therefore r—x 1 22 % 4
r—1 ‘

'_" » which is the rule.

—1

The following theorems shew all the varieties of this rufe.
1. % = IL r—1 xp=n. IIL Z f1=r, 0r LA—y
=+ p

l'-—l )
The price of a frechold estatt, of annuity to continae for ever,

at le I
simple interest, would be cxpressed by ......+ + — e

1 ] . ‘
&c.. ad infaitam ; but the @ of thi ‘se-
",-1+3r+1,+4r’ c..a a_zﬁmam, sum o s
ries is infimite, or greater than any assignable number, 'wlnch
sufficiently “shews -the -absurdity of using simple intevestiin these

Cages,
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,  DXAMPLES.
An estate brmgs in yearly ol 4s: what Would it sell

for, allowmg the purchascr 43 per cent. compound interest
for his money ?

4§ : 100 :: 79°2 3
e o o LT 160 - B

4'5)7920"0( 1760l the answer.
S , 45

-~ l B . K 34"
315

‘270

270

e

« 2. 'What is the price of a pérpetual annuity of 4ol dis~

counting at § per cent. compound interest 2 Ans. 8ool.
3. What is a frechold estate of 75l a year worth, of-

lowing the buyer 6 per cent. compoand interest for his
money ? Ans. 1250l

Do find the present Worth of an Annuity, or Freehold Estite,
. in Reversion, at Compound Interest.

..

RULE*

1. Find the present worth of the annuity, as if it were
to be entered on immediately. : _
) 2. Find

* This rule is sufficiently evident without a demonstration.

Those, who wish to be acquainted with the mannet of comput-

ing the values of annuities upon lives, may consult -the writings of

,* Mr. Demoivre, Mr. Simeson, and Dr. Price, all of whom
have handled this subject in a very skilful and masterly manner.

) Dr.

N
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2. Find the present worth of the 'last present worth, ¢
discounting for the time between the purchase and com-
mencement of the annuity, and it will be the answer re-
quired.

ExA}\dPLEs;

1. The reversion of a frechold estate of 79l. 4s. per ari-
num, to commence 7 years hence, is to be sold ; what is
it worth in ready money, allowing the purchaser 43 per
tent. for his money ?

45 : 100 f: 79°2
’ too

4'5)7920'0( 160 = pesent worth,
45 if entered on imd
—_— mediately.
342
315
270
278"

]

S

o .
and 1° 045, =1 360862)1760’000(!293'297 = 1293l g0
112d. = present worth of 1760l. for 7 years, or the whole
prescut worth required: i .

2. Which is most advantageous, a term of 15 years In
an estate of 100l. per annum, or the reversion of such an
estate forever, after the expiration of the said 15 years,

computing

¢

Dr. Prics’s Treatise upon Annuities and Réversionary Pay-
ments is an excellent performance, and will be found a very val-

“uable acqmsmon to those, whose inclintions lead them to studies
of this nature.

Do
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computing at the raté of 5 per cent. per annum, compound

interest ?
Ans. The first term of 15 years js better than the re.

version for ever afterward, by 75l. 18s. 75d.

3. Suppose I would add § years to a running lease of
.15 years to eome, the improved rent being 186l. 7s. 6d.
per annum 3 what ought I to pay down for this favour,
.dxscountmg at 4 per cent. per angum, compound interest ?

Ans. 460l 14s. 13d.

* POSITION

PosrTioN is a method of performing such questions, as
cannot be resolved by the common direct rules, and is of
two kinds, called single and double.

" SINGLE POSITION.

Single Position teaches to resolve those questions, whosc
results are proportional to their suppositions.

RULE.*

.

1. Take any number and perform the same operations.
.with it, as are deseribed to be performed in the question.

2. Then say, as the result of the operation is to the po-
sition, so is the result in the question to the number re-

- quired.
EXAMPLES

* Such quesiions properly belong to this rule, as require the
_multiplication or division of the number sought by any proposed
number ; or when it is to be increased or diminished by itself, o

any parts. of itself, a certain proposed number of times. For in
' this
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. T e
EXAMPLES. .

. [y -
1. A’s age is double that of B, and B’s is triple that of

C, and the sum of all their ages is 140 : what is cach
person’s age ? . -

Suppose A’ age to be 6c,

Then will B's = %2 =30,

AndCs = ¥ = 10

» , 100 sym.’
. . . . 1 40x60 - - A?
As 100 : Go :: 140 : 122222 =84=A’ age.

Congequently % =42 Bs.
And ¥ = I4=C’s.

A 140 Proof. ,

2. A certain sum of mpney is to be divided between 4
persons, in such a manner, that the first shall have 3§ of it ;
' the second % ; the third J ; and the fousth the remainder,

which is 28l. : what ig thesum 2 - . Ans. 112]a
"3. A person, after spending 4 and % of his money, had
6ol. left : what had he at first ? Ans. 134]
4. 'What number is that,” which being increased by 4, I
and & of itself, the sum shall be125? - Ams. 6o,
A 5 A:

this case the reason of the rule is obyious ; it bemg then evndent,
that the results are propomona] td the supposmons

(ax ¢ x :: na : a

‘ | i ox 1 2. a. .
“Thus 4 *# : " :
. a .
l x +f.,&c. P ox T .f.+_.,8<c. : ayéesoon,
L n —m n——m -

. Nore. 1 may be made a constant supposition in all questions ;
and in mest cases it is better than any other number. * -

.

L

PO

.
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P} 1
5-o person bought a chaise, horsé and harness, for
gol. 5 the horse came’ to twice the price of the harness,
and the chaise to twice the price of the horse and harness :
what did he give fot each ?
Ans. 13L 6s. 8d..for the horse, 6L 13s. 4d for thc har-
ncss, and 401 for the chaise.

6. A vessel has threc cocks, A, B and C A can fill it
in 1 houry B in 2, and C in 3: in what time ‘will thcy all
fill it togethcr ‘ Ans. 5 hour.

DOUBLE POSITION.

Lo
.
+

Double Pmlxon teaches to resolve questxons by making
two supposmons of fals¢ numbers.

aULn'

1. Take any two eonvenient nwmbers, and proceed wah'
cach ‘according to thc condmons of the qucsnon. '

i 2. Find

4

* The rule is founded on this sypposition, -that the first errqp
x' to the second, as the difference between the true and first sup-
posed number is to the difference between the true and second
supposed number : when that is not the case, the exact answer to
the’ question cannot be found by this rule. * -

That the rule is true, accordmg to the supposmon, may be t.hus
demonstrated.

Let 4 and B be any twg numbers, produged from a and & by
similar operations ; it is required- to find the number, from which
N is produced by a like operation.

Put x = number required, and let N—d=r, and N—B=:.

. - Then, according to the supposition, on which the rule is foupd-
ggl, gl x—a x—-b whence, by muluplymg means and
cxtrcmes,
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2. Find how much the results are different from the re~
sult in the question,

3. Multiply each of the errors by _the contrary supposi-
tion, and find the sum and difference of the products.

4- If the errors be alike, divide the difference of the
products by the difference of thc crrors, and the quotient
* will be the answer.

§- If the errors be unlike, divide the sum of the prod-
ucts by the sum of the errors, and the quotient will be
the answer.

. .

Nore.. The errors are said to be alife, when they are
both too great or both too little ; and unlike, when one is .
too great and the other too little,

EXAMPLE&

1. A lady bought tabby at 4s. a yard and Persxan at-2s.
a yard; thc whol¢ number of yards she bought was 8, and
the whole price 20s. : how many yarde had she of cach
sort ?

Suppose

extremes, rx—rb=sx—sa ; and, by transposition, rx—sx=rb—sa ;
rb—sa

and, by division, x = = number sought.

r—s

Again, if r ands be both negative, we shall have —r : —s
it x—a : x—b, and therefore —rx4-rb=—sx4-sa ; and rx—

: rb—sa .
¢x=rb—sa ; whepcc x = 2 as before.
, r—s
' rb4esa
In like manner, if r or s be negatwe, we shali have x...-Ti—;,

by working as beforc, which is the rale.

Note. It will be often advaatageous to make 1 and o the
suppositiops.,
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. Suppose 4 yards of tal:;by, value 16s.
Then she must have 4 yards of Persian, value 8
re,
Sum of their values 24

So that the first crror is 4 4

Again, suppose she had 3 yards of tabby at 12s.
Then she must have § yards of Persian at 10

——

Sum of their values 22

So that the second erroris 4 2

~

Then 4=—2==2== difference of the errors. ‘
. Also 4X2=8= product of the first supposition and
second error. - ’

And 3X4=12== product of the second supposition by
- the first error. ' o
. And 12—8=4= their difference.

‘Whence 4 =+ 2=2== yards of tabby,
And 8—2=¢= yardz of Persian, y } the answer.

2. Two persons, A and B, have both the same income ;
A saves ¢ of his yearly ; but B, by spending sol. per ap-
num more than A, at the end of 4 years finds himself
100l. in debt : what is their income, and what do they
spend per annum ?

Ans. Their income is 125l per annum; A spends 100l
ard B 150l. per annum. ’

3. Two persons, A and B, lay out equal sums of money
in trade ; A gains #26l. and B loses 87l. and A’s money
is now double that of B : what did each lay out ¢

- Ans. 300l

4+ A labourer was hired for 40 days, upon this condi-
tion; that he should receive 20d. for every day he wrought,

and forfeit 10d. for every day he was idle ; now he receiv-
‘ ' ed
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cd at last 2l. 1s. 8d. : how- many days did he work and
how many was he idle ?

Ans. He wrought 30 days, and was idle 10.

§. A gettleman has two horses of considerable value,

and a saddle worth 5ol. ; now, if the saddle be put on the

back of the first horse, it will make his value double that

of the second ; but if it be put on the back of the sece

ond, it will ‘make his value triple that of the first : what-

is the value of each horse ?
Ans. One 30l. and the other 4ol.
6. There is a fish, whose head is 9 inches long, and his
tail is as long as his head and half as long as his body, and
his body is as long as his tail and his head : what is the
whole length of the fish ? Ans. 3 feet.

]

PERMUTATION anp COMBINATION.

THE Permutation of anﬂtitiu is the shewing how many
- different ways thé order or position of any given number
of things maj be changed.

This is also called Pariation, Alernation, or Changes ;
and the only thing to be regarded here is the order they
stand in ; for no two parcels are to have all their quanti-
ties placcd in the same situation.

The Combination of Quantities is the shewing how often

a less number of things can be taken out of 2 greater, and
combined togcther, without considering their places, or the
order they stand in.
This is sometimes called Election, or Choise ; and here
every parcel must be different from all the rest, and no two
are to have precxs:ﬂy the same quantities, or things.
~ The Compontwn of Quantities is the taking a given num-

ber of quamxms out of as many equal rows of diffcrent:

quantities,

—
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quantities, one out of each row, and combining them to<
gether.

Here no regard is had to their places 5 and it differs
from combination ouly, as that admits of but one row, or
sety of thmgs.

Combmatrmr.of the same farm are those, in which there
is the same numbeér of quantities, and the same repeti-
tions : thus, abccy bbad, deef, &c. are of the same form ;
but abbe, abbb, aaccy &c. are of different forms.

PROBLEM 1.

T find the number of permutations, or hanges, that can be
mede of any given number of things, all different frim
each other.

nULEc‘ -

Multiply all the terms of the natural series of numbeérs;
from 1 up to the given number, continually togethcr, and
the last product will be the answer required.

EXAMPLES.

>

* The reason of the rule may be shewn thus : any one thing a
is capable only of one position, as a.

Any two things; 2 and &, are only capable of two vatiations §
8s ab, ba 3 whose number is expressed by 1 X 2.

If there be 3 things, 4, & and ¢, then dny two of then, leavitig
out the third, will have 1 X 2 variations ; dnd consequéntly, wheén
the third is taken iny there will be 1 X 2 X 3 variations.

In the same manner, when there are 4 things, every 3, leaving
out the fourth, will have 13X 2 X 3 variations. Then, the fourth .
being taken in, there will be 1 X 2 X 3 X 4 variations. And so on,
as far as you please.
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EXAMPLES.

1. How many changes may be made with these three
Yetters, abc ?

%

Or-1X2X3=6 the answer.

‘G\IWNqu

The changes.
abe
ach
bac
beca
cab
cha

% How many changes may be rung on 6 bells ?
Ans. 730,

3. For how many days can 9 persons be placed in a difa
ferent position at dmner ?
Ans. 5040 days.

4. How many changes miy be rung on 12 bells, and
how long would they be in ringing, supposing 1o changes
to be rung in 1 minute, and the year to comsist of 363
days, 5 houts and 4¢ minutes ?

Ans. 479001600 changes, and giy. 26d. 22h. 41m.

§. How many changes may be made of the words in
the following verse 2 Tot tibi sunt dotes, virgo, quot sydera

eecho, -
Ans. 40320

PROELEM



226 ' ARITHMETIC.
PROBLEM II.

Any number of different things being giveny to find how many
changes can be made out of themy by taking any given nume
ber at a time. X .

.

RULE *

Take a series of numbers, beginning at the number of
things given, and decreasing by 1 till the number of terms
be equal to the number of things to be taken at a time,
and the product of all the terms will be the answer re-
quired. "

EXAMPLES.

.

* 'This rule, expressed in texms, is as follows : mXm—1 X m—2

X m—3, &c. to n terms ; where m = number of thmgs gnven,
and # = quantities to be taken at a time.

In order to demonstrate the rule, it will be nece.,sary to pre-
mise the following

LEMMA. i

The number of changes of m thmgs, takel} nata nme, 1s ecmg
to m changes of m—1 things, taken n—I at a time.

DemonsTrATION. Let4any 5 quantities, abede, be given.

First, leave out the 4, and let v = number. of all.the vagiations
of every two, b, bd, &c. that can be taken out of the 4, Iemain. -
ing quantities, fede. )

Now let a be put in the first place. of each. of, th:m, ale, a&d, '
&c. and the number of - changes wnll still remamthc same ;. that is,
© = number of variations of every 3 out of the §s abede, when @

18 first. . -

In like manper, if 4, ¢, dy ¢, be successively left out, the nums;
ber. of variations of all the twos will also = vy and 3, ¢, i &
being respectively put in the first place, to make 3 quantities out
of §, there will still be o variations as before.

But these are all the variations, that can happen of 3 thmgs out
of 5, when a, 4, ¢, dy e, are successively put first ; and therefore

. . the
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EX A M P LE S.

1. How many changes may be made out of the 3 letters
- abc, by taking 2 at a time '
3 . :
2 ' " or 3X2=6 the answer.
6 ' The changes.
i . ab
ba -
ac
cn
ke
S SRR

2. H6w many words can be made with 5 letters of the
alphabet, it being admitted that a numbér of consonants
iy mikeaword 2 AT 5100480.

. ‘ PROBLEM

2 B T A I T A

the suii of‘ all’ these is the ‘suhi' of afl the changcs of 3 dnngs out
of §.

But the suth' of these is. so many times v, as is the number of
things ; thit isy §v, or mv, = all the changes of 3 things out of
§-. And the same way of reasoning may be- appl:ed to any pume
bers. whatever. _ N

. DemoxsTRATION OF TRE Ruis. Let any 7. thmgs, abcdej:g,
be given, and let 3 be the number of quantmes to be taken.

- Phed m= 7, dnd a=3. : : :

Now it.js evident, that the number of changes, that can be
made by takmg 1 by 1 out of 5 thmgs, will be 55 whxch let = =fv.'

Then, by the lemma, when m=6 and n=32, the number of
changes will =mwv=6% 5 ; which let = a second time.

+ Again by lemma, when m=7 and n=3, the number of changes
“m-v‘-'7x6x 5 ;5 that is; m—mxm—x X m—2, contmued to

3 or n terms. And the sime. may be shewn for any other
nambers,
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PROBLEM IIL

Any number of things being given, wheresf theve are several
given things of one sort, several of another, &'c. to Jind /:o'w
many changes can be made out of them all.

RULE*

1. Take the series 1, 2, 35 4y &¢. up to the number of
things given, and find the product of. all the terms.

2. Take
. .‘ ‘
* ‘This role is expressed in. terms thus ;
IX2X3X4X5 & tom * 5 where m = numt

T IX2X3&ctopX I ‘X 2 X 3,&¢. tog,&c.
of things given, p = number of thmgs of the first sort, q: num.
ber of things of the second sort, &c,

The DEMONSTRATION may be shewn‘as follows :

Any two quantmes, a, b, both different, admit of 2 changes
but nf the quantities be the same, or ab become aa, there wdl be

But one altemation ; “which may be expressed by '_);_2 =,
2

Any threé quantities, abc, all different from each other, afford

6 variations ; but if the quantmes be all alike, or abc become aas,
then the 6 vasiations w:ll be teduced -t6 13 which. maybeex-

pressed by _iz.ff}_—x Aga.in, 1f two of the quantmes only

be alike, or a&c become adc, then the six 'variations’ will ‘be Te-
,duced to these 3, aac, caa and aca ; which may be expressed

IX2X3

ATt
Any four quantxtnes, abed, all different from each other, will
admit of 24 variations ; but if the quantities- be the same, or
pbed become asaa, the number of variations will be reduced to
one §
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* ‘3. Take the series 1, 2, 3, 4, &c. up to the number of
given things of the first sort, and the' series 1, 2, 3, 4,
&c. up to the numbcr of given things of the second
sort, &c. -

.- 3--Divide the prodtrct of all the terms of the first se
ries by the joint product of all the terms of the remaining
ones, and the quotient will be the answer required.

s L . - BXAMPLES. ~ T 2

1.. How many vanatlons may be made of the lettcrs in
the word Bacchanal; . )
1X2 =number of ¢s)= 2
1 X 2 X 3=4(==number of as)=24
X xzx$4xsx6x7x8x9x 10X u(;numberof fet-

ters in the word)=39916800
2X 24= 48)39916800(83 1600 the answer.
e - e
76 L S
S0 . : '288 0 et L2
2. How

IXeX3X4 -,
IX2X3X4

tities only be the same, or abcd become aaab, the number ‘of va.

riations will be reduced to these 4, aaab, aaba, abasz and baaa g

one ; which is = A gai;:, if three of ‘the'quan-_

whichis = 1XIX3X4 =4 And thus” mnay be shewn, that,
Ti1xXzX3

tf two of the quantities-be alike, or the 4 quantmes be aabc, the
pumber of variations will be reduced to 12 ; ; which may be ex»

TX2X3X4:
1IX2 .

And by reasoning in the same manner, it will appear, that the

number of changes, which can be made of the, quantities ableer, is

pressed by = 12.

cqual to 60 ; which may be expressed by EX2X3X4X5 X6
IXZXIX2X3
-—60 and so of any other quantities whatever.

’
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2. How many different numbers can be made of the
following figurcs, 1320005555 ? . Ans, 13600,

3- What is the varicty in the succestion of the followa
ing musical notes, fa, fa, fa, sol, sol, la, mi, fa ?
“Ans: 3360.

..PROBLEM IV,

To _ﬁml the changes of anmy given mumber of things, taken a
given number at a time ; in wbhich there are severst given
things of one :ort, several of anotker, Es‘:. . :

nuu-:’

t. Find all the different fovins of combinaiion o? alf the
given things, taken as many at a time as in the questlon. .

2. Find the ‘number of changes in’ any form, and mul-
t:ply it by the number of combinations in that form.

3. Do the same for evcry digtinct form ; and the sum
of all the products will give the-whele number of changes
required. :

Note. To ﬁnJ the di ﬁrmt form.( g" :pmbmatwn praceed
thus .

1. ‘Place the’ thmgs 50, that the greatest iridices may h
ﬁrst', and the rest in order.

2. Begin with the first letter, and ]om it to the second,
third, fourth, &c. to the last.

3. Then take the second ketfer, atid join 16 ﬁythe thirdy
fourth, - &c. to the last ; and so on* through “the wholé
always remembering to reject such combinations.as have
occurred before ; and this will give the combmatxons of
all the twos. : :

4 Jom

* The reason. of this rule is plain from what has been shewd
before, and the natire of the problem.
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4. Join the first letter to every one of the twos follow-
mg it, and the second, third, &c. as before ; and it will
gwe the combinations of all the threes.

" g." Proceed in' the same manner to get the combinations
of all the fours, &c. and you will at last get all the sev-
eral forms of combination, and the number in each form.

EXAMPLES. : -

1. How many changes .may be made of every 4 letters,
that can be taken out of these 6, aaabbc ?

No. of Forms., No. of éom- . No. of changesin
forms. binations. each form.
. I¥%2X3X¢4=z=24
Ist a’s, a’¢c 2 —=4-
' 1X2X3 =6
SR IX2X3X4=2
2d a*t* 1 { 3 4— 4:
’ . IX2X1X2=4
3d ' a%k, b*ac z { _ —==1
. IX2 -~ 2
oo 4X2= 8 ‘
o ocoRANKRE= 24

O—

.38< = the number of changes required.

2. How many changes can be made of every 8 lettcr!
out of these 10, aaaabbccde ? - .
SR S : ' - - Ans. z?.a6o.

3 How many dlﬂ'ercnt ngmbers can be made out of 1
umt, 3 twgs, 3, t,hrecs, .4 fours, angd § fives, takcn 5.ata
timg ?._‘

. -

A_ns. 2111,

PROBLEM
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PROBLEM V.

Do find the riumber of combinations of any given mumber gf
| things, all different from one anotber, taken any given num-
. ber at a time.

RULE.*

1. Take the series 1,.2, 3, 4, &c. up to the ,number to
be taken at a time, and find the product of all’ the terms.

2. Take

* This rale, expressed algebmically, is 2 )(_’1':'.x x™2 ¥

2 3

=3, &c to n terms ; where m is the number of given quanti-
4 . )
ties, and n those to be taken at 3 time. ,
DemonsTRATION OF THE RULE. I.Let the number of things
to be taken at a time be 2, and the things to be combined =m.

Now, when m, or the number of things to be combined, is on-
1y two, as a and B, it is evident, that there can be only one com-
bination, as 45 ; but if m be increased by 1, or the letters to be
combined be 3, %s alc, then it is plain, that the number of com«
binations will be increased by 2, since with each of the former
leuters, 4 and 4, the new letter c may be joined. It is evident,
therefore, that the whole number of combinations, in this casey
will be truly expressed by 14 2..

Again, if m be increased by onme letter more, or the whole -
number of letters be four, as abed ; then it will appear, that the
whole number of combinations must be increased by 3, since
with each of the preceding letters the new letter d may be com-
bined. The combinations, therefore, in this case, will be truly
expressed by 14243,

Ia
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2. Take a series of.as many terms, decreasing by 1,
from the given number, out of which the election is to be
made, and find the product of all thé term. :

3. Divide the last product by the former, and the qid-
ucnt wxll be the number sought. A d
R n&annxsr

“

In the same manner, it may be shewn, that the whole number
of combinations of 2, in § thidgs, Will'be 1424344 ; of 2,
in 6'things, 1p24-344+5 5 and of 3,in 7, 142434445
o6, &c.

Whence, universally, the number of combinations of m things,

tiken 2 by 3, is ni+z+3+4~|-5+6, &c to m—t térms.

KAV

Bun.hosnmofthxssena:s__-[-_"i':l : . which Is the same as

the rule.

2. Let now the pumber ofgmm in eacb conﬂnnmonbc
supposed to be three.

‘Then it is plain, dmw)m:a::g. orthaﬂuugs tobemmbmi
are abe, there can be only ate:combinagion. ; but if m be increased
by 1, or the things to be combined be 4, as abcd, then will the
number of combinations be increased by 3 3 since 3 is the num.
ber of combinations of 2 in all the preceding leters abe, and wnf.h
each two of these the new letter 4 may be combined.

The number of combinations, pherefore, in this case, is 14-3.

Ag_ain, if m be ingreased by one more, or the number of let-
ters be supposed § ; then the former number of combimations will
be increased by 6 ; that is, by all the combinations of 2 in the 4
preceding letters, abed ; since, as before, wuh each two of these
the new letter ¢ may "be combimed.

"The number of combinations; therefore, ia ﬂus case, is t/
4346 _ ' Co

Whence; nnwersally, the numbet of combmanons of m things,
taken 3 by 3, is 14346410, &c, to m—z terms. .
’ Bas
Fax

: -
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x\i”._.-.?, &c. to n terms. Q. E. D,
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~sxnurw=-1u O A
: o

1. How many .combigatiens canbe made k6 lettcxs
out of 10 ? .
CIK2X3X4X5X6(= thcnumbertobetakcnat atu;nc)z:72°
10X 9 %8 X 7X0X5(=same number from lo)_xs 12¢0
720)151200(210 the answer.

- ——————a s $1

T440
by ] -
50 A s
A SR O S LI L
— R
P o - ?~1_
W

%. How many combmauons saq be made of 2 Jetters
out of 24 letters of thc alphabet ?
‘- T A-ns 246.

3 A general, who had often been successful ‘in Waf,
whas asked by hid King, what reward he showld’ confer irpon
him for his services 3 the gcneral only desired a'farthing
Sor cvery file, of 10 menin a fils, which he.could make
with a body of roo.men : what is the amount in pounds
oterlmg ¢ '

g Ans. 180315723501. 9s. 2dt
’  PROBLEM

But the sam of this series s = x"‘_:‘ x"l:’. ;- which is
. ~ 3 ’
the same as the rule. -

And the same dung will hola,x let the oumber of things,to be.

;aken at a time, be what it may ; therefore the number of com-
unauons of m things, taken n at a time, will = .'Z‘.xﬁ':.‘ xr*=*
; T | 3 3

Y -

4
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|
PROBLEM VI

" Do find the number 9)"" combinations of *any given number of
. things, by taking any given number at o time ; in which
sithere are several things of one sorty several of another, .

RULE.

1. Find, by trial, the number of different forms, which
the things, to be taken at a time, will admit of, and the num-
ber of. combinations in each. ' ,

2. Add together all the combinations, thus found, and
the sum will be the number required.

EXAMPLES.

1. Let the things proposed be aaabbc ; it is required to
find the number of combinations that can be made of gvery
t‘l_lree of these quantities,

Forms. =~ Combinations.
ad 1
84, a*c, b%ay b*¢ 4 . ' e
. ek : ' -

L
o 6 = number of combina-
tions required.- =~ - : :

- 2, Let azabbbee be_proposed ; it is required to find the

ntimber of ‘combinations of these quantities, taken 4 at a.

fme.

Ans. 10.

3. How many combinations are there in aaaabbecde, 8
being taken at a time-? '
o Ans. 13.

-~4» How many combinations are there in aaaaabbbbbececdd

ddeerefffgy 1o being taken at atime ? . :
Ans. 2819.

PROBLEM
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1

PROBLEM VIL
Te-fnd the comparitions of any mymber, in on equal mumber of
setsy the things themselves being all different,
' RULE*

" Multiply the number of things in eve'ry‘ st continually
together, and the product will be the answer required.

EXAMPLES.

.
4

* DemowsTrATION. Suppose there are only two sets ; then
it is plain, that every quantity of one set, being combined with
every quantity of the other, will make all the compositiogs ‘of
two things, in these two sets ; and the number of these composi-
tions is evidently the product of the number of quantities in one
sct by that in the other. T '

Again, suppose there are three sets; then the composition of
two, in any two of the sets, being combined with every quantity
of the third, will make all the compositions of 3 in the 3 sets,
That is, the compositions of 2, in any two of the sets, being mul.

“tiplied by the number of-quantities in the remainiag set, will pro-
duce the compositions of 3 in the 3 sets ; whichis. eyidently
the continual product of all the 3 numbers in the 3 scts. And
the same manner of reaoning will hold, let the number lof sets be
what it will. Q. E. D.

The doctrine of permutations, cqmbi\nqtions, &e. is.of ye‘ig ex.
tensive use in different parts of the mathematics ; pdrticularly in
the calculation of annuities and chances. . The subject might
been pursued to a much greater length ; but what has beea dffpne
plready will be found sufficient for most. of the purposes to whidg

- *hings of this nature are applicable. \

\
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-EXAMPLES,

i. Suppose there are 4 companies, in each of which
. are 9 men ; it is required to find how many ways 4
men may be. chosen, one out of each company ?

9
9
8y :
. 9 ‘
p——
729
9

p———
6561
" Or, 9X9X9X9=6561 the answer.

-

‘2. Sappose there are 4 companies, in one of which
there'are 6 men, in another 8, and in each of the other
two 9 ; what are the choices, by a composition of 4 men,

snie ‘out of each company ? Ans. 3888.
ﬂow m:my changes are there in throwing 5 dice ?
: Ans. 7776.

. MISCELLANEOUS QUESTIONS.

1. WHAT difference is there between twice five and
twenty, and:twice twenty-five ? Ans. 20,
l . 2. A was born when B was 21 years of age ; how old
mllAbewhanxs47, and what will be the age ofB
“ when AisGp? Ans. A 26, B 81

\ . ‘ 3 What

4
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3 What number, taken from the square of 48, will

leave 16 times §4.7 X Ans. 1440.
. What number, added to the thirty-first part of 3813,
wxll make the sum 200 ? Ans. 77.

5. The remainder of a division is 325, the quotient
467, and the divisor is 43 more than the sum of both :
what is the dividend ? Ans. 390270,

6. Two persons depart from the same place at the same
. time 3 the one travels 30, the other 35 miles a day : how

far are they distant at the end of 7 daysy if they travel both
the same road ; and how far, if they travel in contrary di-
rections ? Ans. 35, and 45§ miles.
7. A tradesman increased his estate annually by 100l
more than § part of it, and at the end of 4 years found,
that his estate amounted ta 10342l. 3s. 9d. 'What had he
at first ? Ans. 4000l
8. Divide 1200 acres-of land among A, B and.C, so that
B may have 100 more than A, and C 64 more than B.
*  Ans. A 312, B 412and C 476,
9. Divide 1000 crowns ; give A 120 more, and B g3
less, than C. - . Ans. A 445, B 230, C 325.
10. What sum of money will amount to 132l 16s. 3d.
in 15 months, at § per cent. per annum, simple interest ?
Ans. 125l
11. A father divided his fortune among his sens, giving
A gasoftenas B 3, and C 5 as often as B 6 : what was
- the whole legacy, supposmg ‘A’s share 5oool 2.
- Ans: 11 87 5L
en, besieged in a town with provisions
man being alldwed 160z. a day, were re-
nen more. On hearing, that they cannot
end “of 8 weeks, how ‘many ounces g
day must each man have, that the provision may last that

time ? - ' Ans. 630z

13- What number is that, to whwh if 2 of £ be added,
the sum will be 1-? ' An's._ .
g 14. A
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. 14 A-father: dy!ng left-his. son ‘a fortune, % of which
he.ran through in 8 months ; % of the remiairider lasted
him a twelve-month longer; after which he:had only 410k
lcft'. What did his father bequeathy him 2 -
- . Ans. 936l 138 4d4
' ng A guardnn paid }ns ward 3gool. for 2500l. which
Behad in his hands 8. yearss What rate of interest did he

slow him? . . .- Ang. 5 per centy

- 16. A person, bdng asked the hour of the day, said, the
fime -past noon is equal to 4 of the time til midaights

What ‘was the time 2 ' Ans. 20 min. past §. .

-17. A person, looking 6rr his watch, was asked, what
was the time of the day ; he answered, it ie betwcen 4
and 53 but a more particular answer being required, he
stid; that the hour and minute hands were then cxactly toe
gcther.. Wbat was the time ?

- Ans, 2125 mmutes past 4

18 W:th r2 gallons of Cznary, at Gs. 4d. a gallon, I
lnxeﬂ 18 gallons of white wine, at 4s.:10d.' 2 gal. and 14
gallons of: cider, at 3s. »d. & gal. At what rate must I
sell 4 qum oPthxs comPosmon, 80 as to-clear 10 per cent. #
~ - Ans. 1s. 34d.

205, "W‘halz length must be cut off a board 8} inches
broad, to contain a square foot, or as much as 12 inches
in'length and r2 in breadth ? Ans. 1733im
+ 20. What difference is there between'the interest of
350l at 4 per cent. for 8 years, and the discount of the
tame, sum at the same rate and for the same tinre 2

Ans. 271 3-,1;-%

21. A father devnsed <% of his estate to one of his sons;
wd - of the residue ‘to another, and the surplus to his
relict for life ; the children’s legacies were found to be
257k 3s. 4d. different. 'What money did he leave for the
widow ? ~ Ans. 6351 xc%%d.
22. What number is that, from which if you, take 3
of X, and to the repainder add % of ;% the sum will

’ .. 19X
be 10 ? Ans. ‘QnTs-

23. A

»
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- 23. A man dying left his wife. in expectation; that 2
child would be afterward added to the surviving family
and making his will ordered, that, if the child were a son,
4 of his estate should belong to him, and the remainder ta
his mother'; but if it were a daughter, he appointed the
mother 3y and the child the remainder: Bt it happened,
that,the addition was both 4 son and & daughter, by which -
the widow lost in equity 2.400l. more than if there had been-
enly a girl : what would kdve been her dowry, had she
had only a son ? Ans. .2100L

24. A young hate starts 40 yards before a grey<hound,

" and is not perceived by him till she has been.up' g0 secs
onds ; she scuds.away at .the rate of 10 miles an heur,
and the dog, on view, makes after her at the rate of 18,
How long will the course continue, and what will be the
length of it from the place, where the dog set out ? -

Ans. 6oy seconds, and 530 yards run

2g. A reservoif for water has two cocks to. supply it §

by the first alone it may be filled in 40 minutes, by the’
second in o minutes, and i has a d:schargmg cock, by
which it may, when full, be empfed in 25 minutes. Now, .
supposing that these three cocks afe all left open, that the
water comes in, and that the influx and efffux of the wae
ter arc always alike, in what time would the cistern be

~ filled ? " Ans. 3 hours 20 min,

26. A sets out from London for Linceln -at the very
same time that B at Lincoln sets forward for London, dig-
tant 100 miles : after 7 hours they met on the road, and
it then appeared, that A had ridden 1 mile an hourmore
than B : at what rate an hour did each of them travel ?

- : Ams. A 73§, B 637 miles

27. What part of 3d. is a third part of 2d.?

Ans. 3.

28. A has by him 1icwt. of tea, the prime cast of
which was 961 sterling. Now, granting interest to be at
5 per ceat. it is requxred to find how he must rate it per

pound
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pound to B, so that by taking his negotiable note, payable
at 3 months, he may clear 20 guineas by the bargam ?
Ans. 14s. 133d. sterling.

29. What annuity is sufficient to pay off 50 millions of

pounds in 36 years, at 4 per cent. compound interest ?
Ans. 2891505l

30. There is an island 73 miles in circumference, and 3
footmen all start together to travel the same way about it 5
A goes 5 miles a day, B 8 and C 10 : when will they all
come together again ? Ans. 73 days.

31. A man, bging asked how many sheep he had in his
drove, said, if he had as many more, half as many more,
and 7 sheep and a half, he should have z0: how many had
he ? Ans. 5.

32. A person left 40s. to 4 poor widows, A, B, Cand"
D;toAheleft 3, toB%, toC fand to D 3, desxrmg
the whole might be dxstnbutcd accordingly : what is the
proper share of each ?

. Ans. A’sshare 14s. t§d. B's 10s. 633d. C’s 8s. 51gd
D’s 75, o5%d.

33. A general, dnsposmg of his army into a square,
finds he has 284 soldiers over afid -above ; but increasing
each side with one soldier, he wants 2 5 to fill up the .
square : how many soldiers had he ? Ans. 24000.

34. There is a prize of 212l. 145. %#d. to be divided
‘among a captain, 4 men, and a boy; the captain is to have
a share and a half ; the men each a share, and the boy 3
of a share : what ought each person to have ?

Ans. The captain 54l 14s. 3d. each man 36l gs. 43d.
and the boy 12l. 35. 1id.

35. A cistern, containing 6o gallons of water, has 3 un-
equal cocks for discharging it ; the greatest cock will emp-
ty it in ‘one hour, the second in 2 hours and the third in
3 : in what time will it be empty, if they all run togeth-
er? Ans. 32;% minutes.

36. In
Gc .
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36. In an orchard of fruit trees, % of them bear apples,
% pears,  plumbs, and 50 of them cherries : how many
trees are there in all ? Ans. 6oo.
37. A can do a piece of work alone in 10 days, and B
in 13 ; if both be set about it together, in what time will
it be finished ? Ans. 525 days.
38 A, B and C are to share 100000l. in the propomon
of 3, & and 3 respectively ; but C’s part being lost by his
death, it is rcquxred to divide the whole sum prope:ly be-
tween the other two.
Ans. A’s part is §7 1421}3—‘-, and B’s 4285745

END OF ARITHMETIC.
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350440880 <@ OO QSN0

LQGARITHMS are numbers so contrived, and adapm
ed to other numbers, that the sums and differences of
the former shall correspond to, and shew, the products
- and quotients of the latter. .

Or, logarithms are the numerica] exponents of ratios ;
or a series of numbers in arithmetical progression, an-
swering to another series of numbers in geometrical
progression,

]
Thus 3 I, 2, 3 4 5 6, indices, orlogarithms.
' "1, 2, 4, 8 16, 32, 64, geometricprogression.

Or 0 1,2 3 4 § 6, indices, orlogar.
. I, 3, 9 27, 81, 243, 729 geometric progress.

o/
o $o 1 2 % 45 5 ind.orlog.
: I, 10, 100, IQOP,; 10000, I0Q0OY, geom. Prog.

Where it is evident, that the same indices serve equally
for any geometric series ; and consequently there may be
an endless variety of systems of Iog:mthms to the same
¢ommon numbers, by only changing the second term 2, 3,

or
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or 10, &c. of the geometrical series of whole numbers §
and by interpolation the whole system. of numbers may be
made to enter the geometric series, and receive their proe
_ portional logarithms, whether integers or decimals.

It is also apparent from the nature of these series, that
if any twao indices be added together, their sum will be
the index of that number, which is .cqual to the product
of the two terms in the geometric progression, to which
those indices belong. Thus, the indices 2 and 3, being
added together, make § ; and the numbers.4 and 8, or the
terms corresponding to those indices, being multiplied ta-
gether, make 32, which is the number answering to the
index §.

In like manner, if any one index be subtracted from an«
other, the difference will be the index of that number,
which is equal to the quotient of the two terms, to ‘which
those indices belong. Thus, the index 6 minus the index
¢=2; and the terms corresponding to those indices are
64 and 16, whose quotient =4 ; whichis the nymber an-
swering to the index 2.

For the same reason, if the logarithm of any number
be multiplied by the index of its power, the praduct will
be equal to the logarithm of that power. Thus, the index
or logarithm of 4, in the above series, is 2 ; and if this
number be multiplied by 3, the product will be 36 ;
which is the logarithm of 64, or the third power of 4.

And if the logasithm of any number be divided by the
index of its root, the quotient will be equal to the logar-
ithm of that root. Thus, the index or logarithm of 64 is
6 ; and if this number be divided by 2, the quotient will
bc =33 which is the logarithm of 8, or the square root
of 64.

The logaﬁthms most convenient for pfacticc are such,_
as are adapted to a geometrical series, increasing in a tens
fold proportion, as in the last of the above forms 3 and are

- ' thosey
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those, which are to be found at present, in most of the
common tables of logarithms.

The distinguishing mark of this system of loganthmc
is, that the index or logarithm of 101is 1 ; that of 100 is
2 ; that of 1000is 3, &c. And, in decimal's, the logar-
ithm of °1 is =1 ; that of -or is =2 ; that of ‘coris
=3, &c. the logarithm of 1 being o in every system.

Whence it follows, that the logarithm of any number
between 1 and 10 must be o and some fractional parts ;
and that of a2 number between 10 and 100, 1 and some

' fractional parts ; and so on, for any other number what-
ever.

And since the integral part of a logarithm, thus readily
found, shews the highest place of the corresponding num-
b;r, it is called the index, or characteristic, and is common-
ly omitted in the tables ; being left to be supplied by the
person, who uses them, as occasion requires. ;

Another definition of logarithms is, that the logarithm
of any number is the index of that power of some other
number, which is equal to the given number. So if there
be N=r", then 7 is the log. of N'; where n may be either
positive or negative, or nothing, and the root r any num-
ber whatever, _ accordmg to the different systems of log-
arithms.

‘When 7 is o, then N is =1, whatever the value of
r is 3 which shews, that the logarithm of 1 is always o, in
every system of logarithms. ,

When # is =1, then Nis =r; so that thc radix r is
always that number, whose logarithm is 1 in every system.

When the radix » is ==2°718281828459, &c. the in-
dices n are the hyperbolic or Napier’s logarithm of the
numbers N; so that n is always the hyperbolic logarithm

n
of the number N or 2:718, &c.|.

But when the radix = is =10, then the index n becomes
the common or Briggs’ logarithm of the number N ; so
that
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that the common logarithm of any number 10" or N is #,
the index of that power of 10, which is equal to the said
number. Thus, 100, being the second power of 10, will
have 2 for its logarithm ; and 1000, being the third power
of 10, will have 3 for its logarithm : hente also, if 50 be
— 1099897 then is 1°69897 the common logarithm of
go. And, in general, the following decuple series of
terms,

viz. 104, 103, 10%, 10%,10°% 107 %, 107 %, 1073, 107 %)

or 10000, 1000, 100, 10, 1, ‘I, °Ol, ‘00I, °000T,

have 4, 3, 2 I, O =I, =2, =3, =4,
A

for their logarithms, gespectively. And from this scale of

numbers and logarithms, the same propertics easily followy
as before mentioned.

PROBLEM.

To compute the logarithm to any of the natural numbers, 1y 2,
3 4 55 e

RULE.

Let & be the number, whose logarithm is required to be
found ; and a the number next less than &, so that b—a=
1, the logarithm of a being known ; and let s denote the
sum of the two numbers a+44. Then

1. Divide the constant decimal ‘8685889638, &c. by 4,
and reserve the quotient ; divide the reserved quotient by
the square of s, and reserve this quotient ; divide this last
quotient also by the square of s, and again reserve the quo-
tient ; and thus proceed, continually dividing the last
quotient by the square of s, as long as division can be
made.

2. Then write these quotients orderly under one anoth-

er, the first uppermost, and divide them respectively by
' the
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the odd numbers, 1, 3, §, 7, 9, &ec. as long as division can
be made ; that is, divide the first reserved quotient by 1,
the second by 3 the third by 55 the fourth by 7, and

' soon.:

3. Add all these last quotients together, and the sum
will be the logarithm of 4+-a ; therefore to this logarithm
add also the given logarithm of the said next less number
ay so will the last sum be the logarithm of the number &
proposed.

. . " 1 1 I
That is, log. of 4 is log. a -|-;- X : I+;;1+5‘;z+',73

4+ &c. where # denotes the constant given decimal
*8685889638, c.

EXAMPLES. '

ExamMpLE 1. Let it be required to find the logarithm of
the number 2. .

Here the given number 4 is 2, and the next lcss number
ais 1, whaose logarlthm i 0 ; also the sum 24-1==3=y,
and its square s?==9. Then the operation will be as fol-
lows :

3)868588964 1):289529654(*289529654
9)°289529654 3) 32169962( 10723321
9) 32169962 5) 3574440( 714888
9) 3574440 7)  397160( 56737
9) 397160 9)  44129( 4903 . |

9) 44139 | 11) 4903( 446
9) 4903 | 13) 545( 42
9) sas | 15) 61( 4
9) 61 —_—

Log. of + *301020995
Add log. 1 000000000

S ——

Log. of 2 *301029995

ExanprLe
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FxampLe 2. To compute the logarithm of the fumber 3

Here 5==3, the next less number a—2, and the sum
a-4-b=75=s, whose squarc & is 25, to divide by which,
always multiply by *o4. Then the operation is as follows ¢

5)-868588964 1)'173717793(" 173717793
25)'173717793 3) 6948712( 2316237
25) 6948712 5) 277948 85590
25) : 277948 7) 11xed( 1588

25) 11118 9) 445( 50
. 45) 445 11) 18( 2
18 . i c—

Log. of 3 176091260
Log. of 2 add *301029995

Log. of 3 sought *477121255
Then, because the sum of the logarithms of numbers
gives the logarithm of their product, and the difference of
the logarithms gives the logarithm of the quotient of the
numbers, from the above two logarithms, and the logar<
ithm of 10, which js 1, we may raise a great many log:
arithms, as in the following examples :

Examrit 3.
Because 2'X 2 = 4, therefore
To logarithm 2 *301029995%F
Add logarithm 2 *301029995%

——— ———

Sum is logarithm 46020 599915+

— — ————

EXAMPLE 4.

Because 2 X 3 =6, therefore
To logarithm 2 *301029995
Add logarithm 3 477121255
——— e——

Sum is logarithm  6°778151 2%0.
___._._-a——--—"d

ExAMPLE
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ExiMrLe’s.
Because 23 = 8, therefore

Logarithm 2 - 301029995'5
Multiplied by 3 3.

Gives Logarithi 8 | *963039987

ExampLs 6.

Because 3* =9, therefore
Logarithm 3 <4771212547%
MpltipliedBy 2 2

Gives Iogarithm 9 954242509

'Exu.nm: 7

“Because ° = 5, therefore
From logmthm I0  1°000000000
Take logarithm 2 3010299954

Remains logarithm 5. ’6989790043'-‘

—

ExAmPLE 8.
: Because 3 X 4 == 12, therefore
To logarithm 3 - 477121255
Add logarithm 4 602059991

Sum is logarithm 1 2" 10791812464 .
I ———
And thus, coinp\mng by this general rule, the logar—~

ithms to the other prime numbers 7, 11, 13, 17,19, 23,

&c. and then usmg composition and division, we may ea-
sily

HB
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sily find as many loganthmsas we please, or may speedily
examine any bganthm in thc tablc.

—— .

Discrrrrron AND Uss.oF '{ﬁx TABLE or
LOGARLTHMS.-,

Integral numbers are supposed to form a geometrical se-
ries, increasing from unity towatd the left ; but decimals
are supposed to form.3 like series, decreasing from unity
toward the right, and the indices of their logarithms are
negative. Thus, -]-r is the loganthm of 10, but —1 is
the logarithm of 3%, or ‘1 ;_and -2 is the logarithm of
300, but —2 is the logarithm of 3, or *ar ; and so on. -

Hence it appears in general, that all numbers, which
censist of the same figures, whither they be integral, or
fractional, or mixed, will have the decimal parts of their
logarithms the same, differing only in the index, whick
will be more or less, and positive.or negative, according to
the place of the first figure of the number. Thus, the

_ logarithm of 2651 being 3°4234097, the logarithm of %,
& 755 OF 555 &c. partoof it, will be as follows :

Numbers. " Logarithms.
2651 | 34234007
265°1 2°4234097
26°51 1°4234097
2651 6°4234097
*26¢1 ——1'423400%
*g2651 ’ ‘j—'fzu;z 34097
"@02641 —3'4234097

Hence

- % Many other ingenious methods of finding the logarithms of
mumbers, and peculiar artifices for constructing an entire table of °
them, may be seen in Dr. HutTon’s Introduction to his Tables,

_#nd Baron Maseres’ Scriptores Logarithmic; -
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. Hence it appears, that the index, or characteristic, of
sny dogarithm is always less by 1 than the number of -intex
ger. fighres, which the natural number consists of 5 or it is
equal to' the: distance of the first or left hand figure from
the place.of units, or, fulst. place of .integers, whether on
the left, or.on the. rxght of it : and .thisindex is constant-
ly tobephccdmtheleftofthe decimal part of the
logarithm. © . -

‘ . 'When there are integers in the given numbct, the index
is always afirmative ; but when there are'no integers, the
index is negativey, and is to be marked by. a short line
drawn before, or above, it. Thus, a.number having 1,
2,3, 4, 5, &c. integer places, the index of its logarithm is
O, I, 2, 3, 4 &c. or 1 less than the number of those places.

And a decimal fraction, having its first figire in the 1st,
2d, 3d, 4th, &c. place'of decimals, has always =i, =2,
7~3y —4, &c, for the index of its logarithm.

It may also be observed, that though the indices of
_ fractional quantities be negative, yet the dccunal parts of
their logarithms are always aﬂirmmvc.

I, To rinp, in TEE TABLE, THE LOGARITHM TO ANY
NuMBER.*

1. If the number do not exceed 100000, the decimal part
of the logarlthm is foand, by mspectlon in the table,
standmg against the given number, in this manner, viz.
in most tables, the ﬁrst four figures of the given number

: are

#* The Tables, considered as the best, are those of GARDINER
in 4to. first published in the year 1742 ; of Dr. HurTon, in
. 8vo. first printed in 1785 ; of TAvvLOR, in large gto0. published
in 1792 3 and in France, those of CarLLET, the second cdition

published in 1795,

‘
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are in the first column of the page, and the fifth figure-in
the uppermost line of it ; then in the angle of meeting
are the last four figures of the logarithm, and the firsy
three figures of the same at tho beginning of the same
line ; to which is to be prefixed:the proper index. , | :
- So the logarithm of 34092 is 1°§326525, that is, the’
decimal 5326524, found in the table, with the index 1. pre.
fixed, because the given number contains two integers.

2.. But if the given number contain more than five ﬁgure:,
take out the logarithmi of the first five figures by inspecs
tion in the table as before, as also the“next greater log*
arithm, ‘subtracting one logarithm from the other, and al-
so- one of their ¢orrespondmg numbcrs from the ‘other,
Then say, :

As the difference betwcen the two numbers

Ts to the difference of their logarithms, .

So is the remaining part of the given number - -

To the proportional part of the logarithm.

Which part being added to the less logarithm, befora
taken out, the whole logarithm sought is obtamed very
nearly.

EXAMPLE.

To find the logxargthm of the number' 34709264
The log. of 3409200, as before, is 5326525,

and log. of 3409300 is §326652,
—_ : Tt
the dift. 100 and 127

" Then, as 100 : 1"27':: 64 : 81, the ‘pxoporti.onql part,
. This added to " 5326528, the first logarithm,

S ap—

‘gives, with the index, 1 5326606 foy the logant}ug of
34°09264. -

Or, in the best fables, the preportional part may often
be taken out by inspection, by means of the small tables

of proyortnonal parts, placed in the margm
s 3
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a2 If - the mumber. consist both of integers and frictions, ok
Be edtirely fractional, find the decimal -part.of the logar-
ithm, as if all its figures were integral ;-then this, the
pioper cluiaetmmc btmg preﬁxed, wxll give the loganthm
.:cqu.wcd

»And if tbe gnven mnhber bc a proper fracnon, subtract
the logarithm of the dewdminator from the logarithm of
‘the numerator, and the remainder will be the logarithm
sought ; which, bemg that of a decimal fracuon, must al-
ways have 3 negative index.

Bat if it be 2 mixed number, reduce it to an impropcr
fraction, and find the difference of the logarithms of the
numcmtor and denominator, in the same manner 3as before.

' EX4MPLES.
1. To ﬁnd the logarithm of £7.
.- Joogarithm of 37 1 5682017
Logarlthm of 94 1°9731279 .

Diff. log. of 3 1L —1'5950738
Where the index 1 is ncgativc.

2. To find the logarithm of 1714«
First, 17‘4 = %%f. Then,

Logarithm of 408 2°6074550
Logarithm of 23 1°3617278

DI log. of 1754 12457272

cy—p——

1. To rinp, IN THE Tnnu-:, THE,NATURAL NUMBER TO
ANY LOGARITHM.

']Zlus is to be fonndby.thnreverse method to the former,
namely, by searching, for the proposed logarithm among
tlxose in the table, and taking out the corresponding num-

" ber
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ber by inspection, in which the proper number of integers
is to be pointed off, viz. 1 more than the uanits of the af- °
firmative index. For; in finding the number answering'to -
any given logarithm, the index aiways shews how far the
first figure must be removed from the place of units, to
the left or in integers, when the index is affirmative 3 but
to the right or in decimals, when it is negative...

. EXAMPLES.

" So, the number to the logarithm- 1°§326425 is 34 092
.And the number of the logarithm —1°5326525 is *34092.

But if the logarithm cannot be exactly found in the tabl,
take out the next greater and the next less, subtracting
one of these logarithmg from the other, and also one of
their natural numbers from the other, and the less logar-
ithm from the logarithm proposed. Then say, .

As the first difference, or that of the tabular logarithms,

Is to the difference -of their natural numbers,

So is the difference of the given logarithm and the last

tabular logarithm

To their corresponding numeral difference.

‘Which being annexed to the least natural number above
taken, the natural number oorrespondmg to the proposed
logarithm is obtamed.

EXAMPLE. )
Find the natural number answcrmg to t.he given logar-

ithm 1°5326606.

Here the next greater and next less tabular logarithms,
with their corresponding numbers, &c. are as below :

Next greater 5326652 its num. 3409300 ; giv. log. §326606
Next less 5326525 its num. 34092003 nextless 5326525

Differences 127 ;100 . 8

S < —————

Then,
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[ ]
Then, as 127 : 100 :: B1 : 64 nearly, the numeral
Al avanna '
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o SXANPLES. - o
. 1. To multiply 23°14 by 5'062.
Numbers.
23'14
. 5 062
Prodnct 1171347 2'0686855
NP
. 2, To mulnply 2'58:916 by 3 45729:. ’
Numbers: Logarithms.
. 2'581926 0°4119438
3°457291 ©0'5387359
Product 892647 0'9506797

3. To multiply 3902, §97'16 and -0314738 all to~
gether.
. Numbers. Logarithms.

3'902 05912873

597716 2'7760907

‘0314728 —2°49%9353

 ——

Product 73° 33533 1'8653133

 ————

Here the —2 cancels the 2, and the 1, to be carried *
from the decimals, is set down.

4 To multiply 3'586, 2°1046, 0'8372 and ©a294 all
together.

Numbers. Loganthms. '

3'586 ' 05546103

‘21046 0°'3231696
o'8372- —1'9228292 - ®#- ’ -
00294 —2'4683473 "

Product 0'1857618  ~—1°2689564

Here
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- Here the 2, to be carried, candels the =3, and tb:m rea
mains the =1 to be set down.

DrristoN Br LoGdRrTAMS.

RULE.

.
< . N . S e i o AD

From thc loganthm of the dividend subtract’ the lOgar-
nthm of the divisor, and the number znswemng e thg,re-
mainder will be the quotient requued. :

Note. If 1 be to bétarried to ‘the index of the sub-
trahend, apply it according to the sign of the index then
changc the sign of the index to —, if it be 4, or,to +, -
if it be = ; and proceed according to the second fiote un-.
det the last rule. ‘ P o

4

ERES |
EXAMPLES.

1. To divide 24163 by 4567

. Num. Log.
. Divident 24163 . V43831509
Divisor 4567 36596310
%oticnt 5'290782 SR 07235199
' . '1 ‘:- ”~~ s N H a
2. To divide 37-149°by sa398 " o wob
. Num, ' Log T
Dividend -37'149. -  1'5699471. . . .
Diviser . 523'76 27191323 ' - on
b . .,‘ . ’ . ! : .‘ " ..‘ : 4? .:.:.'l'jﬁa
Quotient :*07092752 —2'8508148 S aun
' . 3 Divide

Iz
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3. Divide ‘06314 by *00%241.

Num. *  Log.
Dividend ‘06314 ~—2'8003046
Divisor, ‘007241 ~=3'8597985
Quoticat 8739792 o'9q05061° '

Here 1, carried from the decimals to the —_3, makés it
beco'mc ’--2, which, taken from the other =2, leaves ¢

‘4 To dmde 1438 by 12 9476

Num. Log..
Dmdend 7438 --x'87145'6z~
Divisor 12°9476 1'1121893

e .

Quotient ‘05744694 —2.7592669

Here the 1, taken from the --1, makes it become -—2‘
to be sct down.

INyoLuziON BY Loexmmus;

RULE.

Mulnply the Ioganthm of the given number by the in-
dex of the power, and the number answenng to the pmd-
uct will be the power rcqun-ed.

NoTe. . A negative index, multzphcd by an’ affirmative
~ number, gives a negative product; and as the number
carried from the decimal part is aﬂirmatnve, their differ-
_ence with the sign of the greater is, in that case, the in-
dcx of the product.

EXAMPLES.
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" BXAMPLES. Y

s To square the numbgr 2° 5791
Num, : Log. |
Root 2'5791 0'4114682
Thelndex 2
Power 6:651756 0°8229364

| —————e——

" 2 To find the cube of 3°07146.
' Num. Log.
Root 3'07146 - 04873449
The Index ' 3

Power 2897575 - 14620347

.

3 To raise *09163 to the 4th power.
Num. Log.
Root *09163 —2'9620377
The Index 4

Power *0090704938 -——-5'8481 508 |

Here 4 times the negative index being —=8, and 3 to
be carried, the difference —=g is the index of the product.

q\ To raise 1°0045 to the 365th:root.

Num. Log.
Root 1°0045 0'0019499
The Index " 365
: O o e—
- o 97495
116994

- 58497

" Power §°148888 7117138

© : . Evorvsion
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EroLvzion Br LoGARITENS.

RULE.

" Divide the loganthm of the given number by the index
of the power, and the humber answermg to the quotxcnt
will be the root reg{mred

- Note.. When the index of the loganthm is negative,
~ and cannot be dmdedby the divisor without a remainder,
increase the index by a number, that_ will render it exactly'
divisible, and carry the units borrowed, as so many tens,
to the first decimal ! place; and divide the rest as usual.

EXAMHLE&

1. To find the square root of 365. .
Num. : “Log. |
Power 365 2)2°5622929
*  Root 19'10498 1'2811465

2. To find the 3dmotof 12345, -

‘Num. - Log.
Power’ 12345 3)arogr49it.
Root '23'11162 © . 13638304 - 3
—_— ' e —
3. To find the .mth root of 2, .. - S
Nun - 10&‘
Power 2 ~ 10)0°3010300
Root 1°071773 0°0301030
4 To find the 365th root of 1 *048.
Num. Log. .
- Power 1°04% . 365)o'0191163 @
Root ¥ooorzr - 0°0000524
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§. To find the second root of *093.

Num. . Log.
Power ‘093 2)==2'9684829
Root *304959 T —1'4842415

Hete the divisor 2 is contained exactly once in the neg~
ative index =2, and therefore the index of the quotiegt
ls T .

6. To find the third root of *0c048.

. - Num. , " Log.
X Power *00048 . 3)—4°6812412
Root *07829735 -—,2'893747:

e ————

Here the divisor 3 not being cxactly contained \in ~—g,
4 is augmented by 2, to make up 6, in which the divisor
- ! is contained just 2 times ; then the 2, thus borrowed, be-
ing carried to the decimal figure 6, makes 26, which, div
-vided by 3, gwes 8, &c

END OF LOGARITHMS.
[ ]






ALGEBRA,

S ———
DEFINITIONS anp NOTATION.

3 ALGEBRA is the art of comiputing. by symbol&
It is sometimes also called ANaLYsIs ; and is a gener
kind of arithmetic, or universal way of computation.

2. In Algebra, the giver, or known, guantities are usually
denoted by the first letters of the alphabet, as a, &, ¢, d,
&c. and the unknoum, or required guantztm, by the last let-
ters, as x, y, z. ,

Note. The signis, or characters, exp‘lamcd at the bes
ginning of Arithmetic, have the same signification in Al-
gebra And a point is sometimes used for x thus

¢+6 a——b=abX a—>b.

3. Those quantities, before which the sign 4- i is placed,
are called puitive, or affirmative ;. and those, before which
the sign = is placed, negative.

- And it is to be observed, that the sign of a negativé
quantxty is never omitted, nor the slgn of an affivmarive
! - ohe,

|«
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one, except it be a single quantity, or the first in a series
of quantities, then the sign 4 is frequently omitted : thus «
a significs the same as g, and the series a4-b—c+d the
same as a4b—rc~-d ; so that, if any single quantity, or
if the first term in any number of terms, have not a sign
before it, then it is always understood to be affirmative.

. cr Ty
4. [Like signs are either all positive, or all negatve ; but
signs are unlike, when some are posmve and others negdtive.

§- Smgle, or :xmple, quantmes consist of one term only,
as a, b, x. e ’

In multxplymg slmple quantltxcs, we frequently omit
the sign X, and join the letters ; thus, ab signifies the
same as #X5 ; and afc, the same as aXsXc.  And these
.prod\lcts, viz. oxh, or ab, and abc, aré carﬂdd smgle or
simple quantities, as well as the factors, vtz. 4, 4, ¢, from
which they are produced and the same is.to be observed .
_of the products, ansmg from the. multlphcanon of any
number of simple quantitics.

~6. ¥ an algebraical .quantity consist of two terms, it is
called .a binomial, as a6 5 if of three terms, a. zrinomial,
as a-[-b-l-c 3 if of four terms, a quadrmomzal, 25 g+b4e
=4 ; and if there be more terms, it is called a muln-.
nomial, or polynomial ; all which are compound, guantztm. .

‘When a compound quantity is to be cxpressed as multi=
plied by a simple one,. then we place the sign of multipli-
cation between them, and draw. a line. aver the compound
quantity only ; bat when compound .quantities "are .to be
represented as multiplied together, then we draw a line
over cach of them, and connect them with a_proper sigt.

Thus, a++5Xc denotes ‘¢hat the compound quantxty atb i§
multlphed by the simple quantity ¢ ; sp that if a werc Ic,

36 and ¢ 4, then would a4 X¢ be 10+6X4, or: 16 ins

tﬁ Q, wlnch is 64 3 and a+b><c+d expresses-thc produc;
o

e
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tbecompound quantm:s aw{-b and c+d multxphed to-
gc‘ther.~ L . .

. When we would express, that oné quantity, as a, ‘i’s
jgreater than another; .as. 4, we write aCb; or a > 5.3 and
if 'we would express, that a8 is less:'than 6 we write a',:l&,
ora<gbh .. vl . A

8. When wge would express .the chﬁ'erence bctw:en two
quantxnes, as & and b, while it is unknown which is the
greater-of the two, we. write thcg\ thus, a4, which dc- ‘
notes the difference of a and 4. S PP :

\

9. Powers of the same quahtmcs -or factors are the prod-
ucts of their multiplication : thus aXa, or 4a, denotes the
Square, or second power, of the quantity represented bya;
aXaXa, or aaa, expresses the cube, ori third power ;" and
aX aXaXa, or gasa, denotes thé bzguadrate, or fburtb power
of a &e., A

-And it is to be observed, that the quantlty a is the root
of. all these powers. Suppose a==5, then will ss==ax¢=
§x5==25= the square of §; ass=aXaXa=5X5X5=
125 = the cube of 5.; and aaaa=aXaXaXa=5X5Xs
X 5:62 5= the fourth power of 3.

" 16. Powers are likewise tepresented by placmg above the
ropt, to the right hand, a figure expressing- the number of
factors, that produce them. Thus,: mstead ‘of aa, we
write a* mstead of .aga, we write a3.y instead -of aaaay
we write a?; &c. ' .

1. These figures, which express the number of factors,
that produce powers, are called their indice.r, or exponwts :
thus, 2 is the index or exponent of a*; ‘3 is that of x? 5 4
is that of x%, &c.

. But thc exponent of the ﬁrst pawer, though generally

omxtted, Js unity, or 13 thus &' signifies the sume as a, | -

-namely,
Kk C
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" namely, the first power of 'a ; a%as, the sa samc as o' xd'.,
a*¥*, that is, a*, and a*Xa is the same 2s *xa, ora’*'
ora

13 In expressmg puwets of cmnpnnnd quantxtnas,. we
asually’draw a Line:over. the given quantity, and at.the end
of the line place the exponent of the power..  Thus,

o~

a +b| dcnotes thé square or secand pom of a+b,'coni;1d-

ercd as one \quaumty 3 a-Hi the thu’d’ povrer ; a+b| thc
fourth pewer, &c.

And it may be observed, that the quantity a--4, called
the first power of a-+4, is the root of all these powers.
Leét a=4 and b...z, then will a-l-b become 4+2, or8;

and a+q =4+z| -6‘-6><6 36, the” square " of 6-
also a4 ‘=it =6'=6X6X 6216, the cube of &

-13. The division of algebraae guantitiés is very frequent-
ly expressed- by writing: down the divisor under the-divi-
dend with a line between them, in the manner of a vulgar
fraction : thus, -i represents theA qu'antity arising by di-

I

wding a«byc, so that if & be 144 and ¢ 4, then . will
he ---, ox 36 And at? denotes thﬁ quantity arig-

A 4 a—c

ing by dmdmg a+b by a—c; suppose a_12, b:6 and

' 6 18 :
c=9 then will -j-- bec me 2t or — =6. .
. a.—c v 12—_9 3 .
: e - . a a4
" 14. These htcral‘hqxpresa;mns, nantely, =— and » are
. P S ¢ EE N A . a .

called algebraic fractions ; whereof the upper parts are call-
‘ : cd
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. ed the numerators, and the lower the demominators : thus,a

- R S )
‘

. . ) q . a- PO .
is the numerator of the fraction —, and ¢ is its denomi-

honA ~ -

. wa b . .
nater 3 a4.d is the numerator of —i—,.?and G==c 1s: dts :
*, Qe—C

a

denominator.

* 15 Quantities, to which the radical sign'is applied, gre
called radical quantities, 6% supds ; whereof those consisting

of one term ,omlxy,.,. as 4/ @ and &/ @ %, are called simple:
stivds ; and those eonsisting of several terms, as J ﬁb +cd :
and o/ a*—b* + be, compound, surds.

16. When any quantity is to be taken morc than once,
the number is to be prefixed, which shews how many
times it is to be taken, and the number so prefixed is called .
the numeral coefficient : thusy 2a signifies.twice.a, or a tak-
en twice, and the numeral coeficient is 2 ; 3x™ signifies,
that the quantity x* is multiplied by 3, and the numeral

coeficient is 3 5 also 5§44 x*+a4* denotes, that the quan-
tity 4/x*-a* is multiplied by 5, or taken's times.

‘When no number is prefixed, an unit or 1 is always un-
dérstood to be the coefficient : thus, 1 is the coeflicient of
aor of x 3 fora signifies the same as 14, and x the same
as 1x, since any quantity, multiplied by unity, is still the
same. -

‘Moreover, if a and d be given quantities, and x* and y
required ones 3 then ax® denotes, that x* is to be taken o'
times, or as many times as there are units, in a; and dy
shews, that y is to be taken d times ;5 so that the coefficient
of ax* is 4, and that of dy is 4 : suppose a==6 and d—=4,

. B R " then

-
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1.

then wxll ax =6x , and dy....4y. Agam, Ix, or -!;, deq.

notes thc half of the quantxty xy and the cocﬁicwnt of Sa
is F ; so likewise -}x,ﬁ or, -‘%—,‘ signifies & of x, and the co-"
efficient of 4x is §.

. 17." Like quantities aré those, that.are represented by thc
same letters under the same¢ powers, or ‘which differ only
in their coefficients : thus, 34, 52 and a4 are like quanti-
tics, and the same is ta be:underptood of the radicals

¢x’ +a* and 7‘/ x*4a*. But uniike ,quqrztiﬁ;': are -
those, which are expressed by different letters, or by the
same letters under different powets.: thus 24b, a*b; 2abe,
5ab*; 4x*, y, y* and z* are all unlike quantities.

18. The double or ambiguous sign + signifies plis or mi-
nus the quantity, which immediately follows it, and being
placed betweerr two quantities, it denotes their sum, or dif-

~ . / 2 _: —— ) ) . - . .
ference. Thus, -}ai-\/ —2—-—-—5 shews, that the quan-

5 ) < l
tity / :— ~—b is to be added to, or subtracted fromg Ia,

19. A general exponent is one, that is denoted by a lettez.
instead of a figure : thus, the quantity x™ has a general
exponent, viz. m, which universally denotes the mth pow-
er of the root . Suppose m=2, then will #"=x" 3 if m
=13, then will x"=x?%; if m=4, then will ¥"=x»*% &c,

m
Tn like manner, a~—>b| expresses the mth power of a—b,

20. This root, viz. a—5, is cilled a residual rect, be~
cause its value is no more than the residue, remainder, or-
difference, of its terms # and 4. It is likewise call-

' ed
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\
cd a binomial, as well as a4 4, beeause it is composed of
two parts, connected together by the sign —.

21.- A fraction, which expresses the root of a quantity,
is also called an index, or exponent ; the numerator shews

the power, and the denominator the root : thusa® signifies

— | m—— 3 e
the same as /4 5 and a+ab|* the same as Vatab;
likewise at denotes the square of the cube root of the:

quantity a. Suppose a==64, then will oT=64T=4*=
.16 3 for the cube root of 64 is 4, and the square of 4
is 16. . .

- Again, a+ b\%, expresses the fifth power of the Biquzd-\
ratic root of a4-4. Suppose a=9 and 5=7, then will

: mizm%:x—q%zz‘ =32 3 for the biquadratic
root 6f 167is 2, and the fifth power of 2 is 32.

' Also,‘ s signiﬁes the nth root of a. If n=4, then will
an_.a«t ; if 1 n,...5, then will an_..aT &ec.

Mbreovcr, a+6l" denotes the mth power of the nth root

: nf a=t-b. If m=3 and n==2, then will a+bl"=a+bl ,
ﬂamely, the cube of the square root of the quantlty a+6

and as Fa _equals /a y OF ~/a, 50 a+b|" "\/a-f-bl >
namelv, the nth root of the mth power of a-b. So that
the mth power of the nth root, or the nth root of the mth
'power, of a quantity are the very same in effect, though
differently expressed. .

© 22.°An exponential quantxty is a power, whose exponent
is a variable quantity, as »* Suppose x=2, then will
=2t =g4y if *=3, then will x¥*=33=27.

*

ADDITION.

'
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- . ADDITION.

ApprrIoN, in Algebra, is connecting the quantities to-
gether by their proper signs, and uniting i smele terms .
sidch as are similar.

In addition there are three cases.

\

CASE 1.
When like quantities bave like signs.
RULE* . L

Add the coeflicients together, to their sum join the
common letgers, and prefix the common sign when. neces=

sary. .ol .
. . EXAMPLEs,

* The reasons, on which these- operations are founded, will
readily appear from a little reflection on the nature of the ‘quanti._
ties to be added, or collected together. For with regard to the
first example, where the quantities are 34 and. §a, whatever 2
represents in one term, it will represent the same thing in the
other ; so that 3 times any thing, and 5 times the same thing, col-
lected together, must necds make 8 times that thing. As, if g
" denote a shilling, then 3a is 3 shillings, and 54 is' 5 shillings,
and their sum is 8 shillings. In like manner —2ab and —74b,
or —2 times any thing and —7 -times the same thxng, make —9
times that thing. -

As to the second case, in which the quantities are like, but the
sigos unlike ; the reason of its operation will easily- appear by re-
ﬂectmg, that addition means only the uniting of. quantities togeth-
er by means of the arithmetical eperations denoted by their signs
+ and —, or of addition and subtraction ; which being of con-
trary or opposite natures, one ooefficient must be- Subtracted: from
the other, to obtain the incorporated or united mass.

' - As

AY
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S \,EXAMPLES.
" L 2. 3 4
—%. ayt jex—y

‘Add .4 38— 5. yxy? 8axm—3y

L (®sa —2b 5wyt Gaw——ay
. Sum 8 —10b 16yt  ax—y
2'64x—loy

5.

As to the third case, where the quantities are unlike, it is
plain, that such quantities cannot be united into one, or otherwise
allded’ than by means of their signs. Thus, for example, if & be |
supposed to represent a-crown, and 5 a shilling ; then the sum of
a and 4 can be neither 24 nor 25, ‘that is, geither 2 crowns sor ¢
shillings, but only 1 crown plus 1 shilling, that is, z4-5.

" . In this rule, the word_addition is not very properly used, being
much too scanty to express the operation here performed. The
business of -this operation is to incorporate into bne mass, or alge-
braic e&yrcssxou, differen: algebraic quantities, as far a5 an actual
mcorporatmn or* union is possible ; and to, retain the algebraic
marks for doing it in cases, where an union is not possible.
When we have several quantities, some affirmative and others neg-
ative, 9nd the relation of these quantities can be dicovered, ip
whele or ia part ; such incerporatien of twe. or-mose gquantities
into one is plainly effected by t;heJ foregoing rules:

It may seem a paradox, that what is called addition in algebra \
should sometimes mean addition, and sometimes subtraction. But
the paradox wholly arises from the scantiness of the namc, given
to the algebraic process, or from.employing an old term .2 new
and more enlarged sense, Tostéad of addition, call-it inengose-
tioky union, ot itriking & halance, and the paradox vamishes. - !
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5 .6 e
na—6b 3T — xy 3xy— x-2ab
:Z:gi 2333y ' . 2xjy—_—?3x+ 2ab

o b 4x—8xy - 2xy—gx-hBab
3a—2b x3—2xy _ 5’.\3:—3x+ ab

~ - CASE IL
When like quantities have unlike signs.

" RULE:.

.

Subtrnct the less cocfﬁcxcnt from tbe greater, to fhe ¥
mainder prefix the sxgn of the greater, and annex thcnr
common lctters or quantities. :

!

nxAﬁPi.Es.

L 2. 3;' 4. o -5
To +6a —7b 42 —-acd +3\/a +b‘
Md—w +6 —x  +yd  —e /a0

t

Sum 4408 —b . +2.t‘d.‘—-5\/a'+b‘

% In example 3, the coefficients of the two quantities, viz.
=2¢ and —2¢, are equal to each other, therefore -they destroy
one another, and so their sum makes o, or, *, which is frequently
used, in algebra, to signify a vacant place. ’
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6. 2 8. 9 1o,

Yo 428 —6 Fq  —ged 48/

Add —6s 49b  —ae  Fd =3 a4

Sum —~4a ' .+ b 3¢ -v.cd‘ F53/a% 4eb*

NoTe. When many like quantitie are to be added together,
whereof some ave offirmative and others megative ; reduce
them first to two terms, by adding all the affirmative quan-
tities together, and all the negative ones ; and then add
the two terms according to the rule. Thus,

11. Add 4a*}=7a* —-3a’+ua ——8a’+a —5a‘ to-
gcthcr
First, 40 ’+7a'+12a’+a' $=24a", the sum of the af-
firmative quantities,
And —34*~-8a"—54* ==—164", the sum of the ncga-
tive.
*  Then 245*=—164*= 84% the sum of the wholc.

12. Add sax -—4ax‘+toax a0 G5 together

First, gax*~{-10ax*= 15ax%

And —4ax*=—8ax*~—6ax* = ——18ax* ;

Therefore the sum of these quammes is +x §ax*~=18a
¥ =—3ax"

“ 13 ' 14.
— 64/ax —1 +zax“"
+ 2/ax - | +y+ o’
— .6‘/.ax — —-31::%§
104 ax +sy aoxt

Lo ‘ GasE
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Cc Asnb 111,
When the quantitées are unlike.
RULE. , '

Set them down in a line, with their s:gns and coef-
ficients preﬁxcd.

EXAMPLE.
To 38 =81  +2/d—
Add 2 45y -9

-

Sum 3a+2b-—8xy+5y+ 2J a*——b’—r9

———

4

OTHRER EXAMPLES- IN ADDITION.

1. 36 —b?  +gb? sy

@ Al —sd —2?
& 124 —a/ab 410
7* .+ 58 +6c* — 6

Sum 158" —7b3+30/ ab 46— sdHxy—2’+4*

* Here the first column is composed of like quantities, which
are added together by case 1. The terms —gb? and 495> de-
stroy one agother ; and the sum of —125% and 4553 is —78?,

by case 2. The sum of 474/ ab and —44/ab is 434/ab.
I like manner, 410 and —6 together make <-4 ; and the rest
of the terms being unlike, they are set down with their respect-
ive signs and coefficients prefixed, conformably to case 3.
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2. 3. ' 4‘ ’

3xy 2/x—8  a*= *8+x§-—2
—2w*  3/xyt10e - 6 —rotat—x
—3p*x gty x'——a’f8—y
—38x*y =8y /%y  10—ag ——x'—y

- ¢ . ~

% SUBTRACTION,

RULE% -

Change each +4- into ~—, and each — into -, in the
subtrahend, or suppose then to be thus changed ; then
proceed as in addition, and the sum will be the true re- -
mainder. .

EXAMPLES.

N

* This rule is founded on the consideration, that addition and
subtraction are opposite ta each other-in their nature and operation,
as are the signs 4 and —, by which they are expressed and rep.
resented. And since to unite a negative with a positive quantity
of the same kind has the effect of diminishing it, or subducting
an equal positive quantity from it 3 therefore to subtract a positive,
which is the opposite of uniting or adding, is to add the equal
negative quantity. In like maooer, to subtract a negative quan-
tity is the same in effect, as to add or unite an equal positive
quantity. So that, by changing the sign of a quantity from -

*to —, or from — to -, its nature is changed from a subductive
to an additive quantity ; and any ‘quantity is in effect subtracted
*by barely changing its sign. -
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. EXAMPLES.

1. 2. : 3- 40 s; .
From g 3. 4 - o 8a*
Take 2a sa ~26 . +8 —8s®

v 3 g —

Rem. 30 =~ +6  —9 416a*

6~ » 7' ' ‘ 89 ' 9-
From —~Y ) + 8% —gd?  —xt
Take /4 8be +8¢* 4243 —_—sxt

Rem. wr=165c * —Gd3 —xt
Y g ppe— ppes—y o
10, . 12,
Trom —12xy gax? sa*+3bx+14
Take ——12xy 205" 4 4 a® 4-2bx—10
Rem. * 3ex*—4* V 4a’ + x4 24“
— r g \p) ~ 7 PTTI————

13-

4 ~

* The ten foregoing examples of simple quantities being obvi-
ous, we pass by them ; but shall illustrate the eleventh example,
in order to the ready understanding of those, which follow. = Ia
the eleventh examplé, the compound quantity 2ax*<4-4 being tak-
en from the simple quaunty 5ax*, the remainder is 3ax*—4, and
it is plain, that the more there is taken from any number or quane
tity, the less will be left ; and the less there is taken, the more
will be left.  Now, if only 2ax* were .taken from §ax?, "the re-
mainder would be 3ax® ; and consequently, if zax®-4-4, which
is greater than 2ax* by 4, be taken from sax*, the remainder
will be less than gax? by 4, that is, there will remain 3ax%*—4,
as above. For by changing the sign of the quantity 24x* 44,
and adding it to §ax*, the sum is §ax~zax>—4 3 but here the
term —2ax* destroys so much of §ax* as is equal to itself, and
20 gax*—zax*—4 becomes equal to 3ax*—4, by the general rulg
for subtraction.
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13. ’ 4 - ts.
Foom 9y/a¥ —ss 6 /a kb ¢ ayfadt
Take 6J;; 92 *4b*—¢a ‘/;+y'<

‘Rem. 30/ax =58 —33/a b s \fx oy’

16. . o18-
5%¥°5—8 4 /mr—xy/Ky 5 4\ /x—8—g}

—3%%41 ¢ 2 /aytadeny. 6.;’—10-}—46—-::1‘

19. . 20 21
3%y—20 -—3Xa+b xy3 +xoa\/ x)+xo
4%y—30 g --8)(11—]—5 ' x'y’+2a\/xy+ 10

e e——
MULTIPLICATION.

In multiplication of algebraic quantities there is one
general rule for the signs ; namely, when the signs of the
factors are both affirmative or both negative, the product
is affirmative ; but if one of the factors be affirmative and
the other negative, then the product is negative.* -

: CASE

* Tbat like signs make 4-, and unlike signs'——, in the prod-

uct, miy be shewn thus :
‘ 1. When
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CASE L.

" When both the Jactors are simple quantities.
RULE.

Multiply the coefficients of the two- terms together, to
the product annex all the letters of the terms, and prefix
the proper sign.

EXAMPLES.
) 1. 2 3. 4 5-
“Multiply o —356 . 4ab —scd —
by b —2 3 .. 4% 5

Product ab  }-6bc 12ab +20cdx  ——ab

n

6. Multiply

S. When +a is to be muliipled by 45 ; it implies, that 4z is
to be taken as many times, as there are units in & ; and since the
sum of any number of affirmative terms is affirmative, it follows,
that Jax 45 makes -ab.

3. When two quantities are to be multiplied together ; the result
will be exactly the same, in whatever order they are placed ; for
& times & is the same as 5 times 2 ; and therefore, when —a is to
be multiplied by 45, or 45 by —a, it is the same thing as tak-
ing —a as many times as there are units in 45 ; and since the
sum of any number of pegative terms is negative, it follows, that
—a X 45, or 4aX —&, makes or produces —ab.

. 8. When —a is to be multiplied by —1b 5 here —a is to be sub.

tracRas often as there are units in & ; but subtracting negativis

- is the same as adding affirmatives, by the demonstration of the

_ rule for.subtraction ; consequently the quotient is & times 4, or
+ab. ‘.

Otherwise.

i
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i

6. 7. v 8
Multiply 36 © w—gab & sed
- by —2c } 3 —4%
Product  —6ic —12ab ~—20cdx

9. . 10. o1,
Multiply —x +5xy —xyz

by —_—7 =3 —=Gax

Product

SNt Snnam—— p——

Note t.  To multiply any power 6y another of the same veot ;
wdd the exponent of the multiplier to that of the multipli-
cand, and the sum will be the exponent of their product.

Thus the product of & multiplied.into 43 is.a543, or 48
That of »*into x is #™".

That of &" into x* is x™**,

That of ¥™ into " is ™",

And that of ¢™*" into y™ is y"t¥#%, or gnir

Again, the product of a+x|’ multiplied into a--x is
741 .

at-=| :
n r ntr
And that of x4yl into x| is x4y} .

This
.

“Otherwise. Since a—a==0, therefore a—a X —& is 2ld®—0,
beause o multiplied by any quantity is still o ; and sina# the first
term of the product, or a X —8&, ==ab; by the second case ;- there-
fore the last term of the product, or —ay—b, must be +-ab; to
make the sum =0, or —ab4-a=0 3 that is, =a X =b==+4ab.

.
"’

° -
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This rule is &d:i( applicable, whe‘u;ﬂe’rexponents of
any roots of the 'sa quantity are fractional.
| 'I'hus, the product of & mulnplxcd into 4;l is aLX f:':
.x.+.x s .

-‘a —-a —d.

In like m:mncr,

—X.

Hence it appears, that, if a surd square root be multi-
plied into itself, the product will be rational ; and if 3
surd cube root be multiplied into itself; and that product
into the same root, the product is rational. And, in gen-
eral, when the sum of the numerators of the exponents
is divisible by the common denominator, without 2 re-
mainder, the product will be rational.

' S5t3 *3 8

Thus’ {'xa% z+% : T ine 3

=4 ==a .
%,

Here the'Quantity a* is reduced to a*, by actually di-
- viding 8, the numerator of the exponent, by its denomi-
nator 4 ; and the sum of the exponents, considered mere-
ly as vulgar fractions, is £4i=%=2. .
" 'When the sum of the numerators and the denominator
of the exponents admit of a common divisor greater than
unity, then the exponent of the' product may always be
reduced, like a vulgar fraction, to lower terms, retaining
still the same value.

' 6. 3
Thus, x%XxT::x?’\'.:xT. '
Compound surds of the same quantity are multiplied in
the smgae manner as simple ones.

Thus, s o’ X aF o = adal = aFal = ats;
FET x TERL = ST =t

Se
® ®



-

'

ﬁULTIPLICAnON- £ 104
Bo Likewise \/ ax X s/ afex #v’ p += :a-l—z .

And ~/ afx X\/ aefoe ==V a}-x -—a+x
And \/ afx X\/ afx =mafs. .

These examples shew the grounds, on which the prod-
ucts of surds become ranonal.

Nore 2. Different quantities under the same- radical
sign are multiplied together like rational quantities, only
the product, if it do not become rational, must stand un-
der the same radical sign.

Thus, v/ 7X¢/3=V 1X3=¢/215

‘/;X\/;_—_\/:b:

3 —— 3 3

e X/ 29 =4/ 14c%y .

\ 7 —— N Sewem | § emmmm—s e X

And /4d X/ 26d==y/ 8cd* ==8cd*|".

It may not be improper to observe, that unequal surds

have sometimes a rational product.
As ‘/;{x;/Z =/64=8:
¢ T2ab X/ 3ab —¢36a‘b'—6ab
VT X/ = g =
And JR X ool X/ =
\"/ atx " =afx.
Mux

CASE
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g CASE IL
.0 .
When one of the factors is a compound quantity.

' RULE.

Multiply evety term of the multiplicand by the multia

) plier.
‘ SXAMPLES.
1. 2.
Multiply  ga--be 38/ ab==gb* Y100/ ax
by 3¢ 2%
Product 150c435c* 65‘/:5-—-863-};14&\/;
. s )

Multiply  3em—in/n +5dy/5"—y® —Gbo/c

by 21/ ¢ _
. Product Gany/ —8ay/cn + 108dy/ cx*—cy’mm12abe, -

R - 4 . 5-
Multiply Jf=—8-2%y R
by xy B
Product
6. , 7.
Multiply 12% =gy 2y 8% gt
by —x? 3%y * .
Product
T —"
‘ CASE

CE——————



s
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CASE III.
Wbe,;z both the factors are compound gquantities.
"RULE.

Multiply each term of the multiplicand by each term of
the multiplier ; then add all the products together, and the
sum wxll be the product required.

EXAMPLES,
1. ' i
Muluply at-b ’ afb
by atd ’ a—-é
as +-ab 'a +ab
e o AN —ab—b* *

Product a*f2abfb** a* * ——p?

’ 3. Multiply»

# In the first example, we multiply a4-4, the multiplicand, into
g, the first term of the multiplier, and the product is a®4-a5 ;
then we multiply the multiplicand into 4, the second term of the

multiplier, and the product is ab4-8*. The sum of these two B
products is @4 2ab4-%, as above, and is the square of a4-4. «

In the first example, the like terms of the product, viz. ab
and ab, together make 245 ; but in the second example, the
terms +ab and —ab, having comtrary signs, destroy each
other, and the product is a*—5?, the difference of the squares
of aand 5. Hence it appears, that the sum and difference of
two quantities, multiplied together, produce the difference ‘of
their squares. And by the next following example you may ob.
serve, that the’square of the difference of two quantities, as a
and 4, isequal to @ -—za&+6’, the sum of their squares minus
twice their product.

.
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3 ~ 4
" Multiply  a—b - » a—b
by ' av-b . . ,‘;—-—‘d
S———p ——
a*——ab © ac==bc
—abfb* —ad-t-bd

F———— o o - -
Product a*=—=2ab=}=b* ac——bo=—ead-{-bd

S ——— M gl

5. . 6.
Multiply o/a+4/8 Vat/b
by ~/ a4/ Va—/b
ad- o/ ab a4 o/ ab
+ g ab 44 —/ ab—b
'Pxoduct -a,—‘»e2 ~/ab+b ' a * -—5‘
3 - o - ‘A - ’ -
7 » *
Mult@ply "3—4 '
Q by 33
’ .
I 4xy""" 8}’ . ) +
—21x%-}12
Product 14%5—2 1x—-8y+>1 2
8. Multiply
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) .8,
Multiply  #*-10%5-4-7
, by X e Oxy=t=4

xttroxdyd 7x*
— Gx3y=——6ox’y*=—42xy
caxt rgowyt28

Product  x*=fgx’y—60x*y* =11 —2xy4-28.

0 Mulnply x’+~ "y+ay*ty? by .
Ans. x*——p*.

10. Multiply x* 4-xy4y* b)' X e—xy1y. .
Ans. 544y 4yt

11. Multiply 35 *——2xy+5 by »*4-2xy—3.
Ans. 3x*<fxdpmmgrt—iqx’y* 4 1685—15

12. Multiply 20*—3ax-}4%* by 5a*—G6ax—a2x*.
Ans. xoa‘-—z7a3x+34a %" =—18ax’—8x*.

"DIVISION. %

Division in Algebra, as well as in Arithmetic, is the
converse of multiplication, and is performed by beginning
at the left hand, and dmdmg all the parts of the dividend
by the divisor, when it can be done ; or by settmg them
down like a vulgar fraction, the dividend over the divisor,
and then rgducing the fraction to its lowest terms.

In division the rule for the signs is the same as in multi-
plication, viz. if the signs of the divisor and dividend be"

alike,’
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Lﬁ, that is, both <}- or both —, then the sign of the
quotient must be = ; but if they be unlike, the sign of
the quotient must be —=*

CASE I.

When the divisor and dividend are both simple quantities,

) N
RULE.

1. Place the dividend above a line, and the divisor un-
der it, in the form of a vulgar fraction.

2. Expunge those letters, that are commeon to the divi-
dend and divisor, and divide the coeflicients of all the
terms by any number, that will divide them without:a re-
mainder, and the result will be the quotient required.

kxauu.a»s. .
1. 2. 3
Divide . 18x* . —12ab abe
by- 9% 3 bed
. 18x? 12ab abe &
(thant -9-;— —1 —— ._—-41.16 =1

. . 4 Divide
* Because the divisor, multiplied by the quotient, must produce

the dividend. Therefore,

1. When both the terms are 4 ; the quotient must be 4, be- - &
cause 4 in the divisor X - in the quotient produces 4 in the «
dividend.

2. When the terms are both — ; the quotient is also 4, be-
cause — in the divisor X - in the quotient produces — in the

-~ ‘l""‘?f‘ 3. When

X

.
l'(“) ", N'
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4 5 6.
Divide ab w13 © habex®
by 2b 3 gax*
%onent-a%—'-!:—a.&-3 : “-f- i 7‘?:: 3= 75;”
4. Divide 16%* by 8x. - Ans. 2.
8. Divide 12a*x* by 3a*2. Ans. 4%.
9. Divide —15ay* by 3ay. . Ane gy
10. Divide ==18ax*y by w=m84x2. :
Ans. 2’2

It foay not be amiss to observe, that when any quanti-
ty is divided by itself, the quotient will be unity, or 13
because any thing contains itself once : thus ¥--x gives 1,

and 4/ 2ab divided by \/—2;6-] gives 1.

NotE 1. To divide any power by another of the same
ro0t ; subtract the exponent of the divisor from that of the
dividend, and the remainder will be the exponent‘of the
quotxent

Thus,

3 Wbm one term is + and the other — ; ; the quotient must be
- becaase + i the divisor X — in the quouent ptoduces -—
in the dividend ; or — in the divisor X - in the quotient gives

" — in the dividend.

So that the rule is general like signs give 4, and ualike
{l@! give —, in the quotient.

»
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Thus, the quotient of a® divided by a3 is a*~3, or a*.
That of x" by x is x™*.

"That of x" by % is ">,

That of x™" by »" is ™.

And that of x" by »" is ™

But it is to be observed, that when the exponent of the
divisor is greater than that of the dividend, the quotient
will have a negative exponent.

Thus, the quotient of &3 divided by 7 is x5, or s
And that of ax® by x° is ax™>

And these quotients, viz. x~* and ax™3, are respective-

,: ‘
ly equal to = and ;a? 3 for x° being actually divided by

x5, 1 ax* a4
7 ot — i g & s —==
¥ gives — ===33 and ax* divided by gaves =3,
as above.
ax® a
In like manner, a"divided by cx** glves —_——-
cxX

And the quotient of &> Fx* | dividéd by a‘+x“la- ise
PONRPIY

..-".:.' 2
Moreover, at divided by a gives a* ...a'::a.

5-—:
a+x aFwit divided by a-]-xl’ gives atx T =
a+xl 5= a+xff

- M‘I divided by ab+x'l gives ab4x* | .

SCHOLIUM.
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SCHOLIUM.

When fractxanal exponmt: of the powers of the same root
Pave At the. same densminator, they: may. be brought to a
common denominator, like vulgar fractxons, and then their
aumemwrs may be added, or subtracted as beforc

\ J'I’hus," the quotient of ac+x |? divided ‘by\ ac--}-:vélT is

ac+x[4w%zac+x| ‘ ::ac+xl . B

Notg 4. Surd quantities under the same radical sign
are dmdcd, one by the other, like rational quantitics, only
‘the quotient, if it do not become rational, must statd un-
der the same fadical sign.

Thus, the jiiotient of \/ 21 dmded by s/ 3 5 ~/ ™
That of \/af by Ja is f o
That of ./16c by Jne is .;/3, or 2
' L n
o That of o/ax|" by (/a=l’ is 1.

2 m - N

'{Ari& that of 124°%3%]" by 3a‘xiy31 is 4")']?‘

CASE 1L
Whei the diviser is d simple quantity and the dividend a come
pound quantity. -
RULE.

- ~Divide every terni éf the dividend by the divisor, as in
zhe first case. .
) EXAMPLES,
N~ -~
. '
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| exsurns
. 3 5ac+I36c( 5a-4b quotient.
2 bRy X128 b gab(ay/ W ehbt qus

tient.
3. Divide 3x*e15-4-654<3a by 3.
| - Ams xﬂ%-}-z-‘}- %’
4- Divide 30bc4-120b8—9a*} by 3eb.
' Ans. cf-gxa=3a.

5 Divide 10a” g—15x" -—-Sx by s=
Ans. 2 --3::--!.'

"CASE III
TN

When the divisor and dividend are both compound g}qr_:tifim
;UL& .

1. Range the terms according to the powers of some
letter in both of them, placing the highest power of it
first, and the rest in order.

2. Divide the first term of the dividend by the first term
of the divisor, and place the result in the quotient.

3. Multiply the whole divisor by the quotient term, and
subtract the product from the dividend

4. To the remainder bring down as many terms of the
-dividend as are requisite for the next operation ; call the
‘sum a diyidual, and divide as beﬁ)xe 3 and ge om, as in

Axithmetic..

EXAMPLES.
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- e 8!11!!’!;.53; et o

1. Let it be rcqu1rcd to dxv'"Jg a’—-gh’xv-g,ax*-]-x

ya-l-x. e

ar}-x)ad ==3a x—3ax 3 -I-W’ (a® 9—41!3:-*-2' *
al +a x

——— -

—4a x——gax “first dmdual.
44’ x—4ax’ N

[ o

"4 ax*4%* second dividual,
et x?

’

e
* * B

2. Divide

# The process may be explained thus :

First, e* divided by a gives a* for the first term of the que.
“tient, by which we multiply the' whole divisor, vizi a4-x, and
the product is a®42*x, which, being taken from the two first
" terms of the dividend, leaves ——4a%~ ; to this remainder we
bring down —3a§c 5> the next term of the dividend, aad the sum
is —44 *x—3ax?, the first dividual ; now dividing —4a*x, the
. first term of this dividual, by g, the first term of the divisor, there
comes out —4ax, a négative quantivy, which. we also put in the
quotient ; and the whole divisor being mulnplxed by ity the prod.
nct is —4qa*x—4ax*, which being taken from the first dividual,
the remainder is <4-ax* ; to which we bring down x’, the last
term of the dividend, and the sum is «-ax*--x?, the second di-
vidual ; and +-ax?, the first term of the second dividual, divide
ed by @, the first term of the divisor, gives x* for the last term
of the quotient 3 by which we multiply the whale divisor, and
the product is 4-ax*+4x?, which being taken from the second di-
Vidual leaves gothing 5 and thie quotient required is a*—dax 427

o
Z
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| #XaAVT /,’by aim!‘
A )l SN . -.,r'{f’”'.“'a.”f""‘sfg
© 2. 4ab)Raby/ '
tient. i :
et '
3. Divide - . -2 S
S
—ba’K3—6x5
4. D: :T"’* » -
/ M LS e X

J “,,,l by &/ a—sx/ b,
» 7 /a—Jb)r-b(Ja +¢b!
a-—\/ ab

\/ ab-q-b
+~/va6——6
4- Divide

.—_c ™

" Here 4y the fist temmn of the dxvxdend. Being divided by
ya, the first term of the divisar, g:vcs ,,_/a for the first term 0f
the quotient. For a==a*, and Va = a% and the difference
of the exponents 18 1—%, or %; thcrcfore a® divided by &
gives q'—f;a‘- = 4/:1,. ag above. Qr it may be considered
thus : ask what quantity being multiplied by Va will give a, and
the answer is 4/ ; then the divisor being maltiplied by Vs

the prodyet is a.—q,/z.z; 3 but there being no term in the dividend,
» N b‘ t.wg
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4 Divide #% 30 c-}-gac* —rt by a —-2»:-|nc

. ' act—rc?
@t r—2ac}-c*)ad~—3a c+4ac w2t (a-—c+m el

\ a—92a i 7L ’ . )

—a* 300t —2c?
—a’ 200 — 3 S

—

Remains + ac*— ¢t

" Here \it 1S obvious, that the divisiod carinot.terminate
without a remainder ; theréfore we write the divisor under
the remainder with a line between them, and add the
fraction to aw¢, the other two terms, to complete the
guotlent.

" But when the dividend does not precisely contain the
divisor, then we generally express the whole quotient as a
fraction, having reduced it to its lowest terms, or rejected
the letters and factors, that are found in every term of the
dividend and divisor. L

.~ . . 5. Thus',

ey

that corresponds to —a/ab , the second term of this product,
we subtract a-VaT from .'a—-é, t.hé dividend, and the sign of
the quantity — /b being changed, the remainder is +4/ab —b.
Now -4/ab , the first term of this remainder, divided by 4/7 ,

. the first term of the divisor, gives —4/3 for the second term
of the quotient, by which we multiply the divisof, and the prod.

uct, viz. +4/ab —5, being subtracted from the aforesaid res.
fainder, pothing femains s and the quotient is 4/a4-4/5.



1‘ “"“o
e o ast? divided by adx-pank
g Theb ¢ “‘-f"" ot pbpertx’
Rt e o
gives "‘7’5?"’" g
Ry cx"+ax’
Here the quoncnt ad»-{-anx

is reduced to

_o_ﬁ‘ﬁi'f— by dividing ncry term of its numerator and
a4

denominator by ax.

é And _atab-d? dmded by a -—ao-l—a gives
c+ﬂj+d > <

Here the quoticnt cannot be reduced to lower terms, bee
cause the factor a is not to be found in the term 42,

‘But it i3 to be observcd, that though a fraction cannot
be reduced to lower terms by a simple divisor, yet it may
sometimes be so reduced by a compound one ; as will aps
pear in the redumon of fractions.

%. Divide a3+x3 by atx. Ans. ‘a’-—-ak-i—x‘.
8. Divide a’—=34a"y~}-3ay*—y* by a=—y.
Ans- a'-—zay-l-y’.

0. Divide 6x*—96 by 3x—6. -

 Ans, 2x3fegx® 82 f-16.
1o. Divide a%—s5a#x +- 1003 * —108* 3 sax*—=" by
8 —2ax4x". Ans. a’—3a*x-}-3a% > —x¥

[ "_ L
FRACTIONS,

Avcesraic FracTions ane the same names and rules
Of operation, 4s fractions in Arithmetic. ~
.. . FROBLEM
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P ROBL E N Io .
4o find the greatest common measure gf the, terms of 6 fraction,

RULE.
1. Raﬂge the giiantities according to the dimengions of

$ome letter, as is shewn in division.

2, Divide the greater term by the less, and the fast di-
vision by the last remainder, and so on till nothing re-
main ; then the divisor last used will be the common
measure required. -

Nore. All the lettets of ﬁgures, which au: common to
each term of any divisor, must be re)ected before such di-
visor is used in the operation. ‘

EXAMPLES. '

1. To find the gfeatest common messuré of ﬁf—g—

‘e cxtx®)eatfun
or t+:é)ca : +a’x(a

: ’ L ea*atx ‘
: L]

Therefore the greatest common measure is e~}

53
2. To find the greatest common measure of —W'
xt - 2bx b ) d—bin(x
AL XTIAE DAL
258 —2b %)% ? - 255 4-5*
‘or wefeb ) f-20x--b* (245
' . wt-f bx
bx+1»'1
butb?

Therefore x5 is the greatest commohurc.

-
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. i
:-H
Ans. &)1

3. To find the greatest commion Mmeasure of

> e . Les . . . L. I . ‘ ‘
4 To find thé gieatest commbni measare of -;"f,-——!-'—;
x5 b2xd

- . ' Ans. x*-pb*.

PROBLEM 1L

§% reduce a _fraction to its loweit terms.
RULE:

1. Find the greatest common measure, as in the Jast
problem. : :

2. Divide both the terms of the fraction by thé coms
mon measure thus found, and it will be reduced to its

. Jowest terms.

BXAMPLES,

. 2
1. Reduce c’i"’"z to its lowest terms.
ca'+tatx '

cx4-n*)a*4a’%
or ¥ Yea® 4-a*x(a*
ca*4a’s

Therefore ¢} is the greatest commort measure 3
and c-}-z) ‘x+ (—- is the fraction required.

‘ o 2 Having
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. 897
,__5. -, g 1o ‘-." ol
. Havmg TS +6, gwen, it is required to, reduce
o It to its least terms. D
sc‘+zax+b’)x3-b’k(x AR
Uk P

q—2bx? —M’x)x’-}-sz-l—b"
- or wddi )z’izix-}-é €

“ bxdb?
6x+b’

Therefore x5 is the greatest common measure, and

xl—b*x xt—br - .
wefb) PR (= rrakl the ffac.txon required.

. e . xtP® e ,wi.l‘.&'
3. Reduce ST toits lc?wcst terms.  Ans. —5—

' 2 3 ' E
4 Reduce =2 toits lowest terms.  Ans. e, ©
‘ xb—y : ®*4y*

, ' . a‘—x‘ .
5- Reduce ———rp < to its Jowest terms.
- @—ex—aniad

’ . " a 3
‘ ) Ans. ?....i-_:f._,
“ . R
PROBLEM 1III
o reduce a mixed quantity to an improper fractionm.

RULE. .

A,

~ Multiply the integer by the dcnommator of} #he fraction,
and to the product add the numerator 3 then thé denomi~

.mator
Oo i P>
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nator being placed under this sum will g;ve the impropet
fraction required. - R T S LR

EXAMPLES.
1. Reduce 34 to an improper fraction.
S _3Xrds 2ty
7 7 .7
b - e Y 2
2. Redjice g~ tg-an improbper fraction.

3 -7- the answer.

- - “ BN c—b —b ]
. a—i..—_. x: = “c the answer:
-

L
_ 3- Reduce x—}—f; to an improper fractiqx},A
. xXa+x m+{ o
“-l—; = =—_— the answer:
4 Redute 85 to an improper fracian.” . Ans. %7

2% . .
5. Reduce I— to an improper fractlon.

.

- BV

Ans a—i"
' a

6. Reduce X—

ax-=g-x . . .
;’; to arf imiproper fraction.

7. Reduce 104>

to an improper fraction.

PROBLEM 1V,

" To reduce an improper fraction to a whole or mixed yuantitv.
. [

RULE.

Divide the numerator by the denominator for the intes
gral part ; and place the remainder, 1{ any, over the de-

nq,mmator
o LR
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pominator for the fractional part ; the two joined togcther
will be the mixed quantity reguiired.

"A*"..’- I '.'.ZT.’ UL, re Ot .1‘.‘{* R ‘ SN '\.,_
EXAMPLES, -

1. To reduce ’?’ to a migedr: quantity.

. -g = 17——-5_.3—;- the answer required.
L3 ARV ; (N T I VAN . A' M
VoL oLicdne :2'+a B ! YrEe g vi
By Reducc tp a whole or mixed quantity, . -
Pl U nimmcs ofy st rminaziaool.

axJa* a*
+ ax+a > x:a+-x- answer.
* J

ab—a* . .
3 Reggce ——— to a whole or mixed quantity, .

é
ab__az ——— ) a?
— 5,..57"?.&—,-: a? b Top——- answer.

4 Reduce -L—_._ to a whole or mixed quantity,

.
5 -

a}*‘y. -‘-ay+2y —-a-}-y::y+-- answer.
aty
%. Let == 30 —— . - be rcduccd to a whole or mixed qu;m-
tity. - . " Ans. 35——
PN a
a4yt
a—x

Ans. a+x+_
o a—x
A

YR JR - -
7. Let =L be reduced toa whole or mixed quantity.
- x—y ot . N

. ‘Ans. x*Fx)-y*.

- PROBLEM
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PKOB&*“{ v‘! vy e

To reduce fractions to g common demominator.

“‘v';,g.'u: T : N

Multlply each numerator mto all the 'denominators scve
erally, exceépt: jts vwri, fof the new mumerators ; and:all
the denominators together for the common denominator,

p———1 . ———

o sxtupnz'é.

" N B L, s
1. Reduce —; and - to a common denaminator,
" aXe = o

b — b } the fiew mumerators.

bXc = be the commbn'deno&;ihaton

]
Thcreforcr-:— and 4:—::::%_ and :—;._‘rgsygqgim}y,:‘the frace

tions required.

-

2. Reduce %—, —i— and -3-—, to a common denominator,
aXcXd = acd .
bx¢bXd = b*d the numerators,
X ,
eXbRe == c*b )

bX e Xxd = bcd the common den&minator.
b atd b*d
Therefore 7’7 and = T T d ——— and 'TJ respectives

ly, the fractions required,
3. Reduce
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s Roduce—u and KA eqmvalcnt fractmm, bmng x

common denommator.

Ans, 2= and ali
- a a
4. Reduce -3- and to fractnons, havmg a common\
dengmmatm;. .
. Aﬁs- oy and dzb”

§. Reduce %’ -;—5- and d, to fractions, haviﬁg a common

denomsimator, - A, 9 adb 6acd

'y T and —ty
Gac

6ac Gao

6. Reduce 3— -?;- and w-i-—, tq fractxons, having a
comgron. dcnommator. _ |

. ' )
_2: Sax 12a%4-24x ©

m l“ and "——"“—‘Iu ..

PROBLEM VI,
To add fractional quantities togatbcr
RULE.
1. Reduee the fractions to a common dcuominator .
2. Add

b o

* In the addition of mixed quantities, it is best to bring the
fractional parts only to a common denominator, and to affix their -
sum to-the sum of the integers, interposing the proper sign.
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2. Add all the numerators together, and under the sum

write the common denominator, and it will give the sym
of the fractions required.

EXAMPLES.

1. Having —x- and -5- given, to find their sum,

-

X 3=3x '
Here xxz_zx} the numerators.

And 2)3=¢ the common denominator,

Therefore 36: +?-6-’f::%‘ is the sum required,

2. Having —:'-, 5 and—} giveh, to find their sum,

aXdXf = adf g :

.

Here cXbXf = cif the numgrators,
eXbXd = ebd '
[}

And bXIXf = bdf the common denominétoi.

’  adf , of b _adf g clftebd ,
Therefore —6é_f-+_b_¢§+ 7k 7 4f_’ the  su

required.

3. Let a—_‘ﬁ: and b+ 2% be added together,
3%* Ko = 3ex?

2a% . Xb == 2abx } the numerators,,

-

And  bXc == b the cc;mrhon denominator.
5
Therefore a= _q—+b+ 2ax 3‘* LAy +2_a_x_ —t

2abx—3cx

b+

the sum requxré‘d. o
. 4-.Add
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o AWE and X togethers | A IS

28 5 106 "
AL Eoand = . tE e 13

5 2’ 3 an n together. Ass x+i2 or izx'

6. Add x-:s'-?- and 5,2;5 together. © %  Ans. —952'—:'-1—-4 .

xox—x7

7- Add #_‘_a_r:_z to 3x+-zL:-§-. © Ans: gL

PROBLEM Vif.

To subtract one fractional quantily from another.
/ ‘

v

. , RULE.
 1: Reduce the fractions to a common denominator, as
in addition.*
2. Subtract one numerator froni the other, and under

- their difference write the comion denominator, and it w111
give the difference of the fractwns required.

EXAMPLES. .

L To ﬂnd the difference of - :md

Here X111 = nx
~2x>( 3 = the nuerators.

"

And - 3X11 = 3‘3. the c‘ommqn denominator.

‘ “Therefore

{ . ~
* The same rule may be observed for mixed quantities in sub-
traction as in addition. .
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Therefore —?35 —-g—-: ; : is the difference rcqmncd.

a2. To find the difference of x;-a and M;M. ‘

o

Hae  x—a Xgo = gor—pas gthe‘numetab
20—4x X 3b = Gab—12b% orse

And 36X s5c =15 the common denominator.

0
Sex—5ac _ Gab—1abx ___ §ex—sac—Gab4-126x
Then 15b¢ 1sbe T 15c 18

the difference required., -

3. Required the difference of 5y and%'. Ans. -3’—7!-.

[

4 Required the difference of 575 and .’.-:. —!6—?1;5
5. Subtract — ° from ”+¢ - Ans. -J-’—'-"—g—‘:—"ﬁ
6. Take -’—"-}1 from EE2.
| Ans. =4x+§a;96x—-3sb,
7. Take x—-’-'—'c:f- from 3:-1—-25.
Ans. 284 cx—i;-{-a&t

PROBLEM
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5 'vn\o;;-.n_u Vi -
- Do vusdtiply ﬁ‘artzonaf guantbie: Yogerher
! 127 B* '
Multiply the numcratots together for a new numerator,

und the denominators for a new denominator ; and it will
give the product required.

© EXAMPLES

$ Req;xited to find the product of -3;- and %’-'-.

.'Hﬂc xR2x  2x*  x?

Sxs ::—5—4—-- the product requiteds A

2. Reqmrcd the product of i £ and el

3 3

Here ”:(::);:” f’:; 4” the product reqmred.

3 Recpufgd the prodict of and = +‘
Here xX x+a PLE W)

" ax adec @ Hav

the product reqyired.
4. Required

* When the numerator of one fraction, and the denommata
of of the other; can be divided by somié q\mntity, which is com-
fion to both, the quotients may be used instead of them.

2. When a fractioh is to be naliiplied by ad {fiteger, the prod.

“tict is found by multiplying the numerator by it ; amd if the-inte-
ger be the same with the denominator, t.he pumerator may be tak-
en for the product.

- When a fraction is to be muktiplied by any quamity, it is
ﬂn: same thing, whether the numetator be muluphed by it, or fhe
denominator divided by it -

Pr -
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\

4 Required t‘flc‘ product of %f‘.ax{d %—‘ Ans. % S

5+ Required the product of /422 and £.

Ans. a‘i_-{-_é_x‘.
- . »
) . YR 1 i3 s
6. Required the product of = b g £ .
. bfc "
s, E=H
R
x—1
7. Reqmrcd thc product of x, --;- and e ol
I —
Ans. o
PROBLEM IX.
T divide one fractional guantily by anotier.
RULE™* ' ek

Multiply the denominator of the divisor by the numers
ator of the dmdcnd for a new numerator, and the nu-
merator

* 1. If the fractions to be divided have a common denomi-
mator, take the numerator of the dividend for a new numerator,
and the numerator of the divisor for the denominator. .

2. When a fraction is to be divided by any quantity, it is the
same thing, whether the numerator be divided by it, or the de-
nominator multiplied by it. .

3. When the two numerators, or the two denominators, can be
divided by some_ common quantity, that quantity may be thrown
out of each, and the quotients used instead of the fractions first

proposed.
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merator of the divisor by the denogunatow of the dividend

for 2 new denommator RECERS

Or, invert thc terms of the dwugr, apd thsn mulnply
by i, exactly agin mu{hphcation. LI T .

F¥A?&¥LF§,
i- Divide 'f‘ .b’ g- DR S
9 9._3.‘_ t is th
ok I ; € qnptunt rcqmrcd

He;e TXo=E

' 2. Divide 2 T by 4"; ’ - o

Here T X ii_. ::f =-:-%- 'is the quoti.ent thu.ired.

Y - xda x5 . o R
3 D}vxflc — by el - o

x+a  sxta__5x 4 Gax4a? N
Py Sy i the quotient required,

+ Dl“; 23_1 y‘x-{-a

2x%* k‘-{-a zx!x : .
,aT_/x;X . 3+~,-$; ; __M-_F-;— is the quoticnt

;éqmrc&
5 Ijivide i-x: bjr 5% Ans. £,
. 1 ‘ 35
. 6, Divide ':I by z, g Ans. 2t
. A e
\ . 7. Divide
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R % 2
v. Divide .»'—_:-‘ by -3-. . AA‘;, -

o Tyl ﬁ“-ﬁ-‘-’“ e o L o b
* 8. Divide Fomy W D by #zz?. :Ans._,;’ﬁ.

INVOLUTION, - .

_InvoruTION is the continual muhphcatxou of a quanti~ -
ty into itself, and the praducts ihe;nec affsixrg are called
the powers of that quannty, and the quantity “itself is call-
ed the root.  Or it is the method of ﬂndmg the square,
cube, biquadrate, &c. of any given qnannty.

, RULEM

Multiply the quantity into itself, il ‘the quantity be
taken for a factor as many times as. there.gre units in thg
index, and the last product ‘will be the gowcx tequlred

SO T

Multiply the index of the quantity by the index-of:the
power, and the result will be the power required,

EXAMPLES. )
a  ro0t a? root
&* = square a* = square -
a3 = gube a® = cube
a* == 4th power a® = 4th power
e’ = sth power. a'° &= 5th power.

—3%

Lo - — ——— — —— * -

* Any power of the product of two or more quantities iy
equal to the same powers of the factors, multiplied together.

And any power of a fraction is eqaal to the same power of th¢
aumerator, divided by the same power of the dem;mi.n&tog.



INFOLUTION.

w23 JOOot o —2a%*
o o9dt Eoequase o) wgatat
we 27a% = cube ~— 8u?%°® = cube .
+ 8iat w=-4gth-power. 73 .+;:6a'x‘ “za-4th power -
=243a% = s5th powgr, —324°%'° = s5th power, -

| xYarmoot

,v"'!"“
e
-i-a}':'-‘-‘--aQ -

———!—* .
#praanta’ s sqinea

x+‘a

'A —i‘ o s - .
swidtaan’ct a*% L
o ax"—[-za?__x:-*-a?

‘ 4:3+3ax’+3é’;x+a3 = cube

‘+3ax3+3a j—;
. ol @ ;l-3a x* 3x+a

4+4ax3+6a *’ +4a x+a 4th power.

The third power of x*.ig.x"%, or 45
The fowrth power of 24%* s 2% X4 3%, or-1Ge’ 42
“The wmth:power of ¢ is A", '

“The second -power. of axl"w axl 5 orax" ,-that 1s,
%

. o U
"The #th power of -ux™ isax” 5 orvax.
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e e N -
»nd thc mth pgwer of a +x’|3"' is a _}.le " o

& J%°|7, namely, the ath power of the cubs root of
3 +x
Note, All the odd powers raised from a ncgatwe roof
are negative, and all the even powers are positive. " *

Thus, the second power of —a is _ax_a—+a )
by the rule for the signs in multiplication.

The third power of =g is J-a* X—-sx=—a®,. ‘
The fourth power is —=a3 x-g-_-.a::-{-a*—
The fifth power of —a is +a* X—w=af, &e,

EXAMPLES FOR PRACTICE,
1. Required the cube of »=8%%y%,  Ans. —slﬁx *‘
oo 24°%

2. Required the biduadrate of .

s 16a%%%
s . -ferat ] slb&y ‘

3 Required the 5th power of a==4%. .
Ars, a‘—s'z‘x-t-xoa’x —~—10g x’-l-sax —x%

Sz ISAAC NEWTON’s Ruu. )

For raising a binomial or vesidual quantzty ta any power
wbdtmr.*

1. o find the terms without the coefficierits, ‘The index
of the first, or leading quantity, begins with- that o{ the
given

-

* This role, expressed in general terms, is as follows :
‘——+6n=“”+" aﬂ"lb+’ . —_2_- a‘-zy.-l-n - "—_—z——t K -—3——“""’3 .

¥, K . —

—4
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BivoLurio: L\
gived power, a4 decreases. continually by 1, in .
term to the last’; and in the following quantity the ind,
of the terms are o, 1, 2, 3, 4, &c. \\\

3. To find the unick ér coeﬁamt.r The first is always i; -~
and the second is the index of the power; and in genefal,
if ‘the coefficient of any term be multiplied Ky the index of
the leading quantity, and the product be divided by the
number of terms to that place, it will give the coefficient
of the term next following:

Nore. Thke v‘irhqlc ndmber of térms will be oné more
than the index of the given power; and, when both ternis
of the root are 4, all the tetms of the power will be + ;
but if the second term be —=, then 4ll the odd terms will
be +, and the even terms —

EXAMPLES:

t. Let o}« be involved to the fifth power.
The terms without the coefficients will be
a¥y a*%, a®x*,'a’x%, ax¥, x% 3
dnd the coefficients will be
5 55 584: lox3’ ' lo'xz’ £x: H
2 3 4 5
or I, §, 10, 10y §5 13
" And therefore the g5th power is
#54-satn-fe10a%%* 4180 3+ santelnS,

2. Let
- il  fi—2
b =a"—n . a”"‘b-{-’“ . ———a"‘"’"'—'-il —z— . T a3

#, &

Nore. The sum of the coefficients, in every power, is equal
to the number 2, raised to that power. Thus, I-1=2, for the
first power ; 1424 1=4=2"%, for the square ; 143 +3+1=

=27, for the cube, or third power ; and so on. . , -
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. GRS
A ‘Liettx-‘»akliéfiﬂvolvb‘a to the sixth powa:
7/ 'The terms without the coefficients will be
xS, x5, x%®y X%?, x4, xdS, a‘_-;
. and the coefficients will be
1, 6 ,M;’-, z;.x*, vzox‘_g_;’. :sxz', 8t
F 3 3 4 s &
ot t; 6, 15, 20, "15, 6, r;
And thetefore the 6th' power of &—a is
wbuatxbod1satat—ra0xia’ -1 g:cfa‘u-q.xa‘ +a®.

.

3 Find the 4th power of x— . _
Ans. &%= 4x’ a6k wpxa’ tats
4. Find the 7th power of %-{-a. '
Ans. x'J7asat21xtat- fygatatgsxntatar x*d’

 sdey%a®+-a’.

EVOLVJTION.
EvoLuTiewis the reversés of Involution, and teaches to
find the roots‘of any'given powers.
, "7 CASEL
T Jind the ro #is of simple quantitics. . )
RULE*

Extract the root of the coefficient for the. numerical
party and divide the-iartices of the detters by the index of
the power, and it will give the root required.

‘ EXAMPLES.

gy aoe oL o

" % Any evenrodt of an affirmative quantity may be either 4 or
—+ thus; the dquate root of Y-a*is either Ja, or —a; for

Fax fa=+44%, an‘l Zig X —-p4-a® also.
. . And
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EXAMPLES. S N

t. The square toot of gx® = 3x$£3x.‘ .‘
2. The cube root of.-8x3 =2x%= 2%,
. 3. The square root of 30 %% =a*, ”‘s/3-ax’J3. |
4 'The cube toot of ==~1252%x .-:—-gafx’:z—gax .
5. The biquadrate root of 16z*x° =M 2ax%:
CAsE L. o
é’ 0 find the :gt{aim;-; raat ofa cmyaand g:amtztj
T RULE.

P e cee e~

r. Range the quantities according to the dimensions of
some letter, and set the-root of ‘the fitst term in the quo-

tient.

2. Subtract the square of the root, thus found from
the first term, and bring down the two next terms to the

remainder for a dividend.

3. Divide the dividend by 'doublc the root, and set. the
vesult in the quotients . N
- 4. Multiply

A

And anrodd root of any quintity will have the same sign as
the quantity itself : thus, the cube root of 44’ is 4-2 ; and the
cube root of —a? is —a ; for 42X 4-¢X Fa=+2* ; and —a
X—a X —a=a’. ‘

Any even root of a negative quantity is xmpossxble 3 for neither
+ax +-a, nor —a X —a, can produce —a?,

"Any root of a product is equal to the product of the like rpots
of all the factors. And any root of a fraction is equal to the-
like root of the numerator, divided by the like root of the de-

nominator.

Qa
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4- Multiply the divisor and quotient by the term last
/put in the quotlcnt, dnd subtract the product from thc
dividend ; and so on, as in Ant‘:metxc.

“ALGEBRA.

e

Exammi»s.

1. Ext:ractﬂtht square. .xoot of ya'tefr124* x+13a x4

' 6ax3+x . -
4*!2a3~+13a %’+6ax Hrxi{2a® 4 3axt-u*
4a c . -
4n"-.-].->3.ax-)-;2;3x;l-13¢.zl'x" 7

12a°x4 ga*x* .

44’ +6ax+‘x Vst z%‘ 4_”,‘.. .
4a*x '+6ax $ st

‘*»-«

2

- . .
kS Veii e o . N N

2. Exttact the square root of &*=—=jx 4 6x * =g {1
—-4::3 +6x* -—4x+r(x —_—2% I
‘ac‘ nol

- M’_zx)_—q‘x$+6xl oLt

—4%° f4x? .
. -—4k+1)2x —4x+1 e
2% 441 .
*®

S 3. kequired the square root of a* +;;a3x+6a‘x’+
qaxdefext. , ‘Ans. a* 4 2ax-4x*.

4 Requxredthcaquareroot of x‘*—-zx’-' + 3 —-».'"i-l—% .

Ans. & —x+—
5. ‘Required



EVOLUTIQN. . NS \
g 2 °°S.‘7 A\
5 R(:qunred the square reot of a’ -L—x L \
; } . ;
Xy -
HQ-A- — I6df *-, &c.
CASE III

To find the roots of  powers in ”égré{_.;

RULE. - 77777 77

1. Find the root of the ~hrst: term, and“‘piace it in the

guotient. : h
" 2. Subtract the power, and bring down the second term
for a dividend.

.3- Involve the roat, last found, ta the next inferior. pow-
er, and multiply it by the index of the given power for a-
lelhOt.

- 4 Divide the dividend by the divisot, and- the quotient
will be the next term of the root. '

5. Involve the,whole root, and subtract and divide as
pefore ; and so on, till the whole be finished.

EXAMPLES.

1. Required the square root of a*—2a%yt3a*x*—2
ag®x*. .
a‘—2a3x+3a &*—2ax34-%*(a" —-ax+x

R

2a*)—2a3x

44—.203x+azx2

20*)2a%x*

at—2a3x4-3a° x*—2ax% 4-x*

*

2. Extract
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2. Extract the cube root of % =e6x5—40x 3 496564,
’ KO 639——4ox? 4-96xmGa(x* 204

x*

3%*)6x°
x‘-|;6x5+12}c4+8x’
' 3x‘):-12x‘ T
a':‘+6x5—4ox’ +96x—64 '
*

=

3- Required the' square root of a*<2ab—f-20c-4-5* 230
+f . Ans a+b—i—c‘

4- Required the cube root of # 6—6x5-}15x—20x%4-
Byat—6xtr Ans. x*—a2x-}1,

5 Requu'ed the biquadrate root of 16a*—g6a*s~-214
o' —216ax3+81x‘ _ Ans, 20m—3%,

~

ppm————t

SURDS,

»® .
Surps are such quantities as have no exact root, being
usually expressed by fractional indices, or.by means of the
radical sign /. .

L .
Thus, 2%, or /2, which denotes the square root of 2.

2 3
And 33, or \/3*, signifies the cube root of the square
of 3 ; where the numerator shews the power, to which
the quantity is to be raised, and the denominator its root.

PROBLEM



SURDS, b 5'7
‘ . ‘ s - ’
PROBLEM 1.
S ’ v .
Lo redyce a ratiopal quantity to the /,brm of 8 'mra_‘,
]

" RULE,

Raise the quantity to'a power equivalent to that, denota
ed by the index of the surd ; then over this new quantity
Place the radical sign, and it will be of the form required.

EKAMPLE;,

I. ' To reduce 3 to the form of the square root.
" First 3)(3:::3 =9 ; then \/ 9 is the answer,

#. To reduce 2x* to the form of the cube root.

Fxrst, %% X 2x? xzx —'2x‘| =8x°%;

Then \/ 8x°%, or 8x6| s is the answer.
3- Redyce 5 to the form of ‘the cube root.

3
Ans. 125l3, or /125.
4 Reduce <#y to the form of the square root.
. .An.;. s/ 4x y -
3 Reduce 3 to the form of the gth root. e
' . , Ans. 32|75,

PROBLEM 1I.

Ta reduce quantities of different indices to other equivalent ones,
that shall bave a common index.

RULE.

1. Divide the indices of the quantities by the given in-
dex, and the quotients will be the new indices for those
quantities,

. 2. Over
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[4 .
2. Over the said quantiti® with their new indices
place the given index, and thcy wxll make the equivalent

quantities required.

NoTE. A common index may also be found by reducing
the indices of the quantities to a common denominator,
and involving each of them to the power, denoted by its
pumerator. \

EXAMPLES.

1. Reduce 1 54 and 9‘ to equivalent quantmcs, having
the common index .

T | 2 e e T

F TS 3X3=3=7 the first index.

%—E—%:;} -’——‘ =7 the second index,
Therefore 15 i ~ are the quantities required,

X&£=2% the first index.
1= -} the second index.

3
Therefore a‘P' and x4l are the quantities required,

-—- __ - !
3. Reduce 3* and 23 to the common index Z.
. z

Ans. 27% and 43'
! 1 x
4. Reduce a* and 4% to the common index .
_r —t
Ans. *|¥ and 2*[5.

x 1
5. Reduce a” and 4™ to the same radical sign.

mn mn
nSQ:s/amand \/b".

TROBLEM
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PROBLEM 1L
To reduce surds to their most simple terms.

RULE.¥

Find the greatest power .contained in the given surd,
"and set its root before the remaining quantities, with the
proper radxcal sxgn between them: :

EX AMPLES& A

1. To reduce V. 48 ‘to its'most sxmple terms.

V#8216 5=0/16% 3m=4X/3=4y/3 the

answer.

2. Requxred to reduce \/ 108 to its miost simple terms.

\/1°3‘"\/27><4-—s/27><v’4 3><s/4—-3«/4 the

answer.

3. Reduce /125 0 its most simple terms..

L - Ans. 5~/5
4. Reduce Vi to ifs most simple terms.
Ans. ——-\/ 6.
. - RPUR , _
5. Reduce 4/'243 to its inost simple terms.
o Ans. 34/
6. Reduce /7% to its most simple terms.
- ) . e ) Aﬂs' K3 ‘/ -
7- Reduce /984"x to its mast simple terms.
Ans. 7as/

~

" PROBLEM

-

* When the given surd coptains no exact power, it is already
in its most simple terms
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_PROBLEM IV.
To add surd guanti?ie.r xjog?t/;eﬁ
RouLe.

1. Reduce such quantities, 2s have unlike indices, t®
other equivalent ones, having 4 common index.

2. Reduce the fractlons t6 a comdion denominatof, and
the quantities to their most simple terms.

3. Then, if the surd part be the same in all of them,
annex it to the sum of the rational parts with the sign of
multiplication, and it will give the total sum required.

But if the surd part be not the same. in all the quantie
ties, they can only be added by: the signs 4 and —.

EXAMPLES:
1. Itis requxred to add V 27 and /48 togethcr
First, 27 v/ 9X3=34/3 5
And 48 =y 16X3=443

Then, 3«/3+4«/3-—3+4><«/3=7«/3- sum  re~
quired. )

2. It is requxred to add V 500 and 1/ 108 together.

First, Vsoo:V 125>(4=5V4 3
3 3 —— 3
And ¥ 108=¢27X4 =34}

3 3 —_— 3 3
Then, 54/ 4434 4==5 43XV 4=84/4=— sum re-
quired.
3. Required the sum of ,/72 and /128,
' , Ans. 144/2
~ 4 Required the sum of ,/27 and /147
Ans. 104/3.
5- Required the sum of 4/3 and /3. -~ -
. i ] ns. %—%/\6.
6. Required
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’ 3 3
6. Required the sum of ’\'/40 and {/135. Ans. 5i/5'
7 Required the sum of J % and \/ &5 Ans. 3 \/ 2

RROBLE M V. .
To subtract, or find the difference of, surd quantities.

RULE.

Prepare the quantities as for addmon, and the differ-
ence of the rational parts, annexed to the common surd,
will give the difference of the surds required.

§  But if the quantities have no common surd, they can
dﬁly be subtracted by means of the sign —.

f EXAMPLES. ) _
1. Required to find the difference of 4/ 448 and V.
Figst, \/448=‘/E4_>_<-7-:8/ 753
And Jr xz:/;g-;(-;:4‘/7 3

Then 8,/7—44/7=44/7 the difference required.:

- 2. Required to find the difference of 1923 and 243

First, 1923 —64)(3[3 = 4)(33 3

And 247= 8X3 |7= 2)(3_3_ ;
- Then, 4)(37—2)( = ng the difference re-
,quired. S
3 chmrcd the difference of 2\/ ‘50 and /18.

Ans. 7~/ 2.

’
4. Required the dnﬂ'erence of 3207 ‘and 407.

-
3,

»

. Ans. 2X%57.
R r : _ 5. Required

.
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5 Requircd the difference of Viad /5
Ans. £ /15.
6. Required the difference of \/-S- and ‘/3—-

* Ans' T?Vtso
7- Find the difference of 4/ 80a*¥ and 4/ 20a* &%,

Ans. ga”—2ax X/ 5%.

PROBLEM Vi.
To myltiply swd quantities together,
RULE.

1. Reduce the surds to the same index.

2. Multiply the rational quantities together, and the
surds together.

3. Then the htter product; annexed to the former, will
give the whole product required ; which must be reduced
to its most simple terms.

EXAMPLES.

1. Required to find the product of 3,/8 and 24/6.

Here, 3X2X ¢8x¢6_6¢8x 6=64/48=64/16 X3=
6X 4X4/3==244/3, the product required.

2. Required o fnd the product of i:/; and 24/5. .
Here, $X4§ V~X4/é=§ )(«/l =% X«/; H=F XX

3
vVig=2 s/ 15= '\/1 5» the product required.

3 chmrcd the product of 5v/ 8 and 3v'§.
Ans. 30v 10

. 3
4 Required the product of £v 6 and -}1/ 18. ,

s - ! Ans. V3.

v 5. Required
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)
3 Reqmred the product of 3 -5- . and -h/ &

Ans. ——\/ 3 5‘
-6. Required the product of / 18 aad 5\/4 _
‘ » Ans. ong

7 chuired the product of a'g' and a’}.
Ans. :\3-1% or a
i _ PROBLEM VII,
Yo divide one surd quantity by another.
RULE.

" 1. Reduce the surds to the same index.

2. Then take the quotient of the rational quantmcs, and-
to it annex the quotient of the surds, and it will give the .
whole quotient required ; which must be reduced to its -
most simple terms.

EXAMPLES.

1. Itis required to divide 8,/ 108 by 2,/6.

3—-2)(Vl°8—6—4V18—4V9X2—4X3V2—”VZ )
the quotient required.

0

2. It is required to divide 8J 512 by 4\/ 2.
8-+4=2, and 512'3' 23—256'3'*"4)(47

Therefore 24X 43 =8X 43 """8\/ 4, is-the quotlent rce
quired.

3. Let 6,/ 100 be divided by 34/2. Aps. 104/2.
3 : 3 3
4+ Let 44/ 1000 be divided by 24/4- Ans. 103/2.
5- Let 34/155 be divided by 34/3.  Ans. £/3.
' ) ’ , 6. Let
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RO 3 3
) Let £4/ % be divided by 3¢5 Ans. 3 Vg.

.

7. Let 2/a, or -—a" be divided by —aT Ans. —-q?.,‘

D ' PROBLEM VIIL

To spvelve, or raise, surd guantities to any power.

RULE. ~

Multiply the index of the quantity by the index of the
power, to which it is to be raised; and annex ‘the result to
the power:of the ratxonal parts, and it will give the power
tequu'ed. A - .

EXAMPLES.

Cxltis requucd to ﬁnd the square of 3a

Tirst, -;—l )(-;-“_‘-‘5 3 i
1 3 f—
And a’rl =% =T=a%3; ,

—_— s s
Therefore ;-aﬂ ;%'a’lf: +4/a% the square res
q\m‘ed N
t
< a2 Itis requxred to find the cube of —‘\/ D

First, %l =EXEXS=13T 4 .
.L
A==
"Therefare S4/7] —5—%—}'73 =35 343] > the cuba

reqmrcd.
3. Retiuired the square of 33;/3. - Ans. 9:'/ [
4 Required the cube of 2% , or 2. . Ans 2/2

5. Required
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8- Requited the 4th power of 34/8. Aus. 5

. . N X
@ It is required to find the #th power of a™.

AN o An.._u a" l;\

PROBLEM IX,

o extract the roots of surd gdanlitiz:.

RULEX

Divide the index of the given quantity by the index of
the root to be extracted ; then annex the result #§ the root
of the rational part, and it will give the root rcquix'ed.

" EXAMPLES.

1. It is required to find the square root of 94/ 3
Flrst, V9=3;

. . ' .
And 35' =3 "=57

Therefore 934/3 I* =3X 3?' is the square root required.
: 2. ft

. - PY

- ~

* The square root. of a binomial or“'xesidual surd, 4458, or
4—R, may be found thus : take 4/ A*—B*=D ;

Then ¢m=V4+D+VA_;D,, o
A A—D
+D v .

4 2 -

And 1//1 —B=y/-

‘ Thus, the square root of 8+2V7=I+V7 3
And the square root of 3—+4/8=4/2—1 ; B .
But for the cube, or any higher root, no general rule is giveu.( .

-
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2. Itis requxrcd to find the cube root of a2,

Fll'st’ Vﬁ'—? H ) '. NN
— . *
And ¢2P': 2 ""3:7.: 2% ;

" Therefore F472|3 ==£ X 2° is the cube root requixed;

/3. Required the square root of 103 Ans. 1010,
4. Required the cube root of ial. . Ans ja
= X

5.- Required the 4th root of 3%*, Ans. 3% %%,

3/

INFINITE SERIES,

AN INFINITE SERIES is formed from a fraction, having 3
compound denominator, or by extracting the root of a
surd quantity ; and is such as, being continued, would rug
- on infinitely, in the manner of some decimal fractions.

But by obtaining a few of the first terms, the law of*
the progression will be manifest, so that the series may be
continued without the continuance of the operauen, b;
which the first terms are found. .

PROBLEM I. .
Do reduce fractional quantities to infinite series.
RULE.

Divide the numerator by the denominator 3 and the op-
cratlon, continued as far as may bc thought necessary, will
give the series rcquu'ed.

EXAMPLES,



. INFINTE SERIES, 7

EXAMPLES.

I - . . .
1. Reduce [ toan infinite series.
— :

I—x) I (I+x+x3+x3+x4+, &c.%x, and is the
1—X , answer.
-+
+x___xa‘.
x* .
ix’-—x’
\ C +x3 o~
+x3—x?

+x’ ‘
el

: +“,§" &

- .

Here it is easy to sce how the succeeding terms of the
quotient may be obtained without any further division.
This law of the series being discovered, the series may be
continued to any required extent by the application of it..

I e pe .
2. Reduce —— to an infinite series.
. Id4x N

e _1—x+x fx +x ) &c. the jm»smr.
* Here the exponent of % also increases continually by r
. from the second term of the quotient ; but the signs of

the terms are alternately 4 and =, :
3. Reduce
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3- Reduce —— to an infinite series.
. ax -

. .
4 x ex? cx? *__ €
a+x) c (-; -—;—; + ;—'——— —‘4—+’ &C.‘ _m and -

ox .
-~ . is the answer.
a . . R ,
———
<
o ex
———
. a
o ex®
— e e
- a a*
cx? N .
3
a -
2

cex$
P So——
. >
cexd oxt,
——— .
dv‘» .- d‘
. ‘-
X
-2, &ec.
. +%

4. Reduce

* Here we divide ¢ by a, the first term of the divis;o'r,'and
the quotient is -Z-, by which we multiply a-x, the whole divi-
sor, and the product is “_:.+ia’_‘ or c+%x, which being subtract-

.

ed from the dividend ¢, there remains -;5 s this remainder, be-

ing divided by g, the first term of the divisor, gives ;c-f for the 2d
[} N -

' ’ . term
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4. Reduce ;:‘_-; to an infinite geries.

' L3 ’ .
Avs. =X kS + 545 ke
5. Reduce

tetin of the quotiept, by which we also maltiply a4, the divi.
acx  cxt cx X2

sor, and the product is —aT e ior — o

A : e
which, being taken from —_f;: » leaves +%.

The rest of the quotient is found in the same mahner } and
four terms being obtained, as above, the law of continuation be.
comes obvious ; but a few of the first terms of the series are gen-
erally near enough the truth for most purposes.

And in order to hdve a true series, the greatest term of the dis
visor, and of the dividend, if it consist of more than one term,
must always stand first. .

Thus in the last example ; if x bé greater than g, thea x fust,

(4

be the first tetin oF the divisor, 4nd the quotient will be i

é ac a*c alc .. . :
—— + e <, &c. the true series 3 but if x be lesq,
than g, then this series is false, and the further it is continyed,
the more it will diverge from the truth. :

For let az=2, c=1 and x=1 ; then if the division be perforims’
ed with a, as the first term of the divisor, you will have ;f-; =

! N .
z—_rl-:*}—-;{--l--}—-,% -+, &c. =%

But if x be placed first in the divisor, then will ;;_—d =i

t :

152 =i h 8, ke , |

Now it is obvious, that the first series continually converges to. -

the truth ; for the first term thereof, viz, %, exceeds the truth by.
)

AL
s | T
s ) : .



336 . * SLGEBRA.
14x

—
) S

.o an infinite geries.

5. Reduce .
: Ans. 1+2x+2x’-f-2x’+zx;, &e.

gt
> to an infinite series.

6. Reduce par

x? -

T LI
Ans; —_— + -
3 .

;8
K2 —x" . . . .
—— to an infinite series.
1+x=.—3x

: k] £ . 3

Ans. 2x7 —2pd7x:—13%14-34x7, &c.

FROBLEM

&* -
"'d',';" &e-

7. Reduce

£

21, or § ; two terms are deficient by v j three terms exceed
it by v ; four terms are deficient by 75 ; five terms will exceed
the truth by o5, &c. So that each succeeding term of the series
brings the quotient continually nearer and nearer to the truth by
ohe half of its last preceding difference ; and consequently the
series will approximate to the truth nearer thap any assigned pum.
ber or quantity whatever ; and it will converge so much the swift-
@, as the divisor is greater than the dividend. |

But the second series perpetually diverges from the truth ; for
the first term of the quotient exceeds the truth by 1—%, or ¥ 3
two terms thereof are deficient by § ; three terms exceed it by §.5
four terms are deficient by %f ; five termis exceed the truth by
32, &c. which shew the absurdity of this series. For the same
reason, » must be fess than unity in the second example ; if x
were there equal to unity, then the quotient would®be alternately
1, and nothing, instead of §; and it is evident, that x is less than
unity in the first example, otherwise the quotient would not have
been affirmative ; for if x be greater than unity, then 1—x, the”
divisor, is negative, and unlike signs in division give negative quo-
sents. From the whole of which it appears, that the greatest
term of the divisor must always stand first. : ‘
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PROBLEM 1L

9o reduce a compound surd to an infinite series.
' RULE."® "

Extract the root as in'Ai‘ithménc, and the opcratmn,
continged as far as may be thought necessary, will give
the series required. ‘

 EXAMPLES.
anmred the square root of a’<f-%* in an infinite
-series.

st (o g e ot

L .
R vl
x*
ﬁ’+ -—';'
' ‘
30"*"— 86’) 4“
. Xt x6 o

T T8t +64a

«%

x
T g &

2. Required

* This rule is chiefly of use in extracting the square root ; the
operation being too tedious, when it is applied to the hxghcr
powers,

+ Here the square root of the h‘rst term, @, is a, the first
term of the root, which, being squared and taken from the given
surd @*4-x>, leaves x* ; this remainder, divided by 24, twice

' the
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2. Required the square root of a*—x* in an infinitg
series. .
‘ ’." x4 8
Ans. a— -z;—-é-;; — e T &c. . -

3 (’Jonvcrt vfx+x into an infinite ‘serfes. t
:. » Ans.® x+ ‘g""‘?a -z—-, &C-

4 Let v %——x* be converted into an infinite series.

S '7
X : ‘i’ 5 ‘g'
Ans. x*— X x X — &ec.
‘ 2 8 16 :

T 128

5- Let J 1—x° be converted into an infinite series.

e R
Ans. l—3 —"'9"'— g =5 &c.

: . SIMPLE

the first term of the root, grves el fo: the second term of the

voot, which, u!ded to 24, nges za-|-- for thé first coms

pound divisox, which being multiphied l?y 'z—a’ and the Brodu(;l; x*

4 . . 4
- f;; taken from the first remainder x*, there :;mqig;_n.“_ .
4 44

3
4
this remainder, divided hy 24, gives —f-- fo: t}_ne third term of-
&  term

the root, which must be added to the doubl\: of* a-|- -‘;, the two

$rst terms of t.hc root, for the pext componnd dmsor‘. And by,
Proceedmg thus, the series may be contmued as far as is desxred

Nore. In order to have a true series, the greatest term of
the pro;msed surd must be always placed first.
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SIMPLE EQUATIONS.

Ax EquaTion is when two equal quantities, diﬁ'ercntly
‘expressed, are compared together by means of the sign
= Placed between them.

Thus, §2=—5==7 is an cquatton, expressing the equality
of the quantities 12—-5 and 7.

A simple tquamn is that, which contains only on¢ une
.‘kfiown quantity, in ity simple form, or not raised to any
power,

Thus, .x—~=s-}-5=¢ is a simple equatxon, cqntammg on=
ly the unknown quantity #.

Reduction of egyations is the method of finding the value
of the unknown quantity. It consists in ordering the
cquation so, that the unknown quantity may stand alone
,on one side of the equation without a coefficient, and al}
the rest, or the known quantities, on the other side.

) RULE L%
Any quantity may be transposed from one side of tf:c
¢quation to the other, by changing its sign.
Thus, if x-}3==7, then will ¥=7—3=4.
And, if x¥—4-46=38, then will x=—=8+4——6=6.
Also, if K~—a-b=c—d, then will x:c-?—d+a—5:
And, in like manner, if gx—8=3%--20, then will 4x
.-—3::_:20-‘-8, or x=528. C '

L i : B RULE

-

* These are founded on the general prmcxpk of performing
equal operations on equal quantities,” when it is evident, that the
results must still be equal ; whether by equal additions, or suby
tractions, or multiplications, or.divisions, or roots, or powers.
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RULE 2. _
If the unknown term be multiplied by any quantity,
that quantity may be taken away by dividing all the other
terms of the equation by it.
Thus, if aX==ab=—a, then will H2=wm 1. .
And if 2x44=n16, then will xf-2=8, and ¥==8—=2

=6. . .
In like manner, if ax+zba=-.‘3¢ then will x-2b=

B i

a » md x‘— "'a— ""25( - ‘

RULE 3.

If the unknown term be divided by'any quantity, thag

quantity may be taken away by multiplying all the other =

terms of the equation by it.
e X oy
Thus, z =35-t3, then will y==10-}-6zx:19:
X : .
\.And, if z ;5-{4711, then WI x'_“,ab-l-aoe-ad-.
- In like manfxcr, if -2-; ==226}4, then will 2xe—G6xa
1812, and 25518+ 1246=36, or x==%’==18.

RULE 4.

The unknown quantity in any equation may be made
free from surds by transposing the rest of the terms ac-
cording to the rule, and then involving each side to such a
power, as is denoted by the index of the said surd.

. Thus, if W/ x==2=36, then will *=6+42=8, and
¥=8%=04.
And,x{v'4x+x6_xz, then will 4x+x6.. 144, and

128 .
A =144—16=128, or K= -;-"‘32-

- .
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In like manner, if s’ 2x%+3 +4__8, then will V 2x+3
28-—4=4,
. And 2xfr3=4'=84, and 2%z 64—3=61, or a=%
=305
RULE &
If that side of the chuation, which contains thé tin-
known quantity, be a complste power, it may be reduced

by extracting the root of the said power from both sides
of the equation. -,

Thus, “if x*J-6x4-9=25, thcn will x+3 Vz’fc:g,
or K= §-3= 2

And, if 3« -9-—21-[-3, then will 3% =21434-9=s
33, and ¥* =4 =11, or ¥=¥1L
In like manner, if —+xo=zo, then will 2%+30

=60, and ¥ +15=3o, or x".-n3o-—15:= 1501 x=v15

e rore 6. : o

. !
Any analogy, or proportien, may be converted into an
equation, by making the product of the two mean terms
equal to that of the two extremes.

Thus, if 3 : 16 :: § : 10, then will 3::)(10-"16)(5,
and 30x= 8o, or xz-,—::z-g.

2c% .
And,if—3- ca:: b thenwill-;-zab, and 2cx=3
3aby, or x= :c-

In like manner, if r2—# : —:: 4 3 1, then will 12—9

ﬂlk

4%
x——;-—zx, and 2x4-x=212, or¥ ="y =4

RULE
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RULE 7.

If any quantity be found on both sides of the -equation
with the sarme sign, it may be taken away from, them both
and if every term in an equation be multiplied or divided
by the same quantity, it may be struck out of them all.

_ Thus, if 4xa=b=f=a, then will 4=, and x:-i-.‘
,'And, i 3ax—f-5ab=8ac, then will 3x~{-56=<8:, and
8e—sb - :

3
. . ) N 2* R . L.
In like manner, if ——3=%°—3, then will 2¢=

is’ and #:8. -

s i
[ ]

Mi5cELLANEOUS EXAMPLES.

§. Given 5#—-—1 4=2x-6; to find whe value of A
First, 5x—2%=6~f~1§
Then 3x=—31
And x=5'=7.

2. Given go—6x¥—16=120—=14%; to find ¥.

First, . 14%—06x—=120=—40-+}16
Then 8x==96
And, therefore, x==% =12

3. Let sax—3b=2dx-}=c be given ; to find &.
First, §axe—2dx—c4-3b

e . Orso—2d Xo=ct3b - :-

38
And, tl.;;ercfore,.x,.f preseyy

4. Let
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2 Let 3« ’.—on_—:8x+x‘ be given ; to find %. |
First, 3x—r10=8-}-x . o
And then 3x—x=—8-+4-10 :
Therefore 2x=18; and x—*f-—=g.

-5+ Given Gax’—12abx* 3% +6ax” ; o find %.
First, dividing the whole by 3ax*, we shall have
- W—gh=x+t2 ‘

And then 2x—x—24-45

Whence x—2-4-45.

6 Let %-ﬂf-}'—f:"ldbegﬁexi; to find x:

‘ L ax | aw
First, X — o =20
o 3 + 4
6.
And then 30— f =6o

And 12x—8x-4-6x—240
Therefote 1ox—240 '
“And x="¢ —24.

7. Given x_?_3+ 3 =20 x-l;rg 3 to find s
First, x—3-} %—:40—-3»——:‘9
And then 3x—o-}-2x—1 20— 3x—57

And thérefore 3%+ 2%-43x—120—3 7+?'

. “Chat is, 8x=72, or x=% =9.

. , i .
8. Let /3x-}-5=7 be given ; to find .
First, /3x=7—5=2
And then fx==2'=y )
And 2x=12, or == =6.

TT o, ) . .



Rn& - ‘ " ALGEBRA.
—ula’ L
9. Let x+Ja -|-x' = ——--——-—begwcn,toﬁnda
\/" +x ‘ )

« Fitst, ¥y/a* 45 Jra® 42 * ==20"

And then x\/ttf'-léx‘-:a"-'—k‘ '

And x ‘)(a Fxt=a? —x‘l =4%—2a x’+x

Ora*x*+x*=a*~—2a*% -}-x’

Whence a*%* 424" x’—

Or 3a*x*=—a*

4
And consequently &*'= f;,—, -

\ a4 -
© And ¥x= -3-;-;' :a\/s;_.‘; :

EXAMPLES FOR BRACTICE.

1. Given x+18=3.x—-5§ to ﬁndx Ans. x=r15.

. d¥a—
2. Given y—a+-b=cd; to find . Ans. y= f—-'-*'—--;‘
3. Given 6—2x+xo~zo—3n-—z 5 to ﬁnd .
Ans. ¥=2.
4. Given 3ax+— —3==b%—a 3 to find x.
A . 6——3a
ns. = 64—'26.
$ Given —+ +—"'d,toﬁndx .
abed -

Ans. &= be +ac-|—ab

6. Given — +—-—%__; ; to find &. Ans. *=3.

-

7 vaen J xz-|-x....2+¢x ; to find ¥, Ans. ¥=4.
8. Given

e

3
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i X
8. Given \/a’-{—x‘:&’-}:x‘lii to find ¥.
' : S sy

‘ ‘ o S AR K=, '—2:;-. '

9. Given x-a==y/a’} 8y $ 4" ; to find .

. . 2 . -

N ‘ . "Any. xge = ?a.'
r ” M

. . N

_ Sevyrrrenmeny -

REDUCTIO_N OF TWO, THREE, QR.MOQRE, SimpPLE
EQUATIONS, CONTAMING TWO, THREE, OR MORE,
UNkNOWN QUANTITIES. BRI

PROBLEM Ig_’~ T

1

Fo exterminate two unknown quantitics, or ta reduce the twa
simple equations congatuing them’ to one.

1
~

RULEL Yo

<

1 aen

1. Observe which of the unknown ‘quantities is the least
involved, and find its value in each of tlie equations, by
the methods already explained. .

2. Let the two values thus found be made cqual to
each other, and there will arise a new equation with only
one unknown quantity in it, whose value may be found as

before.

EXAMPLES.
[ 4 J— .
- 1. Given { ;:i:z :ii } 3 to find x and 5.
‘ 23—y -
>
And from the second w=== 1~o‘-:-2y’
k 23=—3y __ 10-f2y
— ’
§

g From the first equation ==

And consequentlx
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Or 115—155=20F 45
Or 1gy=—=115—20295,
And y==&§ =3,

Whence ¥= 2 —2 =4,

=4

3. Given {x-{-ﬂ-n} toﬁndxandy.

From the first equation x=ra—y,
And from the second, ¥=6y,
Thetefore a——)._.H-y, or 2y..._a-—l',

a—b
And consequently, =5

b
And ::..a--_y:a-— —_— : ﬁi_

2 .

3. Given 3 ; to find ¥ and 3.

< \ i l_.s . A s
= |

. _ E )
From the first equation ¥=14— —'?,

And from the second, x==24— 32-‘!,

2
Therefore, 14— ,3:2 4— 32,
: ‘ . 3 . \ 2!
 Ang 42—2y=72— %’-",
Or 84—45=144—09y 5
Whence §y=144——84=060¢
And y= L=z,

' —_— ___31._.. :u...
And x==14— 3__.14—-?_6,

1
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4, vaen 4x-y=34, and 4y+«_x6 3 to find x and 4.
i Ans. x=8; and y=2.

. : ¥, Y,

5 va;:n -;-l-;'- :;“-’;, and T}-+-§- ‘6” ; to find
g and ¥ Ans. x—Z, and =
6. Given x-]-_-, =y and x -—y’:d ; to ﬁnd % and y.
A J' d g —-vd

\ns. §= ‘2}.:“” ﬁ-v—‘g; .
_RULE 2.

1. Consider which of the nnknown quantities you would
ﬁrst exterminate, and let its value be found in that equa-
tion, where it is least involved.

2. Substitute the value thus found for its equal in the
other equition, and there will arise a new equation with-

only one unknown quan;xty, whose v'xlue may be found as
hefore. -

EXAMPLES.

1. Given 3;_'!'_2; = 'Z§ ; to find ¥ and .

From the first equation X=17—2y, .
And this value, substituted for x in the second, gwcs

17—2y X3—y=1,
- Or 51—-—6}—-y:2, or SIT—=7y=23
: That is, 7y—;5 1+=2==49 3
e Whence y-—‘°—7, and ¥==17—2y==17=—14="3.

" 2. Given g x+y_x3} 3 to find'x and y.

From the first equation x=1 3=
And this value, being substituted for x m the second,
Gives 13~—p—y=3, or 13—2=3}
That i ls, zy— 13~—=3=10,
Or =3 =5, and ¥=13—y=13—5=3.
3. Given

-
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\

3. Given {:,.l;_y,x__‘_yg ;tofindxand g -

The first analogy turned into an equation.

ay
Is bx—ay, or x= e
And this value of x, substitvted in thc sccond

p—2

Gives l-{—y = or a—-—+y =6

. . ch?
or a$y3+63y3=tb" or73= m’

1

—:;;—ﬁ.anda— ca* f‘
a’+bf'i’ ' —d’-{-}‘ :

4 Given — +7y—-99, and L +7x..51 ; to ﬁnd:ev

And therefore, =

and . Ans x=7, and y="14.
*ty

+»3.:"

gy:- +27; to find x and 13 © Ans. x5 60, and y:4o,

x
5. Given —2----12== 2 +8, and °

6. Givena : b :: % 2y and ¥¥—yp*=d; to find » and)‘

Ans da’ =x, and db?
o ee————— - T —p— : o
03"'"_63. ’ adereh? J
L ]
RULE 3 t

Let the given equaticns be multxphed or dwndcd by such
numbers or quantities, as will make the term, which con-
tains one of the unknown quantities, to be the same in
both cquations 3 and then by adding or, subtracting the
cquanons, according as is required, there, will arise a new
equation with only one unLnomn quantity, as before.

EXAMPLES. _

e
N
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EXAMPLES.

1. Given ‘ { 3::,':'5; ;‘::} 3 to l‘ﬁn‘d x.and y.
" First, multiply the second equation by 3, -
And. we shall have 3x%46y=42;
Then, from this last eqyation subtract the first,,
And it will give 6y—5y=42——40, or y=2,
And therefore, ¥ = 14—2y= 14—3 = 10.

2. Given | {Z:;?ﬁf 1(952 5 to find x and ¥
. 2w sy= .

-

Let the first equation be multiplied by 2, and the sec-
ond by-s, : ’ -
And we shall have 1ox— 6y=18
f ) 1ox~}25y=80;
And if the former of these be subtracted from the latter,
It will give 31y==62, or y=§2=2,

And i:onscquently, ¥= '—’—5—2, by the first Aequat‘i.on, .

6 Al
Or %= ﬁ—_—_'?5’=3.

-~

" Another Method.

Mdltiply the first equation by 5, and the second by 3,
- And we shall have 25x—15y=145
6xf-159=148;

- Now, let these equations be added together, o 7
- And it will give 31x=93, or y=%%=3,
T Po—2 .
And censequently, y= S x, by the second equation, °
T 16=6

Or y= ~—— = }° =2, as before.

<~ MISCELLANEOUS
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Mi1scELLANEOUS EXAMPLES.

+s

1. Given -~ ok —}-By.._gx, and Frox=192; td

ﬁndxandy. Ans x=19 and y=3.
2% 2y _
. 2. Given -1-14& 18, 4nd 3 +16=19; to
find x and 5 ' Ans. ng and}'::z
3. Given __'_‘:}Z -;: 8, and ‘”_L?’ —_—y= 1
find ¥ and j. Ans. x=6 and y—8
- 4. Given ax--b5=¢, and dx+¢y=f; to find x and 5
| —lf . ofde
: Ans. x= B and y= o

PROBLEM Il

T exterminate three unknown quantitiesy or to reduce the threé
simple egiations contammg tbem to one:

RULEs

v L Let ¥, yand g, be the three unkriown quantities to
" be exterminated.

2. Find the value of x from each of the three given
cguations.

3. Compare the ﬁrst value of x with the second, and

"an equation will arise mvolvmg only y and z.

4. In like manner, compare the first value of x» with
the third, and another equation will arise involving only y
and z.

5: Find the values of y and 2 from these two equatiens,
according to the former rules, and x, y and z will be ex-

+ terminated as required. <

NortE. Any number of unknown quantities may be ex-
terminated in nearly the same manner, but there are offerr
much
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much shorter methods for perfotmmg the opcrauon, which
will be best learnt from practice.

EXAMPLES.

w+ 3 + =29
+ 2y + 3z=62

e R

“From the first equanon X 2ge—f—zs
From the second ¥=62—2y—+32. -
From the third ¥==20— 3;:---2-
Whence 29—y—2=62=—2y—3%)
. 2 .
. And 29——p—rz=—120—= »_= H
. 7 2
* But, from the first of these equatlons, y=62—29-—22”
=332%

- 1. Given

3 to find ¥, yand =

33'
73

And from the second y.._27

Therefore 33—-2z=27§- :if, or 212,

© And y=6;—29—2z=62—29—24=9,
Apd‘ x=2g=—y—2 =291 2=—0=—=8,
( x ¥y z 1
—t =62
2ty

2. Given \< z +-§-+-§-=47 >; to find &, _;Landz.‘

® [ z
- e — =38
L4+5+6 34

_ : Firsty
Uvuv"
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. First, the given equations, cleared of fractions, become
1254 8y} 6z2=1488
20&% 4 15y-f-122=2820
30x+245+4202=4560 .

Then, if the secord of these equations be subtracted

from double the first, and three times the tlurd from five
n'nes the sccond we shall have

4xt y=156.
1ox4-35=420
And again, if the second of these be. subtracted from
three times the first, it will give
126—10¥==468—420, or x=% =24
Therefore” y==156am—j%¥==6,

1488——8j—12x
And z—= —4——-—5L-— —=120.

L Given x+4yfz—31, x4j—z=25, and ¥=—y—z
..9 5 to find * and z. Ans. =20, y==8 and z==3.

4 Given ':-l-y._.a, x¥z2=b, and y-}-z==c; to find %,
y and z.

. ax=febyt-cz—=m ‘
§- Given gd"'ﬂ}‘kﬁ:" 3 to find ¥, y and =.
gxtbythz= S )

PR—

A Corrrcrion of QUESTIONS, PRODUCING SiM-
PEE EQuaTions. | '

1. To find two such numbe;s, .that fhcirl sum shall be.

40, and their difference 16.
“Let » denote the less of the two numbers required,
Then will ¥4 16= the greater,
And x+x+16__40 by the questxon ;
That is, 2x=4o—16'“24,
. Or ¥==**=12= less number, ‘
“And x+16.....x 2-4-16=28== greater number rcqunred
2. What
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2. What number is that, whose 3 part exceeds its &
part by 16 ? ’
Let & equal number required,

X . x
Then will its 3 part be 3 and its % part w3
: x x o
- And therefore N ==16 by the question, -

-
That isy x=— a— =48, or gx—3¥=192; _
Whence ¥==192 the number required.

3. Divide 1000l between A, B and C, so that A shall
have 2L more than B, and C 100l. more than A.

Let x==DB’s share of the given sum,
Then will x4=72==A’s share,
And x+4172=C’s share, . )
And the sum of all their shares x+x+72+x+172,
- Or 3% +244=1000 by the question ;
That is, 3¥==1000=244==756, -
Or x:-’—i—s-.—.; 52l == B’s share,
And x72==252472=324l. ==-A’s share,
And x+4172=25241722=424l. == C’s share.
252l. .
. 324l

%l

1000l the proof.

.4 A prize of 1000l is to be divided between two per-
sons, whose shares therein -are in thc proportion of 7 te
9 ; required the share of each. :

Let & equal first person’s share,
"Then will 1000—% equal second person’s share,
And x°: 1000—x :: 7 : 9, by the question,

That
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’

That is, gx= 100G—2 X 7= 7000=="%
Or 16x=7000,

Whence = -7-?%?:4371. 108. == first share,

And 1000—x=1000—437l. 108. = 562l. 10s. 2d share,

. The paving of a square at 2s. a yard cost as much
as the inclosing of it at §s. a yard ; required the side of
the square. .

Let x equal side of the square sought,
" Then 4x= yards of inclosure,

And x* = yards of pavement ;

Whence 4xX 5=20x equal price of mclosmg,

And x* X2=2x" equal price of paving.
But 2x* = 20x by the question,

Therefore, x*=10%, and x=10=length of the side
required. '

6. A labourer engaged to serve for 40 days upon these
conditions, that for every day he worked he should receive
20d. but for every day he played, or was absent, he was
to forfeit 8d. ; now at the end of the time he had to re-
ceive 1l. 11s. 8d. The question is to find how many days -
he worked, and how many he was idle,

Let x be the m;mber of days he worked,
Then will 4o—x be the number of days he was idle ;
Also X)X 20=20& = sum earned,"

And go0—x X8 = 320—8% = sum forfeited,

‘Whence 20x—320—8x=380d. (=1l 11s. 8d.) by the
question, that is, 20¥—320-}-8% = 380,
Or 28x = 380~}320 =700, :
And ¥="5° = 25— number of days he worked
And 4o—,-x._ 40——25=15= number of days he was
idle.

7. Out
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9. Out of a cask of wine, which had leaked away ¥,
* 21 gallons were drawn ; and then, being gauged, it ap-
peared to be half full : how much did it hold ?

Let it be supposed to have held gallgns,

Then it would have leaked z gallons,
And'conseqﬁently there had been taken away 21-{—-—3’5- gal,
' x x
- But 21—|——3 =7 by thc question, <

That is, 63+x:’-3-$,

Or 126-}2x=13x;
Hence 3x—2x=126,
Or x = 126 == number of gallons required.

8. What fraction is that, to the numerator of which if
1 be added, the value will be 5 butif 1 be added to the
denominator, its value will be £ ?

Let the fraction be represented by f;,
Then will xtt =%
b

And—— =2z

ytr— @
Or 3x43=y,
And gx=jy-}1,

Hence 4x—3%—3 =5} 1—,
That is, ¥—3=1,

Or x=4, and y=3xf-3=12-}3=15;
So that ,—"? = fraction required.

9. A market woman bought a certain number of eggs,
at 2 a penny, and as many at three a penny, and sold them
- all again at the rate of 5 for 2d. and, by so doing, lost 4d. -
‘What numnber of eggs had she ?

] Let
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Let x= number of eggs of cach sort.

Then will %: price of the first sert,
. :
And —— price of the second sort.
3 - : .
But ¢ : 2 :: 2x (the whole number of eggs) : i-: 3
Therefore isf price of both sorts together, at § for 2d.

x .
And — +—i-—~55=4 by the question ;

8x ' .,

That is, ¥4 —f-—-? 83

Or 3x+2x— 2—;1-’5 =24

Or 15xf-10Xx—24x=1203;
Whence ¥=120= number of eggs of each sort required.

10. A can do a picce of work alone in ten days, and B
in thirteen ; if both be set about it together, in what time
. will it be finished ?

Let the time sought be denoted by x,

. N x
Then 10 days : 1 work :: & days : -;-6,

»

And 13 days : 1 work :: x days @

ol=

Hence -I% = part done b)-' A in x days;
~And -x%: part done by B in x days.

. x x
Conpsequently, — 4 — =1
onseq Y 19+ 13 H

That



SIMPLE -EQUATIONS.. T 351

13% .
That is, -3—+x= 13, or 13x+lox—13o;

130

And therefore 23¥=130, or¥=5y = 55§ days, the time
required.

- 11. If one agent A alone can producc an effect ¢ in the
time 4, and another agent B alone in the time &3 in what
time will they both together produce the same effect 2

Let the time sought be denoted by x.
Thena : e :: x: ff-: part of the effect produced by A,

And}d : ¢ o f; = part of the effect produced by B,

o X
Whence ijﬁ + f-b-ze by the question ;
: , s
Or f—+ T=1s
That is, x—|— ._a ;
Or bx—l-ax:lva 5

b
And consequently, &= btl-:-a': time ?cquired.

QUESTIONS FOR PRACTICE.

1. What two numbers are those, whose difference is 7,
and sum 33 ? Ans. 13 and 20.°

2. ‘To divide the number 75 into two such parts, that
three times the greater may excced seven times the less by
15. ‘Ans. 54 and 21

% .
25 gallons was wine, ¢ part minus .5 gallons was cider;

how many gallons were there of each?
Ans. 85 of wine and 35 of cider.
. 4 A

3. In a mixture of wine and cider, L of the whole plus
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4. A bill of 120l. was paid in guineas and moidores,
and the number of pieces of both sorts used was just 1003
bow many were there of each ? Ans. 50 of each.

5. Two travellers set out at the same time from London
and York, whose distance is 150 miles ; one of them goes
8 miles a day, and the other 7; in what time will they
meet ? Ans. 10 days.

6. At a certdin election 37§ persons voted, and the can-
didate chosen had a majority of 91 ; how many voted for
each ? Ans. 233 for one and 142 for the other.

7. There is a fish, whose tail ‘weighs ¢lb. his head
weighs as mueh as his tail and half his body, and his body
- weighs as much as his head and his tail ; what is the
«whole weight of the fish ? Ans. 72lb.

8. What number is that, from which if 5 be subtracted,
+ of the remainder will be 40 ? Ans. 65,

9- A post is one fourth in the mud, one third in the wa-
ter, and 10 feet above the water ; what is its whole length ?
Ans. 24 feet.

10. After paying away one fourth and one fifth of my
money, I found 66 guineas léft in my bag ; what was in
it at first ¢ Ans. 120 guineas.

1 A’ age is double that of B, and B’s is triple that
of C, and the sum of all their ages is 140 ; what is the
age of each ? - Ans. A’s =84, B's=42 and C's = 14.

12. Two persons, A and B, lay out equal sums of money
in trade ; A gains 126l. and B loses 871 and A’s monecy
is now double that of B ; what did each lay out ?

’ - Ans. 3ocl.

13. A person bought a chaise, horse and harness, for
6ol. ; the horse came to twice the price of the harness,

and
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" 3ind the chaise to twice the price of the horse and the har-
ness ; what did he give for each ? -

Ans. 13l 6s. 8d. for the horse, 6L 13s. 4d. for the har~
ness, and gol. for the chaise.

14. Two persons, A and B, have both the same in=
tome ; A saves one fifth of his yearly, but B, by spend-
ing sol. per annum more than A, at the end of 4 years
ﬁnds himself 100l. in debt ; what i3 their income ?

Ans. 125l

1 5 A gentleman has two horses, and a sadéle worth
gol. Now if the saddle be put on the back of the first
horse, it will make his value double that of the.second ;
but if it be put on the back of the second, it will make
his value triple that of the first ; what is the value of each
horse ? Ans. One 30l. and the other 4oy

16, To divide the number 36 into thrce such parts, that
< of the first, 5 of the second, and 2 5 of the third, may
be all equal to each other. ,

Ans. The parts are 8, 12 and 16.

17. A footman agreed to serve his master for 81. a year
.and a livery, but was turned away at the end of 7 months,
"and received only 2l. 13s. 4d. and his livery ; what was its
value ? v , Ans. 41 163,

18. A gentlemian was desnrous of giving 3d. a piece to
some poor beggars, but found, that he had not money
enough in his pocket by 8d. ; he therefore give them each
2d. and had then 3d. remammg 3 required the number of
beggars, . : Ans. 11,

‘19. A hare is 5o leaps before a grey hound, and takes
4 leaps to the grey hound’s 3; but 2 of the grey hound’s
leaps are as much as 3 of the hare’s ; how many leaps
must the grey hound take to catch the hare ?  Ans. 300.

20. A person at play lost 3 of his money; and then won
3 shillings 5 after which he lost 3+ of what he then had,
. and

W w
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and then won 2 shillings ; lastly, he lost X of what he
then had, and, this done, found he had but 12s. remain-
ing 5 what had he at first ? Ans, 20s.

21. To divide the number go into 4 such parts,. that if
the first be increased by 2, the second diminished by 2,
the third multiplied by 2, and the fourth divided by 2,
the sum, difference, product, and quotient, shall be all
equal to each other. -

Ans. The parts are 18, 22, 10, and 40, respectively.

22. The hour and minute hands of ‘a clock are exactly

together at 12 o’clock ; when are they next together 3
Ans. 1 hour, 5.5 min¥

23. There is an island 73 miles in circumference, and
3 footmen all start together to travel the same way about
it ; A gocs 5 miles a day, B 8,.and C 10 ; when will they
come together again ? Ans. 73 days.

24. If A can do a piece of work alone i 10 days, and

Aand B together in 7 days, in what time can B do it alone 2

Ans. 233 days.

25. If three agents, A, B and €, can produce the ef«

fects a, b, ¢, in the times ¢, f; g, respectively ; in what time
would they jointly produce the effect d ?

Hrxd

o Ans. pa time

26. If A and B together can perform a piece of work

in 8 days, A and C together in ¢ days, and B and C in

10 days ; how many days will it take each person to per-

- form the same work alone ?
Ans. A 143% days, B 1734, and C 237

. QUADRATIC EQUATIONS.

A SIMPLE QUADRATIC EQUATION is that, which invelves
the square of the unknown quantity only.
. ' An



QUADRATIC EQUATIONS. 355

An AFFECTED QUADRATIC EQUATION is that, which in-
* volves the square of the unknown quantity; together with
the product, that arises from multxplymg it by some known
quantity.
. Thus, ax*=} is a simple quadratic equatlon, .
And ax*4-bx=c is an affected quadratic equation.
The mle for 2 simple quadratic equation has been gwen
,already
All affected quu.dratxc equations fall undcr the three
following forms.
1. x*Fax=b
2. X =—ax=1b
3. X '=—ax=—b.
. The rle for finding the yalue of &, ig cach of these
. gquations, is as follows ;

‘ RULE®
1: Transpose all the terms, that involve the -unknown
quantity, to one side of the equatien, and the known terms
to the other side, and let them be ranged according to
their dlmensxops. ' ’

2. When

o=

* The square root of any quantity may be either 4~ or —,
and therefore all quadratic equations admit of two solutions.
Thusy the square oot of 4-n* is -4-n, or —n ; for either <-nx
-, OF w—t1 X —n i3 equal to +n*.  So in the first form, where

x4 2 isfound =4/ b4 3:,d1e root maybeeithe.r-l-‘/ b4 a

or —y/ b4 f:, since either of them being multiplied by itself
4 : .

will produce &4 54 And thisambiguity is expressed by writingthe

uncertain sign + before 4/ 84 a ; thusxz= 4/ 04 “i_a
, 4 Tt s 2

- » In
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2. When the square of the unknown quantity has any
coeflicient prefixed to it, let 3ll the rest of the terms be
divided by that coefhicient. o .

o 3. Add

S——

In the first form, where x= 44/ b4 :4-?.- 2, the first value

of %, viz. x=y/ b+ L — Zis always affirgative 5 foy
of x, viz. x=+4/ +4 zns ways rjpative ; fog

. i . ~a* -
since £ 44 is greater than =, the greatest square must necessay
4 4 ' o

tily have the greagez{t square root 3 4/ H—f: —_ -:— will, therey
2
fore, always be greater than 4/ a;,‘ or its cqual -E- ; and consgy

quently 44/ 54 28 _ 8 ill alwa s be affirmative
quently -4 2 2 y '

——

The second value, viz. x=—y/ &4 a i:., will alwayy
" A

be ncgative, because it is composed of two negative terms,

‘Therefore, when :;’-i-qx:b,_ we shall hav;é x;-]'-‘/ b+§ —1

. p——

3 '
2 for the affirmative value of », and x=—q/ b+ .
2 R 4
for the negative value of x,

B a; a . :
In the second form, where x4/ 64 — 4 Z,thefirsy
. . 4. . & . -

’ 3 ‘e : .
value, viz. x=4 ¢/ 8+ & 4 £ is always affirmative, since
4 z

it is composed of two affirmative terms. The second value, viz.

2 ‘
s=—s/ b+ L 4 Z, ‘will always.be negative ; for since
R 4. ) 2 .oty N .

i

i Lo
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3. Add the square of half the coeficient of the second
term to both fides of the equation, and that side, which
mvplvcs thc unknown quantlty, will then be 3 completc
square.

T . 4. Extract

2 2 2 ——-_l
&+ 2. is-greater than Z_, the square root of 34 2- (4/ &4 2}
- Al T Wy

. a* ., a iy
will be greates than V—4—-, or its equa < and consequently

p——

s~y 6+% + -g— is always a negative quantity, - "Fhetefore,

whgn x*—ax:_b, we shall have e=44 b+ 'ﬁ + if'or the

aﬁirmatwe value of ¥, and x=—y b-|- + — for the nega.
tive value of .

=
In the third form, where,x;v% —b + -Z‘-, both the values

2

$f « will be Po;itiyé, supposing a— is greater than 4. For the

first value, v;z. x_..-]q/-- —b4 -—, is cudendy affirmative,

bémg c0mposed of two afﬁrmative term$. *“The second value,
. . 2
yiz. x:_—1/ a3 + ?, is also affirmative ; for since % is

E - a® , a* a . -
greater dman -4.- —4&, therefore V— or -z~ is greater than

4/- —b, and consequently —V_.. —b -[- = will always be

an afﬁnnauve quamtity. - Therefore, when x -—ax_,-wb, we shall
have
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4. Extract the square root from both sides of the equae
tion, and the value of the unknown quantity will be der
termined, as required.

. Neve 1. The square rcot of one side of the equation
is always equal to the unknown quantity, w1th half the co»
cfﬁcwnt of ‘the sccond term subjoined to it.

' No'n: 2. All cquanons,.whcrcm there are two terme

involving the unknown quantity, and the index of one is

tust double that of the other, arc solved like quadraticg
y completing the squarc.

”

Thus, x*feax*=F, or x"ax*=b, arc the game as
quadratics, and the value of the unknowa quantity may
pe determined accordingl'y. }

- ‘ EXAMPLES.

 —— . L

& —e

have x=+v.a.: —b 4 -:- for the affirmative value of =, apd
o v

....Vf;: —b 4 ;— for the megative value of x

. 3
But in this third form, if 4 be greater than f;, the seolution of

the proposed question will be impossible. For, since the square
of any quantity (whether that quantity be affirmative or negative)
is always affirmative, the square root of a negative quantity is im.

possible, and cannot be assigned. But if & be grcauer thana:,

then —4— —6 is. a negauve quanmy 3 and conscqucntly Va

Z
is impossible, or only xmagmary, when 3 is lcss than 43 and

v

therefore in that case x... - +¢— —b is also impossible or
maginary. .
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EXAMPLES.
1. Given x’+4x-—-14é to find #.
First, +4x+4_14o+4_144 by compfetmg t‘xe

square ;

Then \/ % +4x+4_‘/ 144 by- extratting the root 3
Or x+2:12,
And therefore x 2= 12—2=10.
2. Given x*—6x48=380 ; to find .
* First, %*—6x=80~—8==72 by transposition 3 -
Then x*—6x-9=72-+9=_81 by completing the squase 3
 And x—3=4/ 81— by extracting the root ;
Therefore xz=g-}3=12.
3. Given 2x*4-8x—406=70 ; to find x.
- First, 25 4ju8x=70-}-20=9o0 by transposition.
Then &*~-4x=45 by dividing by 2,
And x +4x-|-4_49 by completing the square ; -
Whence #<-2=1+/ 490=7 by extracting the root,
And consequently ¥==4——2=35. " '

4. Given gx*—3xfub6—ys1 ; to find #.
Here #*—x--2=17 by dividing by 3
And x —-x__.l-—z by transposxtlon 3
Also x -—x—[——-—x —245=5% by complctirtg the
© $quare,
And #— 1= '-3-?_3- by evolu'txon H

— 1 ! -— 3
Therefore A=+ =1

2

. X -
5. Given - +2o§=42'§ ; to find x.

* x
Here 7 —-? —42— —20;=22% by transposmon. .

And x’—¢3-=44-;- by dividing by:s -~

2% e : '
Wh@ce X 5 -+ $=447 4 5=34% by. fomplet.
jng the squar And

L O FRSSAR]
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And x—1=¢/445=63;
Therefore x—=63 + =7,
6. Given ax*<jtx=c; to find #.
b . .
“ First, x° -|- —r== by-di'vision $

Then ¥ + - x-l- — *—-— +-7—‘ by completmg the
square
/ - Aﬂc-l-b’
Andx-l——-'—'\/ +-—- =y — by evos
lution 3 .
bi
Therefore #=+y/ ﬂcj-—- -_— -;—. ,
a
. Given ax‘-—-bx—l—r'_-_—'d ; to find x.
by transposition,
By division 3
A de—c | B -
Asso & — T - +Z;-; by completing

the square 5

d—c

b /
And x— ;—"'4-\/ — + — by evolutjon g

[ d—c b'
Therefore x——- v — _|. —

8. Given ¥*}-2ax*=b ; to find .
Here, x* +-2ax* +a*=b4-a* by compietmg the squarc,

And x +a—~/ bt-a* by evolutxon
‘Whence x"—"\/b-{-a—a,

And consequently x=4/ ; JH- '--a.
;9 Giveri
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9. Given ax"—-bx —c——d ; to find x.
First, ax™—bx?: _.:--d by transposition,

And x"— -b—-x""i-! by division ;

= B B
Also 4"— —x +—— -c—a—- e by completing the
. square, ‘
' —d
And x* —;%_.. ~/6—— -|- — byevolunpn,
'.___""""i""
Therefore x‘——- + J — 27-,
4a .
——————— e "
= il
And consequently Za_\/ - '+ =l
oo ’ .
v EXAMPLES FOR PRACTICE:

. Given x’—8x+10":::19; to find .  Ans. x;_-g.

lod

Given ¥*—x——qo0==170; to find ¥. Ans. x=15.

»

w

. Given 3x*jr2x—09==76 ; to find x. . Ans.x=j.

X x :
Given PY— +73=20; to find x.

»

_  Ans. x=5'4093, &c.
Given x? +xia ; to find x. oo

Ans. x=/usfi—4

¢ Gwen %' frax—b= ; to find x.

Ans x...\/c-{-b-}— 2 -2

2

o

X x 7. Given

*
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7 leen X}k me—b 3 to ﬁnd x.

Ans. x:+\/—-——-b + --.

8. Gi ax = t'ﬁd
. wm'b-—d-{-f__b,onx.

bg‘be'k

Ans x=+‘/ ‘d‘ a], _;f + -;‘7
) 9. Given 2x‘—x’+x04:6oo; to find x.
Ans. x——4.
10, Given 350287 — L= ofndx
R v T
Ans x—+\/ 27 +-3-

QUESTIONS PRODUCING QUADRATIC EQUATIONS.

1. To find two numbers, whose difference is 8 and
product 240. _

Let x equal the less. number,
Then will ¥-}-8 equal the greater,

And x)<x+8_..x +8x=240 by the question ;
Whence « —|-8x+16—24o+16_..2 56 by completing
the square ;

Also x+4=¢ 256= 16 by evolution ; -
And therefore ¥==16—4=12= less number, and 12+8
=20== greater.

2. To divide the number 60 into two such parts, that'
-their product may be 864.

Let x = greater part,
Then
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T

| Then will 60—x= less,

And xX 60—x'==6ox—x" =864 by the qucstxon,
That is, &* —6ox=—386413
" Whence x *—60%-}-900==—=864-j-900==36 by complct-
ing the square ; C
Also 5—30:=4/36=06 by extracting the root ;
And therefore x=—=6-}30=36=— greater part,
And 60—x=6—36==24= less.

3. Given the sum of two numbers "‘Io(a), and the
sum of their squares = =38 (4) ; to find those numbers.

Let x= greater of those numbers,
Then will g—x= less ;

And x° +a~x] =28 ~}a*—2a8==b by the question,

b
Or » + — —ax;— by dmsmn,

]
. b a? Iz—a : ..
Or &' gy = Pramieet b by transposition 5 .

’ 3 bg a’ b 3
Whence & *—ax- a—— 2 +_-—- e
‘ 4 4

by com- .

pleting the square.

2b=—a?®

‘ a .
Also x=— = =4/ by cxtract,mg the root -

-
And therefore = +‘/ -2—-”.-— + — greater numbcr,

2b=——a?

And a— —-‘I'\/ _¢J—1+i == less.

Hence these two theorcms, being put into numbers, give
7 and 3 for the numbers required.

4. Sold a piece of cloth for 24l. and gained as much.
per cent. as the cloth cost me 3 what was ghc price of the

 cloth ?

Let
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Let # = pounds the cloth cost,
Then 24=—x = the whole gain ;
But 100 ¢t & :: & : 24—X by the question,

Or x* =100 X 24— = 2400—=100% }
That is, x*-4-100x=24003;
Whence x*~+100842500= 2400—\-—2500._4900 by com-
pleting the square,

And ¥+450= ,/ 4900 = 7p by extracting the roots,
Consequently, ¥=70—5=20= price of the cloth.
. A person bought a number of oxen for 8ol. and if
he had bought 4 more for the same money, he would have
paid 1l. less for each ; how many did he buy ?

Suppose he bought x oxen,

8
Then -;2 = price of each,

8 ~ ‘
And — = price of cach, if x4 had cost 8ol.
x+a 3 .
8o
But ~ ==
g x

Or 8o0= + +x,

Or 80x+320—80x+x +4%, '

That is, x* +4x=320;
Whence & +4x+4_.3zo+4_. 324 by complctmg the
_ square 3

And x+2=¢324:18 by evélution ;
Consequently x—18-——2-=16 = number of oxen re-
quired.

6. What two numbers are those, whose sum, product
and difference of their squares afe all equal to each other ?

Let x = greater number,
And y = less;
Then -
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'Thcﬂ { :;:;z:{-—y’ } by the question,

x’—"’

And y=— 5 =4—y, or ¥=y41 from the second

£quation.

Also y+l+y= 541Xy from the first equation,
Or 2y1=p* 4y,
That is, p*——j=1,

Whence y*~—y=}Z=1 by completins the square ;
Y 7)< %=13 by completing 1are 5

Also y—i=/1;=V§= -\—2/—5 by evolution ;
Conscqﬁently y:é + .;:-.‘{-ii.-! ,

»

V543
And #—__y+l-'—;—§ ]

§- There are four numbers in arithmetical progression, .
whereof the product of the two extremes is 45, and that -
of the means 77 ; what are the numbers ?

Let x = less extreme,
And y = common difference ;
Then %, x4y, -2y, x--3y will be the four numbers,

And %xx xf-3y==x* +30y=4s g by the
sy Xxty=x"t3md =y ) T
Whenee 25> =77—45=32, and y* =3 =16 by sup-
tractior: and division, .
"Or y==+/16=4 by evolution,
Therefore x*<-3xp=x*~|-12%==45 by the first equation,
Also %° f-1204-36==454-36==81 by completing the square,
And ¥4-6==4/ 81=9 by the extracting of roots,
Consequently ¥=—g—6=13,
And the numbers are 3, 7, 11 and 15.

8. To



go6 - . , ALGEBRA. '

8. To find three numbers in geometrical progressiony
. whose sum shall be 14, and the sum of their squares 84.

Let %, y and z be the numbers sought ;
Then xz—y* by the nature of proportion,

And g xt{;,-f‘_z . 84} by the question,
But x4-z=14——y by the second cquahon,

And x* 4-2xz432" =196—28y~+y* by squaring both sides,
Or x*4z’+2* = 196—28;+y by puttmg 29" for its
cqual 2xz 3
That is, x*-}z*-4y* = 196~—28y by subtracnon,

Or 196—28y= 84 by equality ;

106—38
28-—-'—4 by transposmon and division.:

Hence y=
- 1
Again, xz—y*=16, er = by the first equation,

6
And x45tz= lz— 442214 by the 2d equation,

Or 16+4z-f=" =142, or 2" —10z===16,
Whence z*—10z-f=25=25—16=9 by completing the
square ;
And z=—=§=4/9x=3, or 2=345=83%
. Conscquently x= 14=—y=—2z=14—~4—8=2, and the
numbers are 2, 4, 8. :

9. The sum (s) and _the product (p) of any two num-
bers being given 5 to find the sum of the squares, cubes,
biquadrates, &c. of those numbers.

Let the two numbers be denoted by » and y ;

Then will {x+y ""} by the question,

But x4y g— +2xy+y~=: by involution,
And x*+42xy4y*—2xy>=s*—2p by subtraction,
" That isy x*4y*=s*—2p=—sum of the squares.
Again,

P



QUADRATIC EQUATIONS. 367

Again, x* 4y Xxty=s'—2px s by muitiplication,

Or x’-l-xyxm-{—y’:;’—zy,
Or x3-kspy*=s'—2sp by substituting s for its equal:
x_}’lx;; H
And therefore x? 4-y?=s3-—3sp= sum of the cubes.

In like manner, x* +y X x+_y —-_—3—:px sby multiplication,
Or x*4xy X x>y Hy*=st—3p,
Or w4 pX s*—2pty *=s 34" 2 by by substituting px:?p
for jts equal xy'xx* +y‘ 3

And eonsequently, x4 4y4=s*—3s'p—pXsi—2p=st—4s*
2+2p*= sum of the biquadrates, or fourth powers ; and
so on, for any power whatever. ‘

" 10. The sum (4) and the sum of the squares (4) of four
numbers in geometrical progression being glven 5 to find
those numbers.

Let x and y denotc_: the two means,
3 t ]

x '
®hen will -}- and -‘:T be the two extremes, by the hature

of proportion. *
Also, lct the sum of the two means =y, and their
product = p.
And then will the sum of the two extremes —a—s by
the question, _
And their product = p by the nature of proportion.
x* 4y = sr—2p
' ad 4 Y e
Hence x_‘ + -.7_; -1 l‘—zp by the last problem,
¥t x :
x4 4 —
And x4y 4 = 4 '2'-; =s* 4 a—;| —4p=) by thd quest-
ion. J x

Again, %«{- s =a—s by the question,
. L4
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Or x’+_y’=x_yx: =X a—i;
But x34-y}=s'—3sp by the last problem,
And therefore px;:::’—-g:? by equality,
Or pa—ps+3p -pa+=p:—:’
Or p=

a-f—z:

. —_— s

Whende s | —ap==s? ——f—— = {
'ence: + a—i|; s +a—-:| i b by sub-

stitution, -

by reduction.

] a*—b
Or s 4 — 5=
I:+a.r‘ Y

And s=y '-"_z—.b.*. fi— — .:_‘ by completmg the square,

and extracting the root.

.

And from this value of s all the test of the quantities g, ¥
and y may be readily determined.

QUESTIONS FOR PRACTICE.. P

1. What two numbers are those, whose sum is 20, and
" their product 36 ? Ans. 2 and 18.

2. To divide the number Go into two such parts, that
“their product may be to the sum of their squares in the
ratio of 2 to §. " - Ans. 20 and 40.

3. The difference of two numbers is 3, and the differ-
ence of their cubes is 117 ; what are those numbers ?
Ans. 2 and §.

4. A company at a tavern had 81. 15s. to pay for their
reckoning ; but, before the bill was settled, two of them
sneaked off, and then those, who remained, had r0s. 2
piece n{ore to pay than before ; how many were there in
“the company ? : . Ans. 7,

5. A
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¢. A grazier bought as many sheep as cost him Gol.
and after reserving 15 out of the .number, he sold the re-
mainder for 54l and gained 2s. a head by them ; how ma-
ny sheep did he buy 2. Ans. 75,

6. There are two numbers, whose diffesénce is 25, and
half their product is equal to the cube of the less number;
what are those numbers ? Ans..3 sad 18..

7- A person bought cloth for 33l. 1gs. which he sold
again at 2l. 8s. per piece, and'gained by the’ bargain as
much as one piece cost lum 5 reqmred the number of
pieces. Ans, 15.

’

8. What numbcr is that, which bemg divided by the
product of its ¢wo digits, the quotient is g3 and if 18 be
added to it, the digits will be inverted ? . Ans. 24.

g. What two numbers are' those, whose sum multiplied
by the greater is equal to 77 ; and whose difference mul-
tiplied by the less-is equal to 12 ? Ans. 4 and 7.

ro. When will the hour,’ minute and second hands of a
clock be all togethcr next aftcr 12 o'clock ? :
.Ans. Only at 12 o’clock.

‘11. The sum of two numbers is 8, and the sum of
their cubes is 152 ; what are the numbers ?
Ans.’3 and 5

12. The sum of two numbcrs is 7, and the sum of thexr
fourth powers is 641 3 what are the numbers ? :
. Ans 2 and 5

13. The sum of two numbcrs is 6, and the ‘sum| of
their fifth powers 1s 1056 3 What are the numbers
R o Ans 2 and 4

14. The sum of four numbers in ar:thmetlcal _progres-
sion is §6, and the sum of their squares is 864 5 what are
the numbers 2 Lo Ans 8y k25 16 and 20.

ST S SV U SN {-v5To
Yr ,
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- 13. To find féur numbers in' geometrical progrcssnon,
whosc sum is 1 5; and the sum of their squares 85. -
: Anss 14 2, 4 and 8,-

l

4
" 16 Gnvcnx-—— +a—£—; =r—-, toﬁndtha

value of #. T
S Ans. x= 1a* + ¢/ =1

CUBIC AND HIGHER EQUATIONS.

A cubic EQuATION, or equation of the third degree or-
" power, is one, that contains the third power of the un-.
known quantity : as x3—ax" -Hx._c.

A biguadratic, or double quadrauc, is an equatlon, that
contains the fourth power of the unknown quantity : as
#‘—ax’-l—bx —cx=d.

An equation of the fifth powet, or degrcc, is one, that
contains the fifth power of the unknown quantity : as a*
—axt b} —ck '+dx...e.

An equation qf the sixth power, or, chr;e, is oney, thgt
contains the sixth power of the unknown quantity : as a®
—ax‘-Hv —cx’ - —ex =

And so on, for 4ll ofher }ughcr powers. “Where it s to -
be noted, however, that all the  powers, or terms, in the
equation are supposcd to bc freed from surds, or fractxonal
exponents. . * Ll .z cen T T 7
* There are various particular’ rules for the resolution of
cubic andl higher“equations ; but they may be all casily re-
solved by the following rule of Double Position.

w
P4

RULE.
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. ..Find by trial two numbers, as near the true root as pos<
81b1e, and substitute them separately in the given equation,
instead of the unknown quantity ; marking the errors,
which arise from each of them.

2. Multiply the difference of the two nymbers, found
by trial, by the least ¢rror, and divide the preduct by the
difference of the errors, when they are alike, but by their
sum, when they are unlike. Or say, as the difference or
sum of the errors is to the dx{f;gnce of the two numbers,
so is the least errar to the correction of its supposed number,

3. Add the quotient last found to the number belonging
to the least error, when that number is too little, but sub-
tract it, when too great ; and the result wxll give the true
oot nearly.

4. Take this root and the nearest of the two former,-or
any other, that may be found nearer ; and, by proceeding
in like manner as above, a root will be had still nearer
than before ; and so on, to any degree of exactness reqhir-
ed. Each new operation commonly doubles thc numbzz
of true figures in the root.

Note 1. Itisbest to employ always two assumed num-
bers, that shall differ from each other only by unity in
the last figure on the right hand ; becaus¢ then t,he dxﬂ"cr-
ence, or multiplicr, is only 1.

EXAMPLES.

* This rule may be used for solving the quesnons of Double
Posmon, as well as that given in the Arithmetic; and is prefera-
ble for the present purpose. Its trypth is easily deduced: from the
same supposition. ~ °

For, by the suppqgition, r:s :: x—a : x—b, therefore, by
divisiony r—s : s i3 b=—a : ¥—b ; which is the rule.
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' EXAMPLES.

1. To find the root of the cubic cquatmn n3+x’+x

#=too, or the value of % in it.

" Here it is soon found, that ¥ lies between 4 and- 5.
Assume, therefore, these two numbers, 3nd the operation
will be as follows :

- 18t suppesitioh. zd supposition,
4 ® 5
16 LA . 2§
64 x - 128
84 .. sums 155
: - —
—16  emors 55

~ The sum of which is 71,
- Then, as 71 @ 1 :: 1§ 225
Hence x-——4'2'2'5 nearly. - :

Again, suppose 4 2 and 43, and repeat the wm‘k ag
follows :

st supposmoq. .- ed snppomn.
42 # 43
17'64 xs '18'49 .
74088 - g} 79'507
95°928 sums . 102°297
g-i-4'o72 ctxor§ .v+2'297 )
W

- Thc sum of which is - 6'36g.
As 6369 : 1 :: 2297 i 0'036

_ This taken from 4'390
Leaves & nearly =— 4°264

Again,
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- Aghin, suppose 4°264, and 4 265, and work as follows :

st supposition. 2d supposition,
4254 ® 4265
18°181696 x* 18°19022§
77°526752 »? 77'581310

| 99'§7‘244'3 ‘ sums ioo‘bgng 5.

—c027552  emors  ~Ho'036s3s

1

The sum of  which is '364087. .
Then, as ‘064087 3 ‘00T :: 4264 ; 0°0004299
. ' To this adding 4264

We have & very nearly ==4-2644299

2. To find tbc root of the equation w1 5x’+63x... '
30, or the value df ¥ in it.

Here it soon appears, that ¥ is very little above 1.
Suppose, "ther:fotc,' roand 11, and work as follows :

S ro x '
63'0 63% 693
—15 155" 1815

1 ;#’A 1°331
Prasmp— ’ P————
49 fums 52°481
—1 errors +2:481

3481 sum of the errofs. :
As 3481 ; °r :: 1 : ‘o29 correct. .
' 1°'00

Hence w== 1°029 nearly.

ecasac

o '~

| Again,
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Again, supposc the two:numbgis 303 .and-1°63y And
work as follows : .

tLrE

1’03 % x'oz' . .

6489 63x ° 64267

-—15°913§ —15x® —15'6060 '

* 1092727 x’ © 1'061208"

B e ’ eper———— s
~50° 069227 * sums " 49-715208"
+.'°59227. o oemors C e—28479%
© 284792 ‘ E

As '354019 : ‘or :: ‘069227 3§ -

T . 0019555
This taken from 103
*  Leaves & nearly == 102804
. \ ~ gy s

Nore 2. Every equation has as many roots as it coma
tains dimensions, or as there- are units in the index of its
highest power. That i, 2 simple equatxon has only one

. value or root ; but a quadratic equation kas two values or -
roots 3 a cubic equation. has tliree roots ; a bnqnadrauq
cquation has four roots, and g0 on: - J

And when one of the rootg of an equation has been
found by approximation, as before, the rest may | be found
as follows :—Take for a dividend the given equation, with
the known term transposed, its sign being change({, to the
unknown side of ithe equation ; and for a divisor take x
minus the root just found. &)mde the said, dividend by

- the divisor, and the quoti¢nt mll be the equat;dn dep:essed
a degree lower than the giveni orie.

Find a root of this new equation by approximation, as
before, and-it-will be a segond yoot of the original equa-
t&on. Then, by means- of thig roct, depress the second
RS equauon

-~
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equation one degree lower, and thence find a third root,
and so on, till the equation be reducéd to a ‘quadratic §
then the two roots of this being found, by the method of
completing .the square, they will make up the remainder
of the roots. Thus, in the foregoing equatlon, having

-found one root to be 1°02804, connect it by minus with

x for a divisor, and take the given equation with the known
term transposed for a dividend : thus, »

2102804 )%} —1§x* +630—50(x 13" 97196>.+48 63627=a.

Then the two roots of this quadratic equatlon, or
x*—13"97196%=-—48'63627, by completing the square,
are 6°57653 and 7°39543, which are also the other .two

roots pf the given cubic equation. So that all the three
roots of that cquanon, viz. x‘——x 5x’+63x_. 5o, :

dre '02804 -
and © 6°57653
‘and  7'39543

Sum 1560006 °
4

And the sum of all the roots is found to be 13, being
<qual to the .coeficient of the second term of the equation,
which the sum of the roots always ought to be, when they
are right. . .,

Note 3 Tt also a particular advantage of the. Tore-
going rule, that it is not necessary to prepage the -equa-
tion, as for other rules, by reducing it to the usual final
form and state of equations.. Because the rule may ‘be ap-
plied-at enee-to-an unreduced cquation, though it be ever

so much embarrassed by surd and compound*queaunes.
Asin thefollowing exanipl" : ~

3. Let it be rcqunrc& to find the root » of the ‘equation

\/r44x‘-=¥f.¥“-'—‘i-lzvr"'—'}W/xg'ék’—-bb"-{-'zﬂ =114, or

-the value of ¥ in it.

' By
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By a few trials it is so'on found, that the. value of # is
but little above 7. Supposc therefose first, that 3::7. and
then that ¥=8.

First, when x==7. . Sccond, when x=28:

47908 Vit —s ol 46476

“—-—h-—-—-

65°384 Jn96~'--x +2q0 69283 |

’ 1»13..290 the sums of these I 57 59
114°000 * the true number 114'000
=—0"710 the two crrors #1759

. +['759 [ Y

As 2469 : 1 i: o'7io i o'% nearly.
T

———

#x=7'2 ncarly.

~ Suppose again ¥==7'2, aud, because it turns out toa
great, suppose also ¥==7'1. °

Suppose x==7°2. : Suppose x==7°1.

aT990  uaaxt—x'+a0]  arer3
66402 &/ 1968%=x* 4 24T 65904

N————— Sure——————

114°392 the dums-of these =~ 113°B77°
114°000 . the true number 114°000
——— - htndbbesdb—
0392 - theerrors = ==0'123. "
o'ra3 . N e
‘§I§ i *123 i3 '@ : '024 the correction. - -
. | 7'100 ,

?l‘ﬁ'éféﬁ*.c-%-?z'lm.eﬁr;lxi 1the.'x.o§ft required.
’ ' L L NOTE
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Note 4. The same rule also, among other more diffi
tult forms of équations, succeeds very well in what are
called exponential equations, or those, which have an un-
known quantity for the exponent of the power ; as in the
following example.

4. To find the value of ¥ in the exponential cquation
X*=100.

For the more easy resolution of this kind of equations,
it is convenient to take the logarithms of them, and then
compute the terms by means of a table of logarithms.
Thus, the logarithms of the two sides of the present cquation
are, xX log. of ¥==2, the log. of 100. Then by a few
trials it is soon perceived, that the value of # is somewhere
between the two numbers 3 and 4, and indeed ‘nearly in
the middle betweén them, but rather nearer the latter than
the former. By taking therefore first ¥—3'5, and then
x=13"6, and working with the logarithms, the operation
will be as follows :

First, suppose ¥=< 35 |

Logarithmof 3'5 = 0°5440680
Then 35X log. 35 = 1°904238
The true number 2°000000
Error, too little, —095762
. Second, sui)pose x = 3°6.
Logarithm of 36 = 0'5563028
Then 36X log. 36 = 2002689
The true number 2°000000
Error, too great, 002689

—'095762

002689

‘098451 sum of the errors. Then,
As

Z 2
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As *098451 @ °1 :: 002689 * 066273,
Which correction, taken from 3'60000

Leaves 3°59727 =¥ nearly. - -

e gt

On trial, this is found to be very little too small.

Take therefore again ¥=—=3'59727, and next #=3° 59728,
and repeat the operation as follows :

First, suppose ¥.= 3759727
Logarithm of 3°59727 is 05559731
359727 X log. of 3'59727= 1'9999854
The truc number 2:0Q00000

Error, too little, | =—0'0000146

Second, suppose ¥==3°59728.
Logarithm of 3°59728 is 05559743

. 3'59728 X log. of 3°59728="1'9999953 .

The true number 2°'0000000
Error, too little, ~—0"C000047

—0'0000146
00000047

o'oooocgg difference of the errors. Then,

As 10000099 : *0000T it "0000047 : 000000474747
thch correctxon, added to 359728000000
. [

Gives neaﬂy the value of x = 3'59758474747

5. To find'the value of # in the equation x*+-1c4” -
5¥=2600. * Ans. ¥x=11'00673.

6. To find the value of # in the equation X3 —2x=—73.
Ans. 2°004535T:

7. To

.
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7. To find the value of ¥ in the equation x*-2x*—
23X =70. Ans. x=—=5°1349.
- 8. To find the value of ¥ in the equation x3=—17x"-
54x=350. : Ans. ¥==14'95407.
9- To find the value of » in the equation ¥*——3x*—
75%==10000. , Ans. x==10'2615.
10. To find the value of ~ in the equation 2x*=—16x3 -
408" —308=—1. Ans. x==1'284724.
11. To find the value of x in the equation x5 =224+~

g dfgx® - 5x==54321. ' Ans. ¥=8'414455.

12. To find the value of & in the equation »*=
123456789, . Ans. x==8'6400268.

e e— A ———
END OF ALGEBR A

Y] G —— e <2
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s @O T
DEFINITIONS,

1. .A_ POINT is that, which has position,
but not magnitude,

2. A line is length, without breadth or
thickness. .

3. A surface, or superficies, is an 1
extension, or a figure, of two dimen- '
sions, length and breadth, but with-
out thickness.

4 A body, or solid, is a figure of three-
dimensions, namely, length, breadth and .
thickness.

Hence surfaces -are the extremitics of solids ; lines the
cxtremmes of surfaces 5 and points the extremities of lines.
5. Lines

* A Tutor teaches Simson’s Edition of EuvcrLip’s Evg-
MENTS of GeomeTrY in Harvard College.



362 GEOMETRY, |

5. Lines are ecither right, or curved, or s—————""">
mixed of these two. '

6. A right liney or straight line, lies all
in the same direction between its extrem-
ities, and is the shortest distance between
two points.

7. A curve continually changes
its direction between its extreme /.\

points.

—

8. Lines are either parallel, obliqug, perpendicular, or
) tangential. . .

9. Parallel lines are always at the
same distance, and never meet,

though ever so far produced.

. Yo. Oblique right lines change their
distance, and would meet, if pro-
duced, on the side of the Jeast
distance.

11. One line is perpendicular to
another, when it inclines not mare
on one side than on the other.

12. One line is tangential, or a _
tangent, to another, when it touches o

it without cutting, if both be pro- /—’_\

duced. :
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"13. An angle is t - inclination,
pr opening, of two lines, having
diffcrent directions, und meeting in
a point.

14. Angles are right or - oblique, acute or obtusea

15. A right ang.. is-th.r, which is o
made by one line perpendicuiar to ans |
other. Or when i angles on each
side are equal to one .. ther, they
i agles. : ,
are right angles _ .

16. An obliqus anzizi~ ity which
is made by two obliq: ‘ines, and
is either less or greater i a right
- angle.

17. An acute angle is less than a
right angle.

18. An obtuse angle is greater than
a right angle.

e cncecianameny

.

19. Superficies are either plane or curved.

20. A plane superficies, or.a plane,:is that, with which a
right line may, every way, comcxdc. But 1,f not, it .is
cur wd - .

21. Plane figures are bounded either by right -lines
or curves,

L3

22. Plane figures, bounded by right lines, have .hames
according to the number of.their sides, or .angles; for
they have as many sides as angles ; the least number being

three. .
23. A
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23. A ligure of three sides and angles is called a #rians

gle.  And it receives particular denominations from the re-
lations of its sides and angles.

24. An equilateral triangle is that, \ .
whose three sides are equal.

28. An ivorceles triangle is that, which
has two sides equal.

26. A scalene triangle s t]'lat,
whose three sides are all unequal.

27. A right-angled triangle is that,
“which has one right angle.

28. Othier triangles are obliguc-angled, and are either ob-
tuse-angled or acute-angled.

V29. An’
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*9. An ébtwe-ang)e&,}#iangle has
ena obtuse angle.

go. An acu;a-aﬂgled triangle has all its
three angles acute.

31 A figure of four sides and anglcs is called 2 guad-
rangle, or a quadrilateral.

32 A parallelogram is a quadrilateral, which has botP
puir of its opposite sides para.llel. And it takes the fo
lowing particular names. ) . )

33- A rectangle is a parallelogram,
having all its angles right.

34. A square is an equilateral rectan-
gle, having all its sides equal, and all
its angles right.

’

35. A rhomboid is an oblane-anglcd
parallelogram.

D-

© 36. A rbombusis an equilateral rhom-
boid, having all its sides equal, but its
angles oblique.

Aaa 37- A .
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37 A z‘rapezwm isa quadnlatera.l, which
has not both pair of ‘its oppasi’tel' sides
parallel.

38 A trapezoid has only onc pair of
opposite sides parallel. @ Gemeia AL

39. A diagonal is a right line, joining :
any two opposite angles of a quadrifateral. k

&jo. Plane ﬁgurcs; having more” thari four sides, ate, in
general, called polyghns 3 and they receive other particular
names, according to the number of* their sides or afigles.

41. A pentagon i3 a polygon of five sides ; a bexag_on
has six sides ; a beptagon, seven 5 an octagon, eight s a non-
agon, nine 5 a decagon, ten ; an undemgan, eleven 3 and a
dodecagon, twelve.

42. A regular polygon has all its sides and all its angles
equal.—If they be not both equal, the polygon. is. ir-
regular.

43- An eguilateral triangle is also a regular figure of
three sides, and the square is one of four ; the former be-
ing also called a #rigon, and the latter a tetragon.

" Pentagon, Hexagon. -

e

Heptagon.
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Heptagon, Octagon.

) -t Lo

.

Undecagony, - o Dodecagon.

" 44. A circle' is a plane figure,
bounded by a curve line, called the
circuniference, which is every where
equidistant from a certain point
within, called the centre. =~~~

Note. The circumference itself
is often called a circle.
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43. The radius of a circle is a right
line, drawn from the centre to the
circ_umferencc.

46. The diameter of a circle is a

- right line, -drawn throngh the centre, -

and terminating in the circumference
en both sides.

47. Anarc of a circle is any part
of the circumference.

... .
ena, e’

14 X

48. A chord is a right line, joining /

the extremities of an arc. H H
’.‘4. .'"'

49. A segment is any part ofa //_-\

circle, bounded by an arc and its.

chord. \/y’
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: P \:
| 50. A semicirdle is4half the, cir- ) / L \
. ¢ley or a segment cut off by a di~- N— }
ameter. . H

51. A sector i any part of a
&ircle, bounded by an arc, %nd
two radii, drawn to its extremi-
ties.

'.

g2 A guadrant, or quarter of a
“circle, is a sector, having a quar-

“ ter of the circumference for its ‘——l...........

- . . i ) 2

© art, and its two radii are perpen- Y H
dicular to each other. . S

. §3. The Beight, or altitude, of 3
figure is a’ perpendicular let fall.
from an angle, or its vertex, to °
the oppos:tc side, called the base.

§4. Ina nght-angled tnanglc, the sxde opposite to the
right angle is called the Ayporenuse ; and. the other. two
the /egs, or sides, or sometimes the base and pbfpendicular.

55. When an angle is denoted by 1 E
three letters, of which one - stands
at the angular point, and -the other
two on the two sides, that, which .
stands at the angular point, is read
in the middle, 8 d ® 4 ¢
§6. The
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§6. The cirgumference of every circle is supposed to be
divided into 360 equal parts, called degrees ; and each de-
gree into 6o minutes, each minute into 6o seconds, and so

~on.  Hence a semicircle contains 180 degrees, and @ quad-
rant go degrees. . . .

§7. The mecasure of a right-
lined angle is an arc of any cir-
cle, contained between the two,
lines, which form that angle, the i
angular point becing the eentre; * . L o
and it is estimated by the pums ™ a‘,"\
ber of degrecs, contained in that T
arc. Hence a righg angle is an 2pgle of go degrees.

§8. Identical figures are suchyeas have all the sides and
all the angles of one respectivcly equal to all the sides and
all the angles of the other, each to each ; so that, if one
figure were applied to, or laid upon, the other, all_the
sides of it would exactly fall upon.'and cover all tlw sxdes
of the other ; the two becoming comc.ldent.

§9. An angle z'n a segment 13 that, which is.

containgd by two lmes, drawn from any ' .
point in the arc of the. . segment ‘to the €Xe

G s
tremxtxcsofthea S

6o. A rigbt-lim’d Sgure is inscribed - in a
sircle, or the circle circumscribes; %, whea all
the angular pbints of the figure: are!in the
circumference of the circle. - .

61. A right-lined figure circumscribes  a cir-
ele, or the circle is inscribed in it, when.all the
sides of the figure touch the circumference
of the circle. »
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62. One r;'gi![-)ined Sgure is inscribed in an- T?'i —
other, or the latter civcumscribes \the formery | /
when all the angular points of the former are t\ Ve

placed in the sides of the latter.

63. Similar figures are those, that have all thc angles of
one equal t6 all the dngles of the other, each to each, and
the sides about the equal angles propomonal

y :
o64. The perimeter gf a figure is the sum of axl its sndes,
taken together. .

<
i

65. A proposition is something, which is either proposed
to be done, or to be demonstrated, andxs icither a problem
or a theorem. :

68, A problem is something proposed to be done.
N 67. A theorem is something proposed to be demonstrated,
68. A l:mma is something, which is premised, or pre-
viously demonstrated, in order to render what follows

more €asy,

69. A corolbary is a consequent truth, gamed immediates,
ly from some preccdmg truth, or demonstration.

70, A scholium is a remark, or- obsetvahon, _made upoR'
something preceding it.

PROBLEMS.
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PROBLEMS.
PROBLEM I,

To divide a given line A B into tivo equal paris.

Mo W™ T

From the centres A and B, with ol
any radius greater than half A B, S .
describe arcs, cutting each other A
in m and 7. Draw the kine mca, i
and it will cut the givcn line into
two cqua{ parts in the middle .
point C. w2

PROBLEM II.
To divide a given Angle A B C into tuo equal patts.
. B
From the centre B, with any radius, de-
acribe the arc AC. From A and C, with ]
one and the same radius, describe arcs, in- Af_ | \C

tersecting in 7. Draw the line B m, and /
it will bisect the angle, as required. - ’

Nore. By this operation the arc A C is bisected ; and
in a similar manner may any gwen arc of a circle be
bisected. -

PROBLEM
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~ PROBLEM IL
To divide a right angle A B C into three equal parts,

From the centre¢ B, with any
radius, describe the arc AC. From
the centre A, with the same radius, A o, [0
cross the ar¢ A'C in n; and with ""o.,“
. the centre C, and the same radius, vl
cut the arc AC in m. Then %
through the ‘points m and » draw :
Bm and B 7, and they will trisect B - ¢
the angle, as required.

PROB L.E M IV.
To dra-w a Line parallel to a given Line A B,
CAasE l.—/V hen the parallel Line is to be at a gwen Dis«

lance C
From any two points m and __  » ° °
n, in the line AB, with a rad- ¢ e D
ius equal v C, describe ‘the ) '
arcs r and oo Draw CD to A— o+~—B

touch these arcs, without cut- m u
ting them, and it will be the ¢
parallel required.

CASE 2.~~When the parallel Line is to pass through a given

Point C,

From any point m, in the = ¢ -
line AB, with the radius mC, D —~ X
describe the arc Cz  From H £
the centre C, with e same A i f;_

3 .
radius, describe the dsgymr. "

. Take the arc C# in the compasses,' and apply it from m to
r. Through C and r draw DE, the paraliel required.

" Beb o ; Notz,
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Mre. In practicc, paralld lines are more easily drawn
with a Parallel Rule.”

PROBLEM \g

To erect a Perpendicidar from a given I’omt A in a gwm
Line BC.

CASE 1.~=When the Paint is near the middld of the Line.

On each side of the point A, take
any two equal distances Am, An. From
the centres m and 7, with any radius.
greater than Am or An, describe two
arcs intersecting in ». Through A and
r draw the line Ar, and it will be the e
perpendicular tequired. n A n

CASE 2.~—When the Point is nétr the end of the Line,

With the centre A, and -any
radius, describe the arc mns.
From the point m, with the same
radius, turn the compasses twice
over on the arc, at # and . ~A- £
gain, with the centres n and s, !
describe arcs mtersectmg in r.
Then draw Ar, and it will be the perpendxcular required.

Another Metbpd.

From any point m, as a centic,
with the radius or distance m A,
describe an arc cutting the given

B m

line in 7 and A. Through n and 3
m draw a right linc cutting the - e
‘arc in.7: Lastly, draw* A r, and - &
it will be the perpendicular re- . o

quired. B v

Another
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Another Method.

From any plane scale of equal
parts, set off Am equal to 4 parts.
With centre A, and radms of

. =11
three parts, describe anarc. “And R Ll
with . centre m, and radius of § - N !
parts cross it at n. Draw An for B A

the perpendicular required.
Or any other numbers in the same propornon, 35 3 45
% wxll answer the same purpose.

PROBLEM VI,

From a given Point A, out of a given Line BC, to let fall a

Perpendicular. )
C.dSE l.—Wbm ‘the peint is nearly appam‘e the mtda'le of
. _ the Line.
With the centre A, and any rad- A
ius, describe an arc cuiting BC im }
mand n. With the centres = and

" #5 and the same, or any other rad-
ius, describe arcs intersecting in. r.
Draw ADr~r for the perpcndxcular
required.

-

Case 2.-—-WZm the Point-is nearly opposite the end of t}ve
Line.

‘From A dfaw any li'ﬁé Amto i A
meet BC, in-any point m. Bi- " ) S

-

sect Am at #, and with the cen- v}
tre n, and radius An or mn, de- 3
scribe an arc, cutting BC in D.
Draw A D, the perpendicular re- g <

‘. an - e - .
quired. D
' Arother
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‘ Another Method,

-~

o« . -----"...213. A
From B or any point in BC, , i Sy ,
as a centre, describe an arc oy
through the point A. From any ' "'._‘\
other centre m in B C, describe \
another arc tlu'ough A, cuttmg ' c, !
the former arc’ again in #, B ™ D i ;
Through A and # draw the line ) if i
ADnj;and AD will be the ’ FA
perpendicular required, ’//
il
PR “h

-’
ot

Nore. Perpendiculars may be more readily raised and
let fall, in Practice, by means of a square or other fit iny
strument. . .

4

PROBLEM VIL

To divide o given Line AB into any propared number of
egual Parts.

From A draw any line AC

at random, and from B draw A
BD parallel to it. Oneach = ;°
of these lines, beginning at A E
and B, set off as many equal 5§ .
parts, of any length, as AB P — 2 1 .
is to be divided into. Join the opposite points of dlwsxon
by the lincs A § 1 4, 2 3, &c. and they will dlvldc AB
as required.

- e PROBLEM
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PROBLE M. VIII.

To dzmdva gfwn Line A'B in.the same. pro;artzn, as another
Line CD is divided. .

" From A draw any line AE
equal to C D, and upon it trans-
fer the divisions of the line
CD. Join BE, and parallel to
it draw the lines 1 1, 2 2, 3 3,
&c. and they wxll divide A B ag
requxred

-Bnom._nM 1X.

At a given Point A, ina given line A B, to make an Angle
tqual to a given Aﬂqle C. )

With the centre C, and anye
radius, describe an arc ma— [\ T\
With centre A, and the same
radius, describe the arc 7 s.——
Take the distance m» in the com-
passes, and apply it from rto s
Then a line, drawn through A"
& s, will make the angle A cqual -
to the angle C, as required: . )

- 3

PROBLEM X.

At a given Point A, in a given Line A B, to make an Angle '
of any proposed number of degrees.

With the centre A, and radiug
equal to 6o degrees, taken from
a scale of chords, describe an
* arc cutting AB in m. Then
take in the compasses the pro-
posed number of degrees from
the same scale of chords, and
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apply them from m to n: Through the point # draw
A n, and jt will make thc augle A of the numbcr of de
grees proposed. :

.

Or the angle may be madce with any divided arc, or in-
strumcnt, by applying the centre- to the point A, and its
radius along'A B ; then make a matk # at the, proposed
number of degrecs, through whxch draw the line "A 23
before. s 2 N :

Nore. Angles of more “than Go degrecs are usual!x
taken off at twice. .

PROBLEM 'XI. '
Ty measure a gi've}z’ Ang)e A.

Deseribe the arc mn with
the chord - of 6o degrees, ag
in the last Problym. Take
th; arc.u # in the compasses,
and that extent, applied to
the chords, will shew the
degrees in thg given angle,

PROBLEM XIIa

To find the Centre of a Cirele.

Draw any chord A B ; and bisect
it perpendicularly with C D, which -
will be a* diameter. Bisect: C:D -in -
the point o, which will be:thz cen- .
e . . e '

PROBLEM

\
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- “
Coemin e e te s N NN

)

PROBLEM XL

PR

-

'To defa ibe the ercu:igﬁ: ence g“ a ﬂzrcle t/np 77 t/'rfe given’
' Points A, B,C I

.

From the middle point B draw
chords to the other two points. -
Bisect these chords p;rp’en dicu-
larly by lines meeting in o, which
will be the centre. Then  from
the centre.o, at the distance 0 A, .
or 0B, or oC, describe the
circle. I

» I\OTE. In the same mariner may t'hc centrc of jan are
of a circle be found. :

Lo

PROBLEM, XIV,

Through a given Point A todraw a Tm’xgmtlto a given Circle.

* CASE x.—When A is in the Circumference of the Circle,

From the.given point A, &
draw Ao to the centre of the
circle. Then through A draw«
B C perpendicular to Ao, and
it will be the tangent re.
quired. .
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CASE 2.—When A is out of the Circimfereiice:
From the given poiit A 5 A
draw Ao to the centre, which
bisect in the point m. With
the centre m, and radius m A
or mo, describe an arc, cut-
ting the given circle in” .
Through the points A and #
draw the tangent B C,

PROBLEM XV.

Y0 find o third Proportional to two given Linés AB, AC.

Place the two given lines, AB, A - B
AC, making any angle at A, A———

- and join BC. In AB take AD c
equal to AC, and draw DE par- Ey
allel to BC. So shall AE be ° \C
the third proportivnalto AB and - 5z
AC.

That is, AB : AC :: AC : AE.

PROBLEM “XVI.

7o ﬁmi a8 faun‘b Proportional “ to three given Lines AB,
AC, AD. '

A —B
Place two of them, AB, AC, A——'—'—C :

80 as to make any angle at A, and ° D

join BC. Place AD on AB, and '

draw D E parallel to BC. So shall ' .
AE be the fourth proportional re< %,
quired.

Thatis, AB : AC :; AD : AE.

PROBLENM
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PROBLEM XVily

%o find g mean Proportional between two éi’vm Lines AB, BC.

Join AB and BC in lonc A———B

_ straight linc A C, and bisect

it in the point o, With the
centre o, and radius o A or’
o @, describe a semicircle.’
Ercct the perpendxcular BD,’

..........
1

gnd it will be the mean pro- A. d
,Por.xmal requlred,.

T.nax iS, AB BD BD ' BC.

PROB LEM XVIII.

To dwzdz a LGe AB in F Xtreme and Me.m -Ratto.

Raisc BC perpendicular to A B,
and equal to half AB. Join AC.
With centre. C, and radius CB,
cross AC in D. Lastly, with cen-
tre A, and radius -A D, cross "AB
in E, which will divide the fine A
B in extreme and mean ratio, name-
ly, so that the whole line is to the
greater part, as the greater part i
to: the lasy part,

That is, AB : AE :: AL : IB.

Ccec

C

B

>

PROBLEM
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PROBLEM XIX.

To inseribe an isosceles triangle in a given 'a'rcle, that :’;all
bave each of the angles ot the base double the angle at the
verteK.

Draw any diameter A B of the given
circle ; and divide the radius CB, in the
point D, in extreme and mean ratio, by
the last problem. From the point B
apply the chords BE, BF, each equal to
CD; then join AE, AF, EF, and
AEF will be the triangle required. °

PROBLEM XX.
Yo make an equiloteral T mng-le on a given Line AD.

la.,.g:c‘ .

From the centres A and B,
with the radius A B, describe -
arcs intersecting in C.  Draw
ACand BC, and it is done. -

A B;

Nore. An isosceles tmngle may be made in the same
manner, by takmg for the radius the gmcn lcngth of one
of the equal sides.

PROBLEM



PROBLEM XXI.
9o make o Tmmglc with three given Lines AB, AC, BC,

"“With the centre A and radius
AC, describe an arc. With
the centre B and radius B C,
describe another arc cutting the
former in C. Draw AC and
BC, and ABC is the triangle
required. ’

PROBLEM XXIL _
To make a Square upon o given Line AB.

| - of ¢

Draw BC perpendicular and =~ |
_equal to AB. From A and C,
with the radius AB, describe
arcs intersecting in D. Draw

AD and CD, and it is done. 1.

A B
Ancther Way.
o] D
On the centres A and B, .~ e
with the radius A B, describe 6'
arcs crossing at o. Bisect Ao | Y
in n. With centre o, and rad- An Y
ius on, crogs thetwoarcsinC  ~ [{ 3
and D. Then dnw AC, ‘ .
PROBLEM

5w

A
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S T B
4.

PROBLEM XXIII-
,To lm’nh ] Re:tangle or a Paral’dagram, y’ a M
. ' Length and Breadth. ‘ S

Place BC perpendxcuhr to 1) .
AB. With centre A, and rad-: ' [

ius BC, describe an'arc. With .- ¢ .~ - :
ceatre C, and radius A B, de- S
scribe another arc cutting the A - B
formerin D. Draw AD.and o

CD, and 1t 1s done. ' L J

Nore. In the same manner is described any oblique
pm:allclogram, except in drawing B C so as to make the
glvcn oblique angle with A B, instead of 4 rxgh@ne. '

: co A
PROBLEM XXIV. -

" Tomadea rtgul& Pmt.zéon aé "a given I;z;nt AB.

Make B m perpendicular and L
equal to half AB. Draw An, = - ’
and produce it till = be equal '
to Bm. With centres A and
B, and radius B », describe
arcs intersecting in o, which
will be the centre of the cir-
cumscribing circle. “Then with
the centre o; and the same rad-
ius, describe the circle ; and about the urcumference of
it apply A B the proper number of times. .

Cvesmetth - X % il

ST ' * Another
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Another Method

Make Bm perpcndlcular
and equal to A B. Bisect - A-
B in n ; then with the centre
n, and radius s m, cross AB:
produced in o. With the
centres A and B, and radius
Ao, describe . arcs intersect- !
ing in D, the opposite angle
of the pentagon. Lastly, -
thh centre D, and radius A B, cross those arcs ngam in
C and E, the other two angles of the figure. Then draw
" the lines from angle to angle, to complete the figure.

. A third Method, nearly _u"uc.'

N tha annsenn

)

o LIS et
tagon neatly. - T < Lo- 00 e e
v .5 PROBLEM

L 2
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PROBLEM XXV.
o make a Hexagon on a given Line AB. | _

With the radius AB, and’
the centres A and B, des
scribe arcs intersecting in o,
With the same radius, and '/
centre o, describe a circle,
which will circumscribe the
hexagon. Then apply the
line A B six times round the
circumference, marking out
the angular points, which
connect with right lines.

PROBLEM xxvx.f_.‘;.-~
€7 ;{

To make an Octagon vn & given Line A B.

Erect AF and BE per-
pendicular to AB. Pro-
duce A B both ways, and
bisect the angles m AF
and #BE with the lines
AH and B C, each equal
~to AB. Draw CD and
HG parallel to AF or
 BE, and each equal to
A B. With radius A B,
and centres G and ‘D,
cross AF and BE, in F
and’E. Then join GF,

PROBLBM
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PROBLEM XXVIL

T make any ¥egilar Polygon ori a given Line A B.

"-Draw Ao and Bo, mak-
ing the angles A and B
each equal to half the angle
of the polygon. Wich the
centre o, and radius o A,
describe a circle. Then ap-
ply. the line A B continually
yound the eircumference the
proper. number of txmea,

and it is dom:.

anecteay,
by,
*.

: Non. “The angle of any po}ygon, of whnch the angles
0AB and 0B A are each one half, is found thus : divide
the whole 360 degices by the number of sides, and the
quotient will be the angle at the centre o ; then subtract
that from 180 degrees, and the remainder will be the an-
gle of the polygon, and is double of © A B, or of o B A.
And thus you will find the following table;, containing the
degrees in the angle o at th> centre, and the zngle of the
polygon, for all the reguiar ©.;ures :ivin 2 t0 1 sides.

e .4 PROBLEM
¢ PR
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Another Method, still nearer.

 Dividt the diamieter AB into
#s many equal parts as the figure
has sides, as before. Fiom the
centre o raise the perpendicular
om, which produce till ma be
three-fourths of the radius o m.
From n draw nC through the
second division of.the diameter,
and the line AC will be the side .
of the polygon still nearer than
before 3 or the arc A C, one of

the equal parts, into which the circumference is to be

divided.

PROBLEM XXIX.

About a given Circle to circumscribe any \Po/ygaa,

1 .

Find the points m, n, p, &c. as in
the last problem, to which draw
ra.ii mo, no, 8c. to the centre of
tie circle.  Then through these
points m, n, &c. and perpendicular -
to these radii, draw the sides of the.

Jolygon. ) :

Drnd

PROBLEM



? {{-) . GEOMETRY.

PROBLEM XXX.

To ﬁmI the Centre of a given Polygan, or the Centre of its in-
" scribed or circumscribed Circle.

Bisect any two sides with the per-
pendlculai's mo, no; and their inter-
section will be the centre. Then,
with the centre o, and the distance
om, dederibe the inscribed circle ; or
‘with the distance to one of the an-
gles, as A, describe the circumscrib-
ing circle,

Note. This method will also c1rcumscnbe a circle
about any given oblique triangle.

PROBLEM XXXI.

In any given Triangle to inscribe a Circle.

Bisect any two of the angles
with the lines Ao, Bo, and o will
be the centre of the circle. Then,
‘with the centre o, 4nd radius the
nearest distance to any onc of the e
sides, describe the ecircle: A

PROBLEM XXXIIL

About any given Triangle to tircumscribe a Circle.

Bisect any two of the sides A
B, BC; with the perpendiculars
mo, no. With the centre o, and
distance to any one of the angles,
describe the circle.

N ‘ o PROBLEM



PROBLEMS. : A1y

PROBLEM XXXIIIL

’

In, or about, a given Square to describe a Cirele,

Draw the two diagonals of the square, | -
and their intersection o will be the ¢en- A% '/“4""??‘\,;

tre of both the circles. Then, with that . / |
centre, and the nearest distance to one .
side for radius, describe the inner circle 3 \‘,
and with the distance to one angle for
radiys, describe the outer circle.

PROBREM XXXIV,

Inyor aboutya given Circle to describe a Square, or an Octagon.

~

Draw two diameters A B, CD,
perpendicular to each other.  Then )
conngct their extremities, and they / p
will give the inscribed square A C,

BD. Also through their extremi- '
ties draw tangents parallel to them, . \
and they will form the outer | .
square m 70 p. r D e

g
1@
H]

a

Nore. If any quadrant, as AC, be bisected in g,
it will give one eighth of the circumference, or the side of
the octagon.

rnog;ém
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PROBLEM XXXV.

In a given Circle to inscribe a Trigon, a Hexagah, or a
Dosdecagan,

‘The radius is the side of the
hcxagon Therefore, from any
point A in the circumferance,
with the distance of the radius,
describe the arc BoF. Then s
A B the side of the hexagon;
and therefore, being carried
round six times, it will form
the hexagon, or divide the cir-
cumference into six equal parts,
each contanung 6o degrccs. The second of these, G,
will give AC, the side of the trigon, or equilateral tri-
angle, and the arc A C one third of the circumferencc, or
120 degrees.  Also the half of 4B, or A7, is one twelfth
of the circumference, or 30 degrees, and gives the side of
the dodecagon,

Nore. - If tangents to the circle be drawn through alt
¢he angular points of any inscribed figure, they will form
the sides of a like cxrcumscnbmg figure.

PROBLEM XXXVI

X a given Circle o inscribe a Pentagon, or a Decagon,

.

Draw the two diame-
‘ters AP, mn, perpendic-
ular to each other, and
_Liseet the radius ¢z at g.
With the centre ¢, and

adivs g A, describe the
arc Ar; and wih the
centre A, and radius Ar,
describe the arc 7B, Then
is AB one fifth cf the

circumference 3
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circumference ; and A B, carried round five times, will
form the pentagon. Also the arc A B, bisgcted in S, will
give A 8, the tenth part of the circumference, or_thc. side
oi the decagon,

Another Mcthod.

Inscribe the isosceles triangle ABC, A

having each of the angles ABC, ZANNN
ACB, double the angle BAC. Then D{7

bi.cct the two arcs ADB, AEC, in

the points D, E; and draw the chords AL
AD, DB, AE, EC; so shall ADB
CE be the inscribed pentigon re-
quired. And the decagon is thence obtained as before.

Nore. Tangents, being drawn through the angular
points, will fqrm the circumscribing pentagon or decagon.

PROBLEM XXXVII.

o divide the Circumference of a given Circle into twelve equal
. - : Parts, each being 30 Degrees.

Or 2o inscribe a Dodecagon by another Method.

Draw two diameters 1 4 and 2 X 4
and 4 10 perpendicular to each
other. Then, with the radius of 8 G
the circle, and the four extremi- 4 10

“ties 1, 4, 75 10, as centres, de-
seribe arcs “through the centre of
the circle; and they will cut the
circumference in’ the points re- o
quired, dividing it into 12 equal parts at the points marked
with the numbers, ‘

¢ 5, 8

PROBLEM
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PRODLEM XXXVIIIL

To divide a given Circle into any proposed Number of Parts by
equal Lines, so that thise Parts .rball be mu! aally equal, both
in Area and Periincier,

Divide the diameter AB into
the proposed number of equal
parts at the points «, b, ¢, &c.
Thenon Aa, Ab, A, &c. asdiam-
cters, describe semicircles on one
side of the diamcter A B ; and
on Bd, Bs, Bb, &c. describe
semicircles on the other side of
the diamz=ter. So shall the corresponding joining semi-
circles divide the given circle in the manner proposed.
And in like manner we may proceed, when the spaces are
to be in any given proportian. As. to the perimetersy
they are always equal, whatever may be the proportion of
the spaces,

PROBLEM XXXIX.

On a given Line ADB to describe the Segment of a Circle,
capable of containing a given Angle.

Draw AC and BC, making the
angles BAC and ABC cach equal
to the given angle. Draw ‘A D
perpendicular to AC, and BD per-
pendicular to BC. With centre
D, and radius D A, or DB, de-
scribe the segment AED. Then
any angle, as E, made in that seg-
mént, will be equal to the given
angle. '

PROBLEM
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PROBLEM XL.

6 cut off a Segment from a gwm Circley, that shall contain &
given Angle C,

Draw any tans
gent AB to the
“given circle ; and
a chord AD, to
make the angle i
DAB equal to the c
given angle C ;

then DE A wxll be the segment tequired, any angle E
made in it being equal to the given angle C. '

PR OB LEM XLE
To make a Triangle similar to a given Triangle ABC,
&4

Let a5 be one side of the res
quired triangle. Make the angle a
€qual to the angle. A, and' the an- A B
gle 4 equal to the angle B ; then
the triangle a5 ¢ will be similar to
A B C, as proposed.

a b

- NoTe.  If ab be equal to A B, the tnangles will also
be equal, as well as similar.

-

; PROBLEN
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PROBLEM XLII.

%o make a Figure similar to any other given Figure ABCDE.

From any angle A draw diagonals
to the other angles. Take Ab a side -
of the figure required. Thén draw .
bc parallcl to BC, and ¢dto CD, :
and de to DE, &c. )

Otherwise.

Make the angles at a, 5, ¢, &c.
respectively equal to the anglss at
A, B, E, and the lines will intersect
in the angles of the ﬁgure Te-
quired.

 PROBLEM XLIII.

" 96 make a T ria}tgle equal to a given Trapezium ABCD.
Draw the diagonal DB, and D T
CE parallel to it, meeting AB [
produced in E. Join DE;
, 80 shall the triangle ADE be

equal to the trapezium AB
CD. '

PROBLEM
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PROELEM XLIV,
o make a Triangle equal to the Figure ABCDEA;

Draw the diagonals DA, DB,
and the lines EF, CG, parallel
td them, meeting the base AB,
both ways produced, in F and
G. Join DF,DG; and DFG
will be the triangle required.

Note. Nearly in the sime mannér may a tnanglc )
made equal to any right-lined figure whatevcr

‘rao'nhnm XLy,
%o make a Rectangie, or a Parallelograny equal b 2 givem
Triangle ABC.

Bisect the bas¢ AB in m . C.n___ ©
"Through C draw Cn# o parallel
to AB. Through m and B
draw mn and B o parallel to
each other, and either perpen-
dicular to AB, or making any
angle with it. And the rectan-
gle or parallelogram m#n 0B will
be equal to the tmngle, as required.

PROBLEM
Exe
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PROBLEM XLVL{‘

To makea Square (qual toa gwm Re:tang/e ABCD

Producc one sxde A B till r___,_..__‘.‘;, _
BE be equal to the other side . .- - : N p
BC. Bisect: AL in o3 o - /' C %
which as a centre, with radies /- |- B \*
Ao, describe a semicircle, and - {_:

" produce BC to meet itatF. ‘X B O ® . A
Oan B F make the square BF G H, and it will be cqnal to
thc rectangle ABC D, as requireds -

PROBLEM XLVIL .

v

To make a Square-ajual to tavo given Sqiaret B and Q.

Set two sides AB, BGC, of
the given squares perpendicular
$o each other. Join their ex-
treniities A C ; "so shall the
square R, constructed on A C,
be equal to the two P and Q_
taken together.

No‘rt erclcs, or any other similar ﬁcures, are added
in:the sdme manner. For if A B dnd B C be thé diame-
ters of two circles, AC will' be the diameter of a circle
equal to the other twon And'if AB and BC be the like

- sides of any two similar figures, then A C will be the like
side of another simifar figuré®equal to “the two “for-
ner, and upon which the third figure may be constructed,

y Problem xli.

- - v
- 13

PROBLEM
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® - ' . . PROBLEM XLVHL. - &

¥o make a Square equal to the bDﬁr'mcel of two givek
Sguare.r P, R.

On the side AC of the
greater square,’as a diameter, Y©OONE
describe a semicircle 3 in r Q
which apply AB the side of A4
the less square.  Join BC, and A (3]
it will be the side of a square , L
equal to the difference between R
the two P and R, as required,

L

N .

PROBLEM XLIX.

7o make o Sguare equal o the sum of any number of Square:

h talzm together.
DPraw, two indefinite lines

Am An’ pérpéndicular to. ’ \

cach other. at the .point A. - . . .

On one of these set off AD.

the side of one’of the given

squares, and on the other-AC . . R 1)

the side of another of them. ‘

Join BC, and it will be the oot /

side of a square equal to the . // o
two togcther. Then take AD ‘
equal to BC, and AL equalto ™ . . P B A

the side of the third given square. So shall. D E be the
side of a square equal to' the sum of the three given
squares. And so on continually, always scttingy more
sides of the glven squares on the line Any and the sides
of the successive sums on the other line A m.

- Nork.
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Norz. And thus any number of any kind of figuren

may be added d’sﬂ?“?'ﬁ

PROBLEM L,

T construct the lines of the Plane Scale.

The divisions on the Plang Scale are of two kinds ; one
kind having relation merely to right lines, and the other to -

" the circle and its propertics. The former are called Liner,

or Scales, of Equal Parts, ang are cither simple ox diagonal,

By the Lines of the Plane Scale we here mean the followy
ing " Lincs, most of which commonly, and alt of them
gometimes, are drawn on a Plage Scalg. . ’

1. A Line or Scale of Equal Parts, marked E.PR
[ Cb"d‘ « + + « Cho,
3+ + v« - o «Rhumbs  +  \ Rhu |
4 « « o e.e o Siges . . o ., S
§ee v o o o o o Tangents , '\ . .Tan, ‘
3 ¢ o o o« v v Secams . . Sec,
oo o o o o o o Semitangents , . . S T
8« « ¢« « o « Lomgitude. . . . Lon
9 S v« . .Latitudes . . . . lat
100 « o o o o ._. Hours . . . . Ho,

XL . o < o o . . Bclinagionof Meridians In. Mer.
. R
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1, To construct plane diagonal Scab. '

~ Draw any line, as A B, of any convenient length. Diq
vide it into 11 equal parts.* Complete - these into rectan
gles of a convenient height, by drawing patallel and per-
pendicular lines. Divide the altitude into 10 equal parts,
if it be for a decimal scale for common numbers, or inta
12 equal parts, if it be for feet and inches ; and through
these points of dmsmn draw as many parallcl lines, the
whole length of the scale. Then divide the length of the
ﬁrst division A C into 10 equal parts, both above and be-
low ; and connect these points of division by diagonal
Jines, and the scalc is j}mshed, a.ftet bemg numbercd as
you plcase.

L4411
[+

1 = = .‘ 7 a., 3 3‘

PLANE SCALES ror wwo FIGURES.
Loty f 1 1

086420 1 2 3

# Only 4 parts arc here drawa for want of rooni,
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Pf the preceding three forms of scales for two figurea
the first is a decimal scale, for taking off common num-
bers consisting of two figures.  The other two are duos
decimal scales, and serve for feet and inches,

In order to construct the other lines, describe a circum~
ference with any convenient radius, and draw the diame-
ters A B, DE, at right angles to each other; continue
BA at pleasure toward F ; through D draw DG parallel
to BF; and draw the chords BD, BE, AD, AE. Cir-
cumscribe the circle with the square HMN, whose sides
HM, MN, shall be parallel to AB, ED,

2. To construct the Line of Chordy,

>

Divide the arc AD into go equal parts ; mark the r1oth
divisions with the figures 10, 20, 30, 49, 50, 60, 70, 80,
903 on D, as 2 cenire, with the compasses, transfer the
several divisions of the quadrantal arc, to the chord "AD,
which marked with the figurcs corresponding, will be
a linc of chords, .

Note. In the construction of this and the following
scales, .only the primary divisions are drawn ; the inter~
mediate ones are omitted, that the figure may not appear
toa much crowded

3+ Lo construct the Line of Rbumbs.

- ——

) Divide.“thc ‘arc BE. into 8 equal parts, which mark
_with the figures 1, 2, 3, 4, 5, 6, 7, 85 and divide each of
- . ) . th05§
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those parts into quarters ; on B, as a cetitre, tiansfer the
divisions df the arc to the chord BE, which, marked with
the corresponding figures, will be a line of rhumbs.

4 To cotstricct the Line of - Sines®

Through each of thé divisions of the ar¢ AD draw
right lines parallel to the radius ACj and CD will be
divided into a line of sines, which are to be numbered
from C to D for the right sines; and from D to C for
the veérsed sines. The versed:- sines may be continued to

. 180 degrees, by laying the divisions.of the radius CD from

Cte E.

§. o construct the Line of Tanigents.

A rule;on C, and the several divisions of the arc A D,
will intersect the line D G, which will ‘become a line of
tarigents, and is to be figured from D to G with 10, 20;
30, 40, &c. .

6. To construct the Line of Secants. .

The distances from the centre C to the divisions en the
line of tangents, being transferred to thie line CF from the
centre

1

** For Definitions of Sines, Tangents and Secants, see’PLani
TaicoNomxTRY ; add for that of Rhumbs, see NaviGaTioN.
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centre C, waill pivo. the - divisions of the line of secants;
~which must be m\mbered from A toward F with 10, 20y
30, &ao '

g T constimct ; she’ Lub of sztmgem, or the Tengents of
: bay' the oAres.

A rule on" E,. and the several divisions of the arc-A D,
will intersect the radius C A, in the divisions of the semi
or half tangents; mark these with the corresponding ﬁg-
ures of the arc AD.

'The semitangents on the plane scales are generally con-
tinded as far as the length of the rule, an which they are
daid, will adwit ; the divisions beyond 9o° are found by
ividing the atc AL like the arc AD, then laying a rule
by E and these divisions of the arc AE, the divisions of
the semitangents above go degrees will be obtained on the -
line C A continued.

8. To construct the Line of Longitude,

Divide AH into 6o equal parts ; through each of these
divisions parallels to the radius AC, will intersect the
arc AE in as many'points ; from E, as a centre, the di-
visions of the arc EA, being transferred to the chord EA,
will give the divisiens of the line of longitude.

The points thus found on the gquadrantal arc, taken
from A to E, belong to the sines of the equally increas-
ing scxagenary parts. ¢f the radius; and those arcs, recke
oned

Frf .
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oned from E, belong to the cosines of those sgxagenar;
parts. ’

9. Ta construct the Line of Latitudes.

A rule on A, and the scveral divisions of the sines on
CD, willintersect the arc BD, in as many points ; on B, as
a centre, transfer the intersections of the arc B D, to the
. right line BD ; number the divisions from B to D with
30, 20, 30, &¢. to 9o 3 and BD will be a line of latitudes.

-30. To coustruct the Line of Hours.

Bisect the quadrantal arcs BD, BE, in a4, §; divide th
quadrantal arc a4 into 6 equal parts, which gives 15 de-
"'grees for each hour; and each of these into 4 others,
which wil give the quarters. A rule on C, and the several
divisions of the arc a5, will intersect the lise MN in the
hour, &c. points, which are to. be marked as in the figure.

11. To construct the Ling.of Inclination of Meridians,

Bisect the arc EA in ¢ ; divide the quadrantal arc ¢ in-

to 9o equal parts ; lay a rule on C and the.several divisions
of the arc bc, and the intersections of the line HM wil}
be the diyisions of a line of inclination of mcndmns._ ‘

TP r— A eyl
END OF VOLUME FIRST.
e B,
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